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Preface 


This  book  deals  with  nonlinear  dynamic  problems  of  the  theory  of  plates  and  shells. 

Over  the  course  of  the  last  three  decades,  the  attention  of  authors  concerned  with 
the  theory  of  thin  plates  and  shells  has  been  concentrated  mainly  on  the  problems  of 
statics.  These  studies  include  the  known  work  on  methods  of  reducing  static  three- 
dimensional  theory  of  solid  deformable  bodies  to  two-dimensional  theory,  on  the  static 
stability  of  shells  in  the  small  and  large,  on  slowly  developing  creep  of  plates  and 
shells,  etc.  Although  these  problems  must  not  by  any  means  be  considered  solved,  the 
theoretical  and  experimental  data  accumulated  in  the  literature  already  permit  fairly 
reliable  practical  calculations  of  many  actual  structures. 

At  the  present  time,  the  emphasis  in  the  study  of  plate  and  shell  theory  is  shift¬ 
ing  into  the  realm  of  dynamics.  This  is  explained  primarily  by  the  demands  of  aviation 
and  space  engineering;  let  us  note  that  these  were  the  areas  responsible  for  the  sig¬ 
nificant  progress  in  shell  theory  that  we  are  now  witnessing.  However,  the  study  of 
the  dynamic  behavior  of  structures  is  also  of  essent!al  importance  for  ship  building, 
engineering  structures,  etc. 

Most  unsafe  for  thin-walled  shell-type  structures  is  a  combination  of  static  loads 
with  various  types  of  dynamic  actions.  Such  combined  loads  frequently  result  In  snaps 
(pops)  of  the  shell,  which  in  many  cases  succeed  each  other  and  lead  to  the  formation 
of  fatigue  cracks.  Failure  of  the  structure  may  then  occur  within  a  very  short  period. 

A  description  of  the  process  of  snapping  of  a  shell  can  be  given  only  from  the 
points  of  view  of  geometrically  nonlinear  Iheory.  However,  exhaustion  of  the  bearing 
capacity  cf  shells  frequently  involves  accumulation  of  plastic  strains,  and  therefore 
it  is  important  to  study  physically  nonlinear  systems  as  well.  Thus,  nonlinear  prob¬ 
lems  of  plate  and  shell  dynamics  are  of  major  practical  interest. 

Until  recently,  nonlinear  dynamics  of  plafes  and  shells  have  been  given  comparatively 
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little  attention  in  the  literature.  Presented  below  are  data  of  theoretical  and  ex¬ 
perimental  studies  in  this  field,  obtained  o-'er  the  course  of  the  last  few  years  by 
the  authors  and  his  collaborators.  In  addition,  an  attempt  was  made  to  systematize 
the  existing  literature  and  to  present  results  that  can  be  applied  directly  in  prac-  * 

tic'^l  calculations. 

’P e  uook  consists  of  ten  chapters.  j 

Chapter  i  contains  the  fundamental  equations  of  dynamic  theory  of  large-deflection 
plates  and  shells,  bet  us  note  that  a  series  of  fundamental  studies  have  dealt  with 
general  nonlinear  shell  theory  in  the  last  thirty-years.  Analysis  of  these  studies 
is  beyond  the  scope  of  this  book.  The  first  chapter  discusses  only  those  mathematical 
models  that  are  subsequently  used  in  the  solution  of  specific  problems. 

*•  Chapters  M-V  examine  the  various  types  of  vibratory  motions  of  plates  and  shells. 

Specific  problems  pertaining  to  natural  and  forced  vibrations  are  apparently  presented 
here  for  the  first  time.  In  some  cases,  we  abandoned  the  c°-ua 1  model  in  the  form  of  a 
system  with  one  degree  c*  freedom,  characteristic  of  the  majori  of  previous  studies 
dealing  with  nonlinear  vibrations  of  elastic  systems.  In  the  section  pertaining  to 
seif- induced  vibrations,  principal  attention  is  given  to  new  date  on  pare;  flutter. 

Chapters  VI-IX  describe  the  behavior  o^  thin-walled  systems  under  dynamic  loading. 

It  includes  an  analysis  of  deformation  of  plates  and  shells  under  rapid  and  very  rapid 
Impact  loads  of  different  types. 

Finally,  Chapter  X  presents  some  problems  of  shell  and  plate  dynamics  requiring 
a  statistical  approach. 

This  book  follows  the  author’s  previous  monographs.  Flexible  Plates  and  Shells 
(Moscow,  1956)  and  Stability  of  Deformable  Systems  (Moscow,  1967).  The  author  tried 
to  avoid  repetitions  as  much  as  possible;  many  relations  are  given  without  derivation, 
with  references  to  the  1956  and  1967  books.  This  applies  particularly  to  Chapters  VI-  l 
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Chapter  I 

General  Relationships  of  Nonlinear  Shell  Theory 

I.  Classification  of  Dynamic  Problems  of  Nonlinear  Theory  of  Plates  and  Shells 

During  the  last  few  decades,  shell  theory,  which  Is  a  natural  continuation  and 
extension  of  plate  theory,  has  undergone  an  extensive  development.  The  monographs  of 
V.Z.  Vlasov  [I. 10],  A.L.  Gol 1 denveyzer  Cl. 13],  N.A.  Kll’chevskly  Cl. 15],  A.l.  Lur’ye 
Cl. 18],  Kh.M.  Mushtari  and  K.Z.  Galimov  Cl. 21],  V.V.  Novozhllov  Cl. 22],  A.  Love  Cl. 32], 
and  S.P.  Timoshenko  Cl. 38]  contain  +he  fundamental  relationships  of  modern  shell  theory; 
they  also  give  the  solution  to  many  specific  examples.  However,  these  books  discuss 
mainly  static  problems.  However,  at  the  present  time,  problems  of  dynamic  behavior  of 
plates  and  shells  are  becoming  Increasingly  important.  Among  them  are  studies  of  periodic 
or  nearly  periodic  vibrations  of  thln-walled  structures  Including  plates  and  shells  and 
their  unsteady  deformafion  under  rapid  and  Impact  loading. 

The  study  of  shell  vibrations  was  begun  by  Rayleigh  In  his  Theory  of  Sound.  Re¬ 
cently,  studies  In  this  area  have  been  published  by  N.A.  Alumyae,  L.l.  Balabukh,  V.V. 
Bolotin,  E.l.  Grigolyuk,  and  others.  The  existing  literature  usually  deals  with  smal 1 
vibrations  of  elastic  shells,  when  the  relationships  between  the  deformations  and  dis¬ 
placements  on  the  one  hard  and  deformations  and  stresses  on  the  other  can  be  assumed  to 
be  linear.  Even  in  this  formulation,  such  problems  prove  to  be  very  difficult.  While 
small  vibrations  of  p I ates  are  associated  only  with  the  appearance  of  flexural  stresses 
proper.  In  the  case  of  a  shel I ,  membrane  stresses  add  on  to  them.  Depending  on  the 
contour  of  the  shell  and  fixing  conditions,  we  obtain  a  given  spectrum  of  frequencies 
and  vibration  forms.  For  some  types  of  vibrations,  flexural  stresses,  and  for  others, 
membrane  stresses  are  predominant.  The  character  of  the  state  of  s cress  may  change 
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markedly  along  the  leading  dimensions  of  the  shell  during  the  vibrations  as  the  distance 
from  the  edge  Increases. 

A  special  chapter  of  vibration  theory  Is  the  study  of  nonlinear  vibrations,  which 
have  important  specific  properties.  Motions  of  this  kind  may  arise  in  plates  and  shells 
at  large  displacements,  when  the  deformations  and  displacements  are  related  by  nonlinear 
relations.  On  the  other  hand,  deformations  may  lie  beyond  the  range  of  applicability  of 
Hooke's  law  and  depend  nonlinearly  on  the  stresses. 

In  this  book,  we  will  deal  with  ncr.linear  vibrations  of  plates  and  shells.  This 
Is  one  of  the  areas  of  general  nonlinear  mechanics  of  deformable  solids  or,  in  a  broader 
framework,  of  nonlinear  mechanics  of  continuous  media. 

The  second  group  of  problems  studied  in  this  book  and  finding  increasingly  broader 
practical  applications  pertains  to  the  behavior  of  plates  and  shells  under  impu I  si ve 
actions.  While  the  analysis  of  periodic  vibrations  may  involve  a  certain  steady  motion 
of  the  system,  in  problems  of  dynamic  loading,  most  of  the  attention  is  concentrated  on 
unsteady,  transient  processes.  Such  a  process  usually  consists  in  an  abrupt  transition, 
l.e.,  a  jump  of  the  system  from  steady  motion  of  one  type  to  some  other  motion.  This 
phenomenon  is  particularly  characteristic  of  shells  and  is  termed  popping  or  snapping. 
Popping  of  a  shell  is  usually  accompanied  by  substantial  displacements.  For  this  reason, 
the  study  of  the  behavior  of  plates  and  shells  under  Impulsive  actions  will  be  suffi¬ 
ciently  complete  only  If  it  Is  conducted  for  large  deflections,  from  the  points  of  view 
of  nonlinear  theory.  However,  In  some  examples  the  initial  stage  of  a  transfer i  process 
can  also  be  studied  with  the  aid  of  linearized  relations. 

Let  us  turn  to  the  initial  relationships  of  the  dynamics  of  plates  and  shells. 

2.  Some  Background  Information  on  Shells 

Below  we  shall  study  thin  shel Is,  i.e.,  bodies,  one  of  whose  measurements  (the 
shell  thickness)  is  much  smaller  than  the  other  two.  As  a  rule,  the  shell  thickness 
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will  be  assumed  to  be  constant.  The  surface  dividing  the  shell  thickness  In  half  is 
called  the  middle  surface.  If  the  middle  surface  is  a  plane,  we  obtain  a  thin  plate. 

Shells  may  be  classified  according  according  to  the  contour  of  the  middle  surface. 
The  simplest  examples  are  cylindrical  (Figure  l.l  a)  or  conical  (Figure  l.l  b)  shells 
with  a  circular  cross  section.  The  figures  show  straight  lines  running  along  the  length 
of  the  shell,  i.e.,  meridians,  and  circles  of  the  cross  sections,  I.e.,  parallels.  We 
draw  a  normal  N  to  the  middle  surface,  then  variously  oriented  planes  containing  N 


Figure  l.l.  Section  of  closed  circuit  shell:  a) 
cylindrical,  b)  conical. 

(Figure  1.2).  At  the  intersection  of  these  planes  with  the  surface  v.e  obtain  curves 
which  are  normal  sections  of  the  middle  surface.  To  characterize  the  surface,  it  Is 

important  to  determine  at  each  of  its  points  the  largest  and  smallest  radii  of  curva¬ 

ture  will  be  that  of  the  meridians  In  both  cases:  the  centers  of  curvature  for  them 
will  lie  at  infinity.  If  however  the  planes  normal  to  the  meridional  ones  are  drawn, 
the  linos  thus  obtained  will  have  the  smallest  radius  of  curvature.  The  corresponding 
centers  of  curvature  will  be  located  at  the  points  of  intersection  of  the  normal  with 
the  axis  of  symmetry.  For  a  circular  cylindrical  shell,  the  smallest  radius  of  curva¬ 
ture  is  the  same  as  the  radius  of  the  cross  section. 

A  Ihird  example  of  a  shell  of  the  simplest  shape  Is  the  spherical  shell.  Here 

the  radii  of  curvature  of  all  the  normal  sections  are  equal. 
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Figure  1.2.  Normal  sec¬ 
tions  of  middle  surface 
of  she 1 1 . 


The  above  examples  of  shells  are  special  cases  of  shells  of  revolution.  Figure 
1.3  shows  a  section  of  the  middle  surface  of  a  sheM  of  revolution  of  arbitrary  shape 
by  a  meridional  plane.  Lei  us  also  draw  the  normal  N  In  this  figure;  the  centers  of 
curvature  of  the  normal  section  will  lie  on  this  normal. 


Figure  1.3.  Centers 
of  curvature  of  nor¬ 
mal  sections  of  a 
shell  of  revolution. 

Let  the  center  of  curvature  of  the  meridian  line  be  located  at  point  C | ;  the 
center  of  curvature  of  the  section  by  the  plane  normal  to  the  meridional  plane  will 
be  located  at  point  C2  cf  Intersection  of  the  normal  with  the  axis  of  symmetry.  We 
denote  the  corresponding  radii  of  curvature  by  p|  and  p0.  It  can  De  shown  that  one 
of  them  Is  the  largest,  and  the  other,  the  smallest  In  comparison  with  the  radii  of 
curvature  of  all  the  normal  sections  passing  through  a  given  point  m.  The  directions 
of  these  two  norma!  sections  with  extreme  properties  define  the  so-called  principal 
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directions  for  point  m.  If  we  now  draw  the  lines  whose  tangents  will  coincide  with 
the  principal  directions  at  each  point  of  the  middle  surface,  we  obtain  fhe  so-called 
lines  of  curvature.  For  a  shell  of  revolution,  the  lines  of  curvature  will  be  the 
meridians  and  parallels. 

In  the  most  general  case  of  a  shell  of  arbitrary  configuration,  the  principal 
directions  and  corresponding  principal  radii  of  curvature  p|  and  ^  can  be  determined 
at  each  point  of  the  middle  surface  in  the  same  manner  (Figure  1.4).  If  the  centers 
of  curvature  Cj  and  He  on  the  same  side  of  the  middle  surface,  we  will  arbitrarily 
assign  the  same  sign  to  the  radii  pj  and  p2»  and  in  the  opposite  case,  different  signs. 


C, 


c2  Ci 


Figure  1.4.  Sections  of  a 
shell  of  negative  curvature 
(left)  and  positive  curva¬ 
ture  (right). 

The  product  of  the  principal  curvatures  kj  -  l/pj  and  k2  -  I/P2  for  a  given  point 
is  called  the  Gaussian  curvature  of  a  surface  (or,  more  briefly,  surface  curvature): 
r  =  kjk2;  the  half-sum  Is  called  the  mean  curvature:  k  =  l/2(k|  +  k2).  A  cylindrical 
shell  and  a  conical  shell  both  have  a  middle  surface  of  zero  curvature.  A  spherical 
shell  has  a  positive  curvature.  If  we  consider  a  toroidal  shell,  however,  (Figure  1.5), 
!t  will  have  a  positive  curvature  in  one  part  of  the  surface  (point  A),  and  a  negative 
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curvature  In  the  other  (point  B). 


Figure  ! .5.  A  toroidal 
shell  of  circular  cross 
section  has  a  positive 
curvafure  at  point  A 
and  e  negative  one  at 
point  B. 

Shells  and  plates  have  been  finding  increasingly  wide  applications  In  technology 
in  the  last  few  decades.  The  body  of  a  spaceship  is  a  structure  consisting  of  differ 
ent  types  of  shells  of  revolufion,  I.e.,  cylindrical,  conical,  and  spherical.  The 
fuselage  of  an  airplane  as  a  whole,  i.e.,  together  with  the  stiffening  ribs,  may  be 
treated  as  a  cylindrical  shell.  The  wing  of  an  airplane  can  also  be  represented  as 
a  shell  or  plate  having  a  different  rigidity  in  different  directions.  Other  shells 
are  jet  engine  bodies,  all-metal  railroad  car  bodies,  submarine  hulls,  etc.  Shells 
are  also  found  in  engineering  structures  In  the  form  of  various  tanks,  pipes,  domes, 
and  other  coverings  of  buildings,  etc.  Along  with  static  stresses,  such  structures 
may  experience  rapidly  changing  loads.  The  behavior  of  structures  acted  upon  by  such 
loads  has  a  number  of  characteristics.  For  this  reason,  the  study  of  the  behavior  of 
shells  and  plates  acted  upon  by  dynamic  factors  is  very  essential. 

3.  Description  of  Shell  Models 

A  oerles  of  assumptions  must  be  made  in  establishing  a  model  representing  real 
she  1 1  vi  in  theoretical  studies. 


t_e+  us  begin  with  a  characterization  of  the  structure  of  a  shell  and  Its  material. 
Shells  of  the  most  varied  structure  are  found  In  the  technical  applications  mentioned 
above.  They  Include,  for  example,  two-  and  three-layer  shells;  structures  consisting 
of  composite  materials  such  as  glass-reinforced,  graphite- reinforced  and  boron  plastics, 
and  shells  stiffened  with  ribs. 

The  description  of  the  dynamic  behavior  of  such  shells  Is  very  complex.  As  the 
simplest  model,  this  chapter  will  consider  single- layer  shells  made  of  a  homogeneous 
isotropic  material.  However,  such  a  homogeneous  Isotropic  material  may  possess  dif¬ 
ferent  properties. 

If  we  consider  the  effects  of  plastic  or  viscoplastic  deformation,  we  should  pro¬ 
ceed  from  nonlinear  relationships  between  the  stresses,  deformations,  and  rates  of 
change  of  these  quantities  with  time.  As  a  rule,  however,  the  material  will  be  assumed 
to  be  elastic  and  to  obey  Hooke's  Law. 

It  should  be  kept  in  mind  that  the  mechanical  characteristics  of  a  material  at 
high  deformation  rates  may  have  values  differing  markedly  from  static  ones.  The  modu¬ 
lus  of  elasticity  increases  slightly,  and  the  elastic  limit,  yield  point,  and  ultimate 
strength  may  increase  by  50%  or  more. 

Hereinafter,  we  will  consider  shells  of  constant  thickness  h. 

A  distinctive  feature  of  the  general  relationships  pertaining  to  thin  shells  Is 
the  reduction  of  equations  of  a  three-dimensional  problem  of  elasticity  theory  to  equa¬ 
tions  for  two  measurements.  Moreover,  for  a  single-layer  homogeneous  shell.  It  Is 
natural  to  place  the  coordinate  system  at  the  middle  surface  of  the  shell.  For  example, 
we  can  rake  the  middle-surface  lines  of  curvature  as  the  principal  coordinate  directions 

One  of  the  ways  of  reducing  a  three-dimensional  problem  to  a  two-dimensional  one 
is  to  adopt  the  hypothesis  of  nondeformable  normals  (the  Klrchhoff-Love  hypothesis), 
whereby  any  fiber  normal  to  the  middle  surface  before  deformation  remains  straight  and 
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Figure  |.6.  Shell  element 
Subjected  to  an  external 
load  and  Internal  forces. 

normal  to  the  middle  surface  in  Its  new  configuration  after  deformation;  in  addition, 
the  length  of  the  fiber  remains  unchanged  along  the  thickness  of  the  shell.  In  an 
addTtional  assumption,  the  normal  stresses  In  the  direction  of  the  normal  to  the  middle 


a)  d) 


Figure  1.7.  Transverse  forces  in  shell  sec¬ 
tion  (a)  and  as  resultants  of  tangential 
forces  (b). 

surface  may  be  neglected  In  comparison  with  the  principal  stresses. 

By  principal  stresses  in  shell  theory  are  meant  the  normal  and  tangentia  stresses 
in  the  middle  surface  itself  and  in  the  shell  layers  parallel  to  it. 

Let  us  consider  a  shell  element  defined  by  sections  along  the  coordinate  lines 
£,  rj  (Figure  1.6)  and  acte  on,  generally  speaking,  by  a  transverse  load  of  Intensity 
q.  The  normal  forces  In  each  of  these  sections  may  be  reduced  to  forces  N|  and  N^, 
on  the  one  hind,  and  bending  movements  Mj,  on  the  other  (open  arrows  In  the  figure 
represent  the  moment  vectors).  The  tangential  forces  are  reduced  to  the  shearing  forces 
Tj2>  T2,  and  twisting  moments 


Let  us  now  turn  to  the  transverse  forces  Qj,  Q2  shown  In  Figure  1.7  a.  They  u. e 
tne  equivalent  of  the  tangential  forces  acting  in  the  sections  £,  n  themselves  (Figure 
1.7  b)  and  directed  along  the  normal  to  the  middle  surface*.  The  same  type  of  tangen¬ 
tial  forces  are  set  up  In  the  cross  sections  of  beams  subjected  to  cross  bending. 

In  static  problems,  the  Internal  forces  acting  on  a  shell  element  balance  an  ex¬ 
ternal  transverse  load  as  follows.  On  the  one  hand,  equilibrium  Is  reached  thanks  to 
the  forces  in  the  middle  surface.  This  Is  Illustrated  In  Figure  1.8  with  the  example 
of  a  distorted  panel:  the  normal  forces  N  In  the  sections  of  the  panel  produce  an 
equivalent,  balancing  external  load.  If  In  addition,  there  are  no  bending  or  twisting 
moments  in  the  sections  of  the  shell,  the  latter  may  be  described  as  being  a  zero- 
moment  she  1 1 .  On  the  other  hand,  in  a  flat  plate  with  small  deflections,  equilibrium 
of  the  element  can  be  obtained  only  as  a  result  of  a  difference  of  the  transverse  forces 
Q  (Figure  1.9),  which  in  turn  are  related  to  the  bending  and  twisting  moments.  In  the 
general  case  of  a  moment  she  1 1 ,  there  is  a  combined  action  of  the  forces  In  the  middle 
surface,  transverse  forces  and  moments. 

In  the  dynamics  problems  of  Interest  to  us,  using  d’Alembert's  principle,  we  must 

introduce  the  Inertial  forces  into  consideration.  Let  us  first  determine  the  inertia! 

forces  corresponding  to  displacements  of  the  shell  elements  along  the  normal.  Denoting 

the  normal  displacements,  i.e.,  deflections,  by  w,  we  obtain  the  Inertial  force  per  unit 

2  2 

volume,  equal  to  [-(y/g)(3  w/9t  )D,  where  y  Is  the  density  of  the  material,  g  Is  the 
acceleration  due  to  gravity,  and  t  Is  the  time.  We  similarly  find  the  Inertia!  forces 
corresponding  to  displacements  u,  v. 

Let  us  now  turn  to  deformations  connected  with  the  different  types  of  forces. 

Forces  N  cause  elongations  or  contractions  along  the  coordinate  lines  £,  q,  and  forces 
T  cause  a  shift  of  the  element  in  the  middle  surface.  The  effect  of  moments  M  is  mani¬ 
fested  in  a  change  of  the  shell  curvature,  and  that  of  moments  H,  in  a  torsion  of  the 
element.  As  for  the  shearing  strains  due  to  the  shearing  forces  and  to  the  correspond¬ 
ing  tangential  stresses  T,  these  strains  are  usually  neglected. 

*Their  reciprocal  tangential  forces  are  acting  In  the  layers  parallel  to  the  mid¬ 
dle  surface. 
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Figure  1.8.  In  a  she  1 1 , 
an  external  transverse 
load  is  partial ly  bal¬ 
anced  by  forces  in  the 
middle  surface. 


The  above  scheme  of  the  stressed  and  strained  state  of  a  shell,  based  on  the 
KIrchhoff-Love  hypothesis,  may  be  regarded  as  a  first-approximation  model.  It  has 
proven  convenient  in  solving  many  static  and  dynamic  problems;  the  results  thus  ob¬ 
tained  are  in  many  cases  sufficiently  accurate  for  practical  applications. 


Figure  I .9.  In  a  plate 
and  shell,  the  external 
load  is  partial ly  bal¬ 
anced  by  transverse 
forces. 


We  will  now  turn  to  an  analysis  of  the  fundamental  relationships  of  dynamic 
shell  theory  for  such  a  model. 

4.  Deformations  and  Displacements 

Let  us  examine  more  closely  the  strained  state  of  a  shell  of  arbitrary  contour, 

i 
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.  state  ■.  ^ 


assuming  that  the  deflections  of  the  points  of  the  middle  surface  may  be  of  the  same 
order  as  the  shell  thickness.  The  x,  y,  z  Cartesian  coordinates  will  be  used  herein¬ 
after.  We  will  stipulate  that  the  x,  y  coordinate  lines  coincide  with  the  lines  of 
curvature  of  the  middle  surface.  Line  z  will  be  directed  along  the  normal  to  the  mid¬ 
dle  surface  toward  the  center  of  curvature.  We  will  use  the  right-handed  coordinate 
system  below.  The  displacements  of  middle-surface  points  along  the  x,  y,  z  directions 
will  be  denoted  by  u,  v,  w. 

Our  objective  will  be  to  express  the  relationships  between  the  deformations  and 
displacements.  The  displacements  of  the  middle- layer  points  along  the  coordinate  lines 
are  functions  of  x,  y  coordinates  and  time  t:  u  *  u(x,  y,  t),  v  =  v(x,  y,  t),  and  the 
same  applies  to  deflections  w  =  w(x,  y,  t).  The  displacements  of  an  arbitrary  point 
with  coordhate  (prior  to  deformation)  z,  which  will  be  denoted  by  uz(x,  y,  z ,  t),  etc. 
will  be  assumed  equal  to 


—  z 


v  V  —  2  - 


tlu*  t 

itx  ; 


>!/  ’ 


(1.1) 


(l.i) 


The  first  of  these  relations  Is  Illustrated  by  Figure  1.10,  which  shows  the  section 
of  a  shell  by  the  plane  tangent  to  lines  x  and  z.  As  the  shell  Is  deformed,  the  normal 
to  line  x  rotates  through  the  same  angle  3w/t)x  as  the  tangent  I  to  the  same  line.  This 
is  a  consequence  of  the  Kirchhof f-Love  hypothesis.  The  signs  In  expressions  (I)  corres 
pond  to  the  frame  of  reference  we  have  chosen. 

Let  us  turn  to  the  determination  of  deformations  In  some  layer  parallel  to  the 

middle  surface  and  separated  from  It  by  a  distance  z.  The  elongation  strains  In  the 

direction  of  lines  x,  y  will  be  denoted  by  ez,  ez,  and  the  shear  strain,  by  yz .  The 

quantities  ez,  ez,  yz  depend  on  the  displacements  uz,  vz,  wz. 
x  y 

We  will  first  determine  the  strain  components  ez,  ez  due  to  displacements  uz,  vz. 

x  y 

Consider  an  element  ABCD  of  a  given  shell  layer*,  defined  by  sections  normal  to  lines 

*We  are  dealing  with  the  projection  of  a  layer  element  on  the  plane  tangent  to 
lines  x,  y  at  point  A. 


X,  y  (Figure  Point  A,  whose  coordinates  will  be  x,  y,  undergoes  displacements 


Figure  1.10.  Deformation  of 
a  shell  element  according  to 
the  KIrchhoff-Love  hypothesis. 


Figure  l.ll.  Strains  In  a  shell 
layer  parallel  to  the  middle  surface. 


Q 

uz,  vz;  for  point  B  with  coordinates  x  +  dx,  y,  the  displacements  are  uz  +  Ouz/3x)dx, 
v2  +  Ovz/3x)dx.  For  point  C  with  coordinates  x,  y  +  dy,  we  obtain  the  quantities 
z  +  OuZ/3y)dy,  vz  +  Ovz/9y)dy. 


The  new  length  dx  of  the  element  after  deformation  will  be 
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We  wilt  expand  this  expression  In  a  series;  considering  the  expression  In  square 
brackets  to  be  small  In  comparison  with  unity,  we  obtain 


+(-3r)’+(£)’ll- 


The  elongation  strain,  dependent  on  uz,  vz,  will  be 


(a) 


By  analogy,  the  expression  for  the  elongation  strain  along  line  y  Is  found  to  be 


(b) 


Hz 


Figure  1.12.  Strain 
components  In  the 
middle  surface  due 
to  radial  displace¬ 
ments. 


Let  us  now  determine  the  components  of  strains  ez,  ez  due  to  a  general  displace- 

ment  toward  the  center  of  curvature  (or  away  from  It)  of  the  element  In  the  section 

normal  to  line  y  (Figure  1.12).  If  the  length  of  the  element  Is  Initially  dx  =  p  d0  * 

X  x' 
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then  after  the  displacement  It  will  be  (py  -  wJdO^.  The  corresponding  strain  of  the 
element  turns  out  to  be 


i 


t,  -  ..(P«  -  -  jxM*  ,  ,  »  ^  t  w 

Px  rfU,  P,  **“' 


(a') 


Fare  we  took  wz  =  w.  Similarly,  for  coordinate  line  y,  we  obtain 


e‘« 

» 


»  —  kyw. 


(b1 ) 


We  will  subsequently  assume 
to  be  constant. 


and  ky 


for  the  portion  of  the  shell  under  consideration 


We  then  find  the  elongation  strains  arising  from  the  change  in  deflection  along 
the  coordinate  lines.  If  the  deflection  at  point  A  along  the  z  direction  Is  equal  to 
w  (Figure  1.13),  the  deflections  of  points  B  and  C  amount  to  ®  and 

u>  respect’ vel /.  Neglecting  the  distortion  of  a  small  element,  we  find 

its  new  length 


</$ |  -  dx  1 


(c) 


Proceeding  as  in  the  derivation  of  expression  (a),  we  find 


Hence  we  obtain  the  strain 


~  t/r  _  I  /  <ii.’  \~ 

*  tlx  '  =  ‘  2  \  it  v  j  * 


(a”) 
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For  line  y,  by  analogy  we  have 


I 

'i  \  t)u  ) 


(bM> 


Let  us  now  determine  the  shear  strain  yz.  The  first  component  of  this  strain, 
dependent  on  the  displacements  uz,  vz,  will  be  determined  as  the  difference  between 
the  right  angle  formed  by  sides  dx,  dy  before  deformation  and  the  angle  formed  by 
these  sides  after  deformation  (Figure  I.  II): 


tin* 


(d) 


Figure  1.13.  Elongation 
strains  In  the  middle  sur¬ 
face,  due  to  large  deflec¬ 
tions. 

The  component  of  shear  strain  corresponding  to  deflection  w  will  be  found  by 
considering  Figure  1.13.  The  latter  shows  how  a  right-angle  triangle*  with  sides  dx, 
dy  Is  distorted  by  the  deformation.  Using  an  expression  of  type  (c).  we  determine 
the  squares  of  lengths  of  the  sides  after  deformation: 

<*,)=  =  (,l,f  [l  +  (-£)’] .  (ds,f  =  (,!yf  [t  +  (£')’] . 


footnote?  pr°ject,on  ot  th*  layer  element  Is  considered  here  as  we 


See  previous 
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The  square  of  the  third  side  B2C2  will  be  equal  to 


(flAP-W[i  +(3rft+Vtf[i  +(£)’]- 

~  2  tlx  ill/  cos  (4  —  V" )  [  I  +(£)’]['  +  (£)’]• 


Here  one  can  assume  dS|ds2  =  dxdy  to  within  small  terms  of  higher  order. 

On  the  other  hand,  comparing  the  lengths  of  segments  BE^  and  CX^,  we  obtain 

.  .. .  /a,*,  a.,.  ( f ) 


=  +  </xf. 


Comparing  expressions  (e)  and  (f)  and  assuming  cos(  j  «  yJ,  »  we 


,  tiw  i)w 

v 


Using  the  results  obtained,  we  write  the  complete  expressions  for  elongation  and 
shear  strains  In  a  shell  layer  separated  by  distance  z  from  the  middle  surface: 


(ht* 


f  ( In*  ,  rty*  , 

v« . 


(  dii* 

)’+!(£) 

*+|l 

Ow  \2 

\  o'f 

[o7)  ; 

(  ilu* 

*+t( 

<)w  \2f 

\  On  . 

I  +  2  \  Oy  J 

iOy  ]  ’ 

p 

r  dtj 

# 

Since  we  are  studying  the  deformation  of  thin  flexible  shells  and  plates,  we  can 
assume  that  the  angles  of  rotation  9wz/9x,  9wz/9y,  related  to  the  deflection  consider¬ 
ably  exceed  tne  values  of  the  derivatives  9u/9x,  9u/9y  etc.  pertaining  to  strains  In 
the  body  of  the  material.  We  will  assume  that  the  squares  of  the  derivatives  (9wV9x)* 


are  of  the  same  order  as  the  components  9u  /9x,  etc;  then  the  squares  of  derivatives 
of  type  (9wZ/9x;  of  these  expressions  may  be  neglected.  We  arrive  it  the  simpler  re- 
I  at  ions 
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.  On*  .  .  I  (  Otv\2 

5T -**•  +  *  (tfx-)* 

Oy  k*W  *  ~2  Vdy  )  * 
t  flu *  .  Ov*  .  Ow  dw 

^  dy  '  d x  '  dx  dy  ' 

We  make  further  use  of  expressions  (I)  for  displacements  of  an  arbitrary  point 
over  the  thickness;  we  then  obtain 


.  On  .  .  |  /  ,lio  \* 

-uxW+  _* 

,  tin  .  -  I  /  0;i>  \ i 

~  +  a  (*.v)  -* 


I  ( ,lia  I*  __  ,r  ■*" 

‘J  \  .it  )  • 

1  0 > 

2  \  Oi/  )  2  i in'  ’ 


4ir _  A  ih  0 U)  OiV  fh’u'  I 

V  Oy  ^  ~0x  Ox  ,hj  12  ~o77hi  *  i 

We  introduce  the  symbols  e  ,  e  and  y  for  the  strains  in  the  middle  surface  (for 

x  y 

z  =  0);  they  will  be  equal  to 


„  i  -  i  /  o a-  \2 

*•»  +  *(*■)• 

»  _  ,1t?  /  i  i  /«>..•'  YJ 

V- +  is(^-). 

__  ,  <h'  ,  r).C  0\- 

*  Oy  '  Ox  '  Ox  Off  * 


The  total  strains  of  an  arbitrary  point  along  the  thickness  eZ ,  eZ  and  yz  consist 

x  y 

of  strains  In  the  middle  surface  e^,  y  and  bending  strains,  for  which  we  will  Introduce 
the  symbols  e^,b,  e  ,b,  y The  bending  strains  are  equal  to 


*'•  *  “  ~  2  "o'F  • 


<!„r. 


When  (5)  and  (6)  are  taken  Into  account,  expressions  (4)  take  the  form 


e.  K.b  •:  r« b;  v  -  y+v 
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It  is  Important  to  note  that  the  strains  in  the  middle  surface  according  to  (5) 
are  not  independent;  they  are  expressed  in  terms  of  the  same  functions  u,  v,  w.  Dif¬ 
ferentiating  the  second  of  rs I  at ions (5)  twice  with  respect  to  x,  the  first  relation 
twice  with  respect  to  y,  and  the  third,  with  respect  to  x  and  y  successively,  after 
some  simple  transformations  we  arrive  at  the  following  equation  of  compat i b i j I ty  or 
continuity  of  strains  in  the  middle  surface: 


*>*««  ,  <>’*» 

<.,7v 

tb'ui  d'u' 

tty1'  ~0x‘ 

Oxthj  8=5 

Wt.ii/ 1 

tii*  tit/*  v  r 

tu/  -  * 

( i  .8) 

We  will  now  examine  the  stressed  state  of  a  shell. 

5.  Stress  State.  Relationship  between  Forces  and  Deformations 

Within  the  limits  of  our  assumptions,  we  can  treat  the  stress  state  of  a  shell 
as  a  result  of  superposition  of  three  states.  One  of  them  corresponds  to  the  so-called 
membrane  stresses;  hereinafter  we  will  frequently  call  them  stresses  in  the  middle  sur¬ 
face.  The  second  state  corresponds  to  bending  stresses,  normal  and  tangential,  changing 
linearly  along  the  thickness;  the  "neutral"  layer  In  which  the  bending  stresses  are  zero 
coincides  with  the  middle  layer.  These  two  stress  states  taken  together  determine  the 
"classical"  forces.  Finally,  the  third  state  corresponds  to  transverse  tangential  stresses. 
In  the  variant  of  the  theory  under  consideration,  only  the  resultants  of  these  stresses 
are  taken  into  account;  they  are  investigated  in  more  detail  in  another  variant  given 
below  ( 9 ) . 


Figure  1.14.  Membrane  stresses 
In  sections  of  a  she  I ! . 
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Let  us  Isolate  a  shell  element  whose  faces  coincide  with  tangents  to  lines  x 

and  y.  Figure  1.14  shows  the  membrane  stresses:  normal  ones  a  ,  o  and  tangential 

x  y 

ones  i.  If  we  isolate  the  portions  of  the  edges  having  a  length  equal  to  unity,  we 
will  be  able  to  determine  the  normal  forces  N^,  and  tangential  force  T  correspond 
ing  to  these  stresses: 

N,  =  o,h,  JV,  =  o,/i,  T  =  ill-  (1.9) 


H 


Figure  ! .  15.  Bending  and 
twisting  moments  In  sec¬ 
tions  of  a  shel I . 


Figure  1.16.  Transverse 
forces  and  corresponding  tan¬ 
gential  stresses  In  sections 
of  a  shel 1 . 

Let  us  now  turn  to  bending  stresses.  We  denote  the  normal  stresses  by 
and  the  tangential  stresses  by  T^.  It  Is  evident  that  they  will  be  associated 
with  bending  moments  M  ,  M  and  twisting  moment  H  (Figure  1.15).  These  quantities, 


*£**  .v~  -.if  , .  . ,  . 


corresponding  to  a  unit  length  of  the  faces  of  the  element,  will  be  equal  to 


ft/2 


ft/2 

Ms  =*  |  oXtUzdz,  My=  J  o„,ttzdz,  H «  J  xHzdz.  (1.10) 

-ft/2  -ft/2 


ft/2 


( ! .  10) 


-ft,  2 


The  transverse  stresses  shown  In  Figure  1.16  will  be  denoted  by  t^,  they 


are  related  to  the  transverse  forces  Q  ,  Q  per  unit  length  of  the  section  as  follows: 

x  y 


ft/2 


ft/2 


Q*  «  f  Q„~  J  Ty .  dz. 


(i.ll) 


“ft/2 


-ft/2 


Thus,  the  Integral  characteristics  of  the  forces  and  the  local  stresses  are  re¬ 
lated  by  (9)-i i I ). 


In  deriving  the  expressions  relating  the  forces  and  moments  to  the  strains,  we 
will  proceed  from  the  assumption  that  the  strains  lie  In  the  effective  range  of 
Hooke’s  law. 


For  strains  in  the  middle  sur  3ce,  we  can  write  the  well-known  relations 


Ox 


p  _ _ _  »  _  "</  T 

E  ,lT*  V«77 


t  sd+ji) 


£ 


■T, 


(1.12) 


where  G  is  the  modulus  of  elasticity  In  shear.  Hence 


Tr"  TiTTiO  Y. 


( 1 . 1 2a ) 


Considering  relations  (5)  and  (9),  we  find 


We  then  determine  the  stresses  at  an  arbitrary  point  with  coordinate)  z: 


0 


t 

S 


JZTjjJ (P'J  4*  T  ~  2  (l  +  n)  V*‘ 


(1.14) 


The  expressions  for  bending  and  twisting  moments  (10),  allowing  for  relat'ons  (6), 


will  take  the  form 


(I.I5> 


D  denotes  the  cylindrical  rigidity  of  the  shell 


D 


u(i- ii})  * 


(1.16) 


The  dependences  of  tra-sverse  fo  .  s  Q  and  Q  on  the  displacements  are  not  given  here, 

x  y 

since  the  conditions  of  equilibrium  of  the  element  are  used  for  their  derivation  In  this, 
model;  the  corresponding  expressions  will  be  given  In  the  next  section. 


6.  Approximate  Equations  of  Motion 

We  will  derive  the  equations  of  motion  of  a  shell  element  h  dx  dy,  over  the  faces 

of  which  are  acting  forces  in  the  middle  surface,  moments,  and  transverse  forces  (Figure 

1.17).  The  intensity  of  specified  external  loads  applied  to  the  element  along  the  x, 

y,  z  directions  will  be  denoted  by  p  ,  p  ,  and  q  respectively. 

x  y 

We  will  use  d’Alembert’s  principle  and  will  add  inertial  forces  to  the  specified 
forces  and  dynamic  reactions  of  the  neighboring  shell  elements  (forces  and  moments). 

The  components  of  the  resultant  inertial  force  along  the  x,  y,  z  directions  will  be 


1 

e 


dxdy, 


X/, 

8 


dx  dy. 
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shallow  depressions  whose  dimensions  are  .small  In  comparison  with  the  radii  of  curvature 
of  the  shell*.  Therefore,  the  equation  of  projections  on  the  tangent  to  line  x  may  be 
written  In  the  form 


Ox 


01 * 


—  0. 


(1.18) 


Similarly,  we  will  write  the  equation  in  projections  on  the  direction  of  the  tangent 
to  line  y : 


£r  1*! 

Ox  '  Oy 


+  Pp- 


0. 


(1.19) 


We  will  now  construct  the  equation  In  projections  of  ail  the  forces  on  the  direction 
of  the  normal  to  the  middle  surface.  After  simplifications,  we  obtain 


OQ*  <>Q , 

Ox  '  Oy 


(1.20) 


Let  us  turn  to  the  equations  of  moments  with  respect  to  tangents  to  lines  y  and  x. 
in  accordance  with  the  assumption  made  at  the  beginning  of  this  section,  these  equations 
do  not  contain  any  terms  related  to  the  rotatory  Inertia  of  the  element.  The  first  of 
these  equations  Is 


(M*  +  TT  dx)d»  -M,dy  +  (H  +  —  dy'jdx  - 

~Hdx-qdxdy4~-(Q,+  dx)  dy  dx  - 

-  dy  d x  -y  +  ~  h  ^/T  dx  dy  --  »  0. 


*Thls  assumption  Is  characteristic  of  the  theory  of  slightly  curved  shells,  which 
Is  not  used  here. 
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Discarding  small  terms  of  higher  order,  after  simplifications  we  have 


0\i±  , 

Ox  Oy 


-Qx 


0. 


(1.21) 


8y  analogy,  the  second  of  the  equations  of  moments  Is  written  as  follows: 


M  .  dl«y  „ 

Ox  f  dy 


0. 


(1.22) 


Using  relations  (15),  (21)  and  (22),  we  obtain  the  values  of  the  transverse  forces 


0,  =  -D^V%. 


Here 


v-ir+j?- 


Is  a  two-dimensional  Laplacian. 


(1.23) 


Eliminating  Q,  and  Q  from  Eq.  (20)  by  moans  of  (21)  and  (22),  and  writing  out 
x  y 

(18)  and  (19)  again,  we  obtain  the  following  system  of  equations: 


Ox  1  Oy  '  *  f* 


or 


0f:: 

0iJ~ 


--0, 


or 

~0v 


o.v 


.  "•»  u  V  .  « 


(1.24) 

(1.25) 


on  f,  <v\i" 
~rxi~  ’r’  ~7h/~ 


2 TtiTiij  "I"  ll*N*  +  + 


+  £  ( ■ ^  lr  +  r  ) +  ( : r +  N"  'If )  +  <i 


(1.26) 


Equations  (24)-(26)  describe  the  motion  of  the  shell  element.  To  these  equations 
should  be  added  the  boundary  and  initial  conditions. 
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i/ll  iY 


'lii-iifiiiriifiiiMrtf 


7. 


Equations  In  Displacements 


We  will  express  the  forces  entering  Into  Eqs.  (24M26)  In  terms  of  displacements 
u,  v,  w  with  the  aid  of  relations  (13),  (15)  and  (23).  From  Eq.  (24)  we  find* 


<Vu 

dx* 


i-ZJi  £«.  a.  i :Lt  J -  (/.  j.  ui.  \ .l. 

2  tii(:  +  2  r#.r#«v  '  ' i  r 

.  dtp  tVw  *  I  -f  I*  dy*  d7u>  ,  1  —  |i>  ds*  rl 7 . 
*r  “  Ti“  i  jj  fj«~  Vjx“,777  '  2“'  d* 


<1*  dx* 


d//  tlx  thj 

,  l-tt* 

+  -/»  p« 


2  d.>  d// 

\  I  —  n*  <>•’« 


E 


tit * 


■  + 

=  0. 


(1.27) 


Similarly,  from  Eq.  (25)  we  obtain 


1±JL 

2 


d*«  ,  d?o  ,  1  ~  >i  fTy 

dx dy  Tty*  *'  2  dp 

4-  ~li.  (^w  _i_  i+Jl  da^ 
'  d*f  dp*  2  ~ifx 


-(t>ft,  +  *„)  + 

d?ffl  .  I  —  ||  d?K' 

dx  d//  T  2  P/T  "dp 


+ 


lr_£ 

/:/l 


P» 


lz»‘J 

/: 


d/»  u‘ 


(1.28) 


The  equation  of  motion  In  projections  on  the  normal  to  the  median  surface  (26)  will 
be  as  fol lows: 


£  Vw  -  (ft,  +  Mft,)  £  -  <l»ft,  +  ft,)  £  ■ + 


+  (ft«  +  **  +  2|»ftJft,)w- 


**  +  l»*p  /  \*  kv  +  pAj,  /d»\* 


-(« 


®r- 


-£{£[£  +  «‘£-<‘.  +  '4H  + 


,  1  — 1&  dw 

(  (In 

l_± 

dm 

L  Si 

1  2  dy  1 

Uy 

+  dx  ) 

I  0y 

<>V 

r  dx 

+ 


.  I  -  n  du,  t  du  .  dp  I  —  H*  _  ,  V  '  “  l‘*  dljp  _  rt 

+  V1-3Tl^  +  '5r)}~~~<?+7  —rsr “°- 


(1.29) 


*ln  Eqs.  (27)- (29)  and  later  In  (80M84),  certain  terms  of  higher  order  of 
smallness  were  discarded. 
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Here 


V*  =  \  2\  2  SB  —  4-  2  _ f-  — 

rf«‘  T  4  dx'dy1  ^  dy  * 


If  the  dynamic  process  can  be  considered  without  taking  the  propagation  of  elastic 
waves  into  account,  Eqs.  (24)- (26)  become  simplified,  it  becomes  possible  to  discard 
the  inertia!  terms  in  the  first  two  equations.  These  two  equations  will  be  satisfied 
(in  the  absence  of  forces  px  and  p^)  if  we  introduce  the  stress  function  <}>  in  the  middle 
surface  according  to  the  formulas 


Nu 


(1.30) 


It  t,  dx,  ,  t  —  J - 


Expressing  in  (8)  the  strains  in  the  middle  surface  In  terms  of  forces,  then  in 
terms  of  (}>,  we  reduce  the  strain  compatibility  equation  to  the  form 


T  TO- — i  H»,w)- k, 


(1.31) 


Here  the  operator  L(w,  w)  has  been  Introduced: 


r  iVw 

03w 

fPw  V] 

(1.32) 

Id** 

dy 8  1 

Ox  dy  )  J  ’ 

The  equation  of  motion  of  the  shell  element  will  take  the  form 


(1.33) 


where 


.  .  . . d3w  d3<t>  ,  d3w  d?<D  „  d3w  d 

L\Wt  )  0Xi  T  fiyi  $xt  i  dy  dx dy 


( I . 34 ) 


We  finally  obtain  the  following  equations: 
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(1.35) 


4  V*w  =  L  (©,<!>) -f  VJd»  + 


$-  X 

h  r  <M»  • 


1  V’<P  =  —  Y  L(w,  w)  —  Vi». 


(1.36) 


Here  v£  represents  the  operator 


'*  %  '!■  kx  -j— . 


( t . 37 ) 


Below,  we  will  frequently  consider  shells  with  Initial  Irregularities  in  the  shape 
of  the  middle  surface.  We  will  assume  that  the  initial  deflections  are  small  In  com¬ 
parison  with  the  leading  dimensions  of  the  shell,  but  that  they  are  nevertheless  compar¬ 
able  with  its  thickness.  We  will  give  without  derivation*  the  equations  corresponding 
to  (35),  (36)  and  derived  by  considering  the  Initial  deflections  Wq  =  Wq(x,  y): 


TV>~  «V)  <I>)  +  \  *'l.  -S-X.**'  (1.38) 

4  VM.=  -  „)  _  t(*r  .Ji  _  vj(«  _  K.(i). 


Let  us  consider  some  special  cases. 

For  a  circular  cylindrical  shell  for  K.  -  0,  k.  =  l/R,  where  R  is  the  radius  of 

x  y 

curvature  of  the  middle  surface,  we  obtain  the  following  equations: 


Tv'<“~  '<•»>  =  M*.  ■!>)  +  4  +  t  “ 

T  V<"1  r=  -  {■  I  /-  («',  w)  -  t.  (<.»„.  u»„)|  -  -L  £!• 


v  #7x • 

/'  "iJ?T  • 

**'"<*) 


(1.40) 

(1.41) 


*See  the  author’s  book  [0.6],  p.  505, 


Another  way  of  transforming  the  Initial  equations  (24M26)  consists  in  Intro¬ 
ducing  the  so-called  dynamic  stress  function  In  the  middle  surface;  this  variant  Is 
described  In  the  author’s  book  C0.6D,  pp.  792-796. 

8.  Boundary  and  Initial  Conditions 

In  integrating  the  equations  of  motion,  we  must  proceed  from  definite  boundary 
and  Initial  conditions. 

If  the  hypothesis  of  straight  normals  Is  used,  each  point  of  the  contour  must  sat¬ 
isfy  four  boundary  conditions.  Actually,  if  the  displacements  u,  v,  w  of  the  points  of 
the  contour  line  are  known,  this  determines  the  position  of  this  line  In  space  after  deform 
at  ion.  A  normal  drawn  at  any  point  of  the  contour  may  move  progressively  together  with 
this  poin+  and  rotate  through  some  angle  In  the  plane  normal  to  the  countour  line.  Con¬ 
sequently,  the  position  of  the  normal  after  deformation  of  the  shell  is  defined  by  means 
of  four  quantities  [l.ll]. 

We  will  enumerate  certain  boundary  conditions  typical  of  practical  problems;  It  Is 
assumed  that  the  external  conditions  do  not  change  their  direction  during  deformation  of 
the  shell.  We  will  write  them  down  for  the  shell  edge  x  =  const;  the  conditions  pertaining 
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to  the  edge  y  =  const  will  be  obtained  by  substitution  of  y  for  x  anc  v  for  u. 


7.  The  points  of  the  edge  do  not  move  along  the  boundary  line.  1+  Is  necessary 


that 


v-~  0. 


(1.50) 


8.  The  points  of  the  unloaded  edge  move  freely  along  the  boundary  line.  It  Is 
necessary  to  set 


T-  0. 


(1.51) 


The  boundary  conditions  pertaining  to  the  displacements  are  geometric.  At  the 
same  time,  the  conditions  formulated  for  the  forces  and  moments  will  be  termed  dynamic. 

In  integrating  the  fundamental  equations,  the  Initial  conditions  pertaining  to  the 
displacements  and  velocities  of  the  points  of  the  middle  surface  of  the  shell  must  also 
be  satisfied. 

9.  Shell  Model  Allowing  for  Rotatory  Shear  and  Inertia.  Deformations  and  DIs* 
p I acements 

The  preceding  sections  gave  the  fundamental  relationships  pertaining  to  a  shell 
model  based  on  the  KI rchhof f-Love  hypothesis.  As  already  noted,  use  of  this  f I  rst 
approximation  model  makes  It  possible  to  attain  a  sufficient  accuracy  In  solving  many 
practical  problems. 

However,  In  some  cases,  this  scheme  proves  insufficiently  complete.  For  Instance, 
in  the  theory  of  three-layered  shells,  whose  middle  layer  Is  very  pliable  to  shear, 

+he  deformations  corresponding  to  shearing  stresses  along  the  normal  cannot  be  neglected. 
With  respect  to  a  stack  of  layers  as  a  whole,  the  hypothesis  of  straight  normals  Is  no 
longer  applicable.  This  also  applies  to  shells  made  of  composite  materials  with  a  binder 
having  a  relatively  iow  shear  stiffness. 


Another  example  that  Is  particularly  Important  for  fur+her  discussion  pertains  to 
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-  T  Mill  I 


dynamic  processes  in  shells  connected  with  the  propagation  of  deformation  waves.  We 
have  In  mind  the  deformation  excited  by  Impact  or  in  any  other  way  in  some  region  of 
the  shell,  then  transmitted  in  different  directions  along  the  middle  surface.  In  this 
case,  we  must  take  Into  consideration  the  Inertial  forces  corresponding  to  displace¬ 
ments  u  and  v.  By  taking  these  inertial  forces  Into  account,  we  can  describe  the  wave 
processes  connected  with  elongations  (contractions)  In  the  middle  surface. 

However,  this  leaves  out  the  description  of  transmission  of  the  transverse  forces 
connected  with  the  local  action  of  normal  loads.  Such  a  process  may  occur  either  in¬ 
dependently,  or  together  with  the  propagation  of  tension-compression  waves.  Of  major 
importance  In  this  case  are  the  shear  strains  connected  with  transverse  forces  Q  or 
stresses  t.  Moreover,  it  Is  necessary  to  consider  the  rotatory  inertia  of  the  shell 
element;  if  the  angles  of  rotation  of  the  tangents  to  lines  5,  n  are  denoted  by  0^ 
and  0  #  the  moments  of  the  inertial  forces  for  a  prism  with  dimensions  along  £  and  n 
equal  to  I,  will  be  (y/g) I (3^0^/3t^)  and  (y/g) I (920^/3t^) ,  where  (y;o)l  Is  the  mass 
moment  of  inert ’a  of  the  volume  under  consideration  with  respect  to  the  corresponding 
axes;  I  =  h^/12. 

Hence,  to  supplement  the  ’’classical”  deformation  and  Inertial  forces,  we  Introduce 
the  deformations  related  to  transverse  forces  and  the  rotatory  Inertia.  Such  a  picture 
of  the  stressed  and  strained  state  may  be  regarded  as  a  second-approximation  model. 

In  the  literature,  this  model  Is  usually  tied  to  the  name  of  S.P.  Timoshenko,  who 
proposed  it  for  use  in  the  theory  of  bending  of  beams*.  It  Is  important  to  note  that 
the  equations  of  notion  obtained  for  the  second  approximation  model  are  of  hyperbol Ic 
type;  these  are  the  equations  that  describe  the  phenomenon  of  wave  propagation. 

The  disadvantage  of  the  Kirchhoff-Love  arid  Timoshenko  theories  Is  that  they  were 
constructed  on  hypotheses  that,  at  least  at  first  glance,  are  Intuitive  In  character. 
Another  way  of  setting  up  the  fundamental  relations  of  the  theory'  of  thin  shells 


^Further  studies  in  this  area  were  made  by  Ya.  S.  Uflyand  [I. 23b]  with  application 
to  plates  and  by  S.A.  Ambartsumyan  Cl *5]  and  others  with  application  to  shells. 


consists  In  expanding  the  displacements  or  stresses  In  series  (power  or  functional) 
along  the  normal  coordinate  and  keeping  a  certain  segment  of  this  series,  depending 
on  the  accuracy  required  and  the  nature  of  the  problem**. 

Let  us  now  examine  the  characteristics  Introduced  Into  the  analysis  by  the  con¬ 
sideration  of  shear  strain.  The  Timoshenko  model  which  we  are  using  is  characterized 
by  a  distinct  separation  of  the  displacements  caused  by  "classical’'  forces  on  the  one 
hand,  and,  on  the  other  hand,  transverse  tangential  forces.  Figure  I. 18  shows  the 
section  of  the  middle  surface  of  the  shell  by  the  plane  tangent  to  lines  x  and  z  at 
point  K. 


Figure  1.18.  Deformation  of  shell  ele¬ 
ment  according  to  a  Timoshenko  type 
hypothesis.  « 

The  figure  shows  tangent  I  to  line  x.  Upon  deformation  of  the  shell,  the  tangent 
Is  turned  by  an  angle  equal  to  3w/9x,  (In  the  range  of  relatively  small  displacements) 
along  the  direction  from  line  x  to  z.  If  the  points  located  along  the  shell  thickness 
and  lying  on  the  normal  to  line  x  before  deformation  remained  on  the  rotated  normal, 
their  new  position  would  be  determined  by  line  m.  However,  shear  strains  related  to 
transverse  forces  cause  the  linearity  to  be  violated.  The  corresponding  "Integral" 
angle  of  rotation  of  the  segment  of  the  normal  will  be  denoted  by  $x;  It  will  be 

**A  classification  of  the  various  methods  of  constructing  a  theory  of  thin  shells 
Is  given  by  A.L.  Gol'denvyzer  [l.l3aU,  N.A.  KIIfchevskly  [I.I5D,  L.  Ya.  Aynola  and  U.K. 
Nlgul  [I.2J,  and  other  authors. 


-  35  - 


assigned  a  plus  sign  for  the  positive  direction  of  transverse  forces  (see  Figure  1.18). 

Then  the  final  angle  of  rotation  of  the  segment  of  the  normal  at  the  middle  surface  will 

be  ¥  =3  -  Ow/8x).  Introducing  the  same  notation  for  the  angles  of  rotation  In  the 
x  x 

plane  tangent  to  lines  z  and  x,  we  finally  obtain 


dtjt 

Ox"' 


(1.52) 


We  will  arbitrarily  assume  that  the  normal  to  the  undlstorted  middle  surface  ro¬ 
tates  as  a  whole  through  these  angles  without  being  distorted.  We  will  assume  further 
that  the  normal  does  not  change  Its  length  in  such  rotation;  this  assumption  enters  into 
the  system  of  K| rchhof f-Love  hypotheses.  The  displacements  of  an  arbitrary  point  of 
tne  normal  with  coordinate  z  (before  deformation)  will  now  be  equal  to 

“*-«  +  *¥„  +  w'~w.  (l-53> 


These  relations  could  be  given  a  more  symmetric  structure  by  assuming  the  eloment  along 
the  normal  to  be  deformable  according  to  the  law  wz  =  w  +  being  some  function  of 

x,  y,  t.  However,  this  would  compile!?*?  the  subsequent  relations. 

In  order  to  find  the  magnitudes  of  the  strains  In  a  shell  layer  separated  by  dis¬ 
tance  z  from  the  middle  surface,  we  will  substitute  relations  (53)  Into  relations  (3), 
which  also  apply  to  the  given  model. 


Instead  of  (4),  we  obtain 


at 

Ox 

dv 


d)  +  dx  '  dx  dp  t  *1  dp  +TT/' 


(1.54) 


or,  considering  expressions  (5)  for  strains  in  the  middle  surface, 
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We  will  now  examine  the  stresses  and  forces  acting  In  the  shell. 

10.  Stress  State  Allowing  for  Shear 

As  was  shown  In  §5,  the  stress  state  of  a  shell  corresponds  In  the  general  case 
to  stresses  In  the  middle  surface,  classical  bending  stresses,  and  transverse  tangential 
stresses. 


The  bending  and  shearing  stresses  are  associated  with  bending  moments  and  a  twist' 
ing  moment  (10).  Considering  relations  (14)  and  (55),  we  obtain  the  following  expres¬ 
sions  for  the  moments  from  (10): 


Transverse  tangential  stresses  T  and  t  are  related  to  Transverse  forces  Q  and  Q 

xz  y*.  *  y 

by  the  expressions 


*Xt  —  hQtf  (*)»  XyM  =  J  Qyf  (*). 


(1.57) 


Function  f(z)  represents  the  law  of  distribution  of  stresses  x  and  x  over  the 

xz  y  z 

thickness  of  the  shell.  This  function  Is  even: 

«*)-/(-*).  ,a) 

which  corresponds  to  a  distribution  of  stresses  xz  symmetric  with  respect  to  the 
middle  surface.  It  also  follows  that 

hi 2 

J  f (z) z <1*  =s 0.  (b) 

-A/a 
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Integrating  (57)  over  the  shell  thickness,  we  should  obtain  relations  (iIj. 


Hence  the  following  property  of  function  F(z): 

hn 

T  J  /<*)*  =  '• 


-A/3 


(C) 


Finally,  we  Introduce  the  notation 


p— t  .f 


-A/3 


(d) 


The  quantity  k  will  be  discussed  In  more  detail  below. 


In  conformity  with  Hooke’s  Law,  we  should  assume  the  relationship  between  stresses 

t  ,  t  and  shearing  strains  8Z,  8Z  to  be 
xz  yz  x  y 


Xxt  **  *5" 


2(j  +••) 


(1.58) 


Comparing  these  relations  with  expressions  (57),  we  find 


P*  ft  F.  - r - /(*) 


ft  E 


(1.59) 


However,  in  conformity  with  (52),  we  assume  the  angles  of  transverse  shear  to  be  con¬ 
stant  over  the  shell  thickness  and  equal  to 


e, 


dw 

dy 


+  V 


(1.60) 


Let  us  take  the  condition  of  equivalence,  expressed  In  the  equality  of  the  work  of 
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transverse  forces,  found  by  using  the  hypothesis  of  undistortable  normals,  and  the 
work  of  tangential  forces: 


1 

2 


QA 


t 

-fc/2 


(1.61) 


Substituting  the  value  of  0  from  (60)  into  the  left  side  and  x  from  (58)  and  0Z 
from  (59)  into  the  right  side,  we  find 


(1.62) 


Considering  the  notation  Introduced  (d),  we  write  Q 

X 


and  by  analogy  for  Q 


Q,  =  *’ 


r.h 

/  dw 

2<I+P> 

U* 

_  M 

/  dw 

2(1+ 10 

\  Oij 

(1.63) 


2 

The  values  of  co«.  .clents  k  depend  on  the  form  of  functions  f(z)  In  (57).  Let 
us  recall  that  In  the  theory  of  bending  of  beams.  In  the  case  of  a  rectangular  section, 
we  obtain  a  parabol ?c  law  of  change  of  transverse  tangential  stresses  with  height. 

They  turn  out  to  be  equal  to  zero  at  the  extreme  points  of  the  section  and  maximum  at 
the  points  of  the  "neutral”  layer.  A  similar  pattern  of  distribution  of  stresses  x 
should  be  obtained  for  the  portion  of  the  shell  section  In  the  shape  of  a  rectange  h* I . 
Then  function  f(z)  takes  the  form 


This  relation  satisfies  conditions  (a),  (b),  and  (c),  and  k^  according  to  expression 
(d)  turns  out  to  be  equal  to  5/6.  Such  Is  the  value  assumed  for  k^  In  the  refined  plat' 
theory  of  Ambartsumyan  [l.5aU  and  Relssner  [1.36]];  Timoshenko  [1.37]]  gives  the  values 
V?-  -  2/3  and  8/9.  The  first  of  these  values  was  also  used  by  Uflyand  [l.23bH. 
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Mlndlln  Cl. 333  proposed  to  determine  k2  for  a  plate  by  equating  the  propagation 
velocity  of  elastic  waves  on  the  basis  of  the  adopted  model  with  the  corresponding 
velocity  found  from  three-dimensional  equations  of  elasticity,  theory..  Rayleigh  Cl. 35] 
and  Lamb  Cl. 31]  showed  that  the  relation  between  the  propagation  velocity  c  of  flex¬ 
ural  waves  and  the  velocity  cg  of  shear  waves  at  wavelengths  A  •+  0  has  the  form 

Ac\  V(e]  -  «*)(*;  - c}  -  (2cJ  -  c*f  (>.64) 

for  0<  c/cg<  I,  where 

,  / "«  i  -  2|i 


For  the  propagation  velocity  of  waves  In  a  plate,  allowing  for  shear  and  rotatory  In¬ 
ertia  at  A  0, 


(1.65) 


From  (64)  and  ^o5),  we  find  the  following  equation  for  k^: 


Ay(i  —  alt*) ( I  —  hl)  =  (2  —  k2)2  npn  0  <  k  <  1. 


(1.66) 


A  study  of  this  dependence  shows  that  k2  should  change  according  to  a  law  that  is 
very  close  to  linear,  from  the  value  of  0.76  for  Poisson’s  ratio  y  »  0  to  0.91  for 
y  ■  0.5. 


2 

We  obtain  a  different  value  for  Vr  by  equating  the  frequencies  of  the  first  anti¬ 
symmetric  vibration  mode  of  an  elongated  rectangular  plate  and  the  frequencies  obtained 
from  exact  theory  (<»  —  .\C\fh)  and  from  relations  allowing  for  the  effects  of  shear  and 
rotatory  Inertia  (m  ~  kcn V 1 2 Jh)  We  then  hav.  x2  =  ti2/I2,  which  Is  close  to  the 
value  of  5/6  proposed  by  Ambartsumyan  and  Relssner.  For  y  =  0.176,  the  value  of  k^ 


...... 


nhlM  lk  TIT  rt  t 


2 

from  (66)  agrees  with  the  value  (it  / 1 2 ) .  Generally  speaking,  It  is  advisable  to  choose 
the  coefficient  on  the  basis  of  precisely  what  mode  of  vibrations  or  wave  motions  is 
essential  in  the  problem  under  consideration. 

The  experimental  determination  of  the  shear  coeff icki.t  is  due  to  Faylon;  he  ob¬ 
tained  k^  =  8/9.  This  value  may  be  considered  to  be  In  good  agreement  with  (66),  since 
the  material  on  which  the  experiments  were  carried  out,  a  photoelastic  coating,  had  a 
high  Poissonfs  ratio. 

II.  Variational  Equation 

We  will  derive  the  equations  of  motion  of  a  shell  allowing  for  shear  and  rotatory 
inertia,  as  well  as  the  corresponding  boundary  conditions,  on  the  basis  of  energetic 
premises*. 

Let  us  consider  the  process  of  motion  during  a  time  interval  between  Instants  t^ 
and  tj.  For  this  time  interval,  we  will  compare  different  trajectories  of  motion  of 
the  points  of  the  system  between  the  Initial  and  final  positions.  The  true  trajectories 
differ  from  other  possible  ones  (consisrent  with  the  relations)  in  that  for  the  former, 
the  following  condition  must  be  fulfil  lea: 

J<»K-iii  +  A'r)(tt  =  o.  (l  ■67) 

U 

Here  K  stands  for  the  kinetic  energy  of  the  system,  II  is  the  potential  energy,  and 
6fW  is  the  sum  total  of  the  elementary  work  done  by  the  external  forces. 

When  all  the  forces  acting  on  the  system  have  a  potential,  Eq.  (67)  takes  the 

form 

^Compare  the  book  [1.11],  p.  53,  in  which  the  principle  of  possible  displacements 
was  used  to  derive  the  fundamental  differential  equations  of  statics  of  flexible  plates. 
The  conclusion  given  below  Is  due  to  M.S.  Gershteyn. 
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where 


*S-«  j  (*-ID<«-0. 

U 

l, 

s—  J  </f — njrft 


is  the  Hamiltonian  action.  The  latter  equality  expresses  the  well-known  Hamilton- 
Ostrogradskiy  principle. 

First  of  all,  let  us  determine  the  variation  of  the  potential  energy  of  deforma¬ 
tion  of  the  shell,  6ir.  The  quantity  tt  represents  the  sum  of  the  energies  correspond¬ 
ing  to  deformation  In  the  middle  surface  ir^,  on  the  one  hand,  and  deformation  of  bend¬ 
ing  and  transverse  shear  on  the  other: 

n-n.+ii,. 


The  energy  Is  equal  to 


JJ  (^,6,  +  Ty)dxdy. 


Introducing  the  expressions  for  strains  (5),  we  obtain 


JJ  { ^  + -S’ (•^')*]  + 

+ Mv  -  +•?  (■Sjr)’] + r(j* + If- + £  f*r)  )**iy. 


(1.68) 


The  energy  Tfb  is  expressed  as  follows: 


+  <M3r  +♦■) + Q'(v  +  *')1 


(1.69) 


The  kinetic  energy  of  the  shell  is,  allowing  for  the  energy  of  rotation  of  the 
element,  equal  to 


+£(3=r+-5(£)V» 


(1.70) 


The  elementary  wori\  done  by  the  externa!  forces*  will  be 


VW  =*  j  J  (px  Am  4*  Pi,  Aw  -f  q  du’»)  dx  dtj. 


(1.71) 


Let  us  consider  the  portion  of  the  shell  bounded  by  coordinate  lines  x  =  3|, 
x  =  a2,  y  =  b|,  y  =  b2-  We  will  determine  a  partial  variation  of  the  energy,  assuming 
that  only  function  u  is  variable;  we  then  find 


h  flt 

\U  -  J  { [*,-£•  (Am)  +  T~  (Ah) ]<lxdy. 

*»  «i 


Integrating  by  parts,  we  obtain 

h'  n*  fri  a*  ( I  72 ) 

A„u=  J  \Nxlu\l’dii  +  J  [r  A«]£  dx  -  J  J  (~ir  +^)6udxdu. 

fl|  b,  <i, 


We  turn  to  the  integral  of  the  variation  of  the  kinetic  energy  of  the  shell  with 
respect  to  time.  Again  we  will  consider  the  case  in  which  only  function  u  varies.  Then, 
for  the  time  interval  from  Tq  to  tj,  we  have 


*i  b,  a  i 


U  b,  a, 
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Integrating  by  parts,  we  find 


will  be  found  In  similar  fashion. 


When  the  deflection  function  w  varies,  the  potential  energy  variation  can  be 
found  from  expressions  (68)  and  (69) 

«.n  -  j  J  { -M« -  *A*» +^-^--57  («») + 

+ ^  ^ (4->  +  r[ir  17 ^  ■sr (4w)] + 


Integrating  by  parts,  we  obtain 


o.  '  b, 

ft*  a* 

+  J  -  J  J  [ft A  +  » A  +  £(*.&  +  r^)+ 

«•  ft.  a,  *  ' 


bw  dx  dtj. 


(1.72b) 


For  the  Kinetic  energy,  we  find 

U  ft,  a, 


t,  ft* 

r#j(d»-j*j  jl 

r  fti  a, 


(1.73b) 


We  substitute  all  the  expressions  obtained  into  Eq.  (67),  which  corresponds  to 
tne  Hami I ton-Ostrogradskiy  principle.  We  thus  arrive  at  the  following  variational 
equation: 
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tl  f»t  fll 

mu 

4.  *.  «r 


0NX 

dx 


+  £l-  +  n<-j'>-o!r)iu  + 

,  I  or  an,  ,  v  .  . 

+  (w  +  W  +  >'•  ~  7  h  'wl  l">  +  ' 

+  [*.N.  +  W.  +  -5,[".Tr  +  T%)  + 


I* m 

Ur 

^  t)y 

u  «l 


-  j  }{Af,4t.  +  r««  +  [r|^+JV,|=-+Q,]a®- 

a  i 

+  Jf  Jf  ■ *{4f*“  +  ^6'+^Lte  + 


(1.74) 


In  this  equation,  the  forces  In  the  middle  surface  N  ,  N  ,  T,  moments  M  ,  M  ,  H 

x  y  x  y 

and  transverse  forces  Q  ,  Q  are  related  to  the  displacements  by  formulas  (13),  (56) 

x  y 

and  (63)  respectively.  Since  the  variations  of  6u,  <$v,  etc.,  treated  as  functions  of 
t,  are  arbitrary,  the  coefficients  of  each  of  the  variations  in  the  first  Integral 
should  be  zero.  This  results  In  the  following  five  differential  equations  of  motion: 


dQ,  dQ , 
dx  +  dy 


dNx  ,  OT  ,  V  l 

-3T+  Ti  +  n.-fA 

dT  »N,  y 

■dT+-&r+Pi-Th 


+  W,  +  k,N,  +  -iL(Nx 


dx 


© 

I 

o  j'S 

(1.75) 

%1? 

1! 

© 

(1.76) 

9  _  dlt  \ 

-fr-5ir)+ 

(1.77) 
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( ! .78) 
(1.79) 


dMg  .  OH  _ y  h'  <V+X 

dx  '  dy  '**  #  12  df 

?!L  a.  dM»  ^  V  A»  <F*V  A 

dx‘’T"<fy  i*  I2‘7w*"*sU 

The  first  three  of  the  above  equations  are  analogous  to  Eqs.  (l8)-(20),  and  the 

lest  two  differ  from  Eqs.  (21),  (22)  In  that  the  inertia  of  rotational  motion  of  the 
element  relative  to  the  x  and  y  directions  Is  now  taken  into  account. 

12.  Equations  in  Displacements  and  Boundary  Conditions 

Having  expressed  the  forces  In  terms  of  displacements  u,  v,  w  and  angles  ip*  and 
\py,  using  relations  (13),  (56),  and  (63),  we  obtain  a  new  system  of  equations  of  motion 
in  displacements. 

From  (75)  and  (76),  we  find  equations  Identical  to  (27)  and  (28): 


d3u 
dx 9 


]_±JL 

2 


1  —  li  03u  ,  I  -f  n  d7v 


dy 1 
dw  d7u>  . 
+  dx  dx *  + 


2  dx  dtj 
I  +  H  do 


d*  o 


2  dy  dx  dy 
,  I  —  |i* 

+  ~m 


dxdy  '  dtj 
~dy  dy 


j.  -4- 

'  d,l  !  ' 


2  dx- 
1  jr  H  do_  d'O 
2  dx  Ox  dy 

i  1  _ 

+  ‘uTPy' 


dx 

.  I  —  n  do  d2o  . 
+  2  Ox  dy 3  + 

_Y  »  -H*  „  n. 

~  a  /:  Jl3  ~u’ 

do 
dy 

—  (I  do  d'O 


2  dy  Ox 3 
Y  I  —  ji?  d?v  _ 


E  Of 


0. 


(1.80) 


(1.81) 


The  equation  of  motion  in  projections  on  the  normal  to  the  middle  surface  takes  the 
form 


(vJu>  +  -^-  +  fj  +  (ft,  +  |ift„l  -jy  +  (ft,  +  l‘ft,)  - 

u 


,  frr  +  M<f|/  / 

I2  .  ^  +  |i*r  , 

1  2  l 

Ox  1 

1,.. 

[  •  2 

1  -  J1  do  I 

l 

f  Ou 
[dy 

i  iii/  / 
+  £) 

2  dy' 

1  —  |(  do 
2  Ox 


JL  *  ~  H*  dlo  ___ 
R  E  Of  “ 


(1.82) 
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We  next  transform  the  momenta!  equations  (78)  and  (79).  The  first  will  have  the 


form 


Ou’fx  I  - 1*  <?»<!>* 

Ox *  “**  2  dy*  "*■ 


I  >f  n 
2  OxO  ij 


-V  1  “I*1  tFt<  „ n 

H  E  c>/*~  U' 


(1.83) 


The  second  equation  is  reduced  to  the  following: 

1  -f  H  L  |  —  |i  0*$V  /?( I  —  |l  (Ota  i  \ 

2  "*  <v  6*‘  ~ir~  — 

v  I  -»»*  rt  (1.84) 

f  £ 


We  have  obtained  the  system  of  Eqs.  (80)- (84)  In  displacements,  which  makes  It 
possible  to  study  the  vibratory  motions  and  processes  of  propagation  of  elastic  waves 
in  a  shell,  account  being  taken  of  the  effects  of  shear  and  rotatory  Inertia.  Buckling 
of  a  shell  in  the  course  of  Impact  loading  is  also  described  by  these  equations. 

Integration  of  the  equations  of  notion  is  performed  by  taking  the  boundary  and 
initial  conditions  into  account.  The  second  and  third  integrals  In  variational  equa¬ 
tion  (74)  permit  the  formulation  of  five  boundary  conditions  for  each  edge  of  the 
shell.  We  will  write  them  down  for  the  edge  x  ~  const. 

I.  The  angle  of  rotation  of  an  element  of  the  normal  about  the  y  axis  or  the 
bending  moment  Is  given: 


^  hvih  »  M®. 


(1.85) 


2.  The  angle  of  rotation  of  an  element  of  the  rormal  about  the  x  axis  or  the 
twisting  moment  Is  given: 


fy*5*}  hah  //«//» 


(1.86) 
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3.  The  normal  displacement  of  the  points  of  the  contour  or  the  magnitude  of  the 
external  transverse  force  Is  given: 

»  =  !»«  HJIH  +  +  (l-87) 

4.  The  displacement  of  the  points  of  the  mldd le-surface  contour  In  the  direction 
of  the  x  axis  or  the  magnitude  of  the  external  compressive  force  Is  given: 

u*=«°  hjih  Nx  =  Nl.  (1.88) 

5.  T*’e  displacement  of  the  points  of  the  middle-surface  contour  along  the  y 
axis  or  the  external  tangential  force  Is  given: 

c  =  HAH  T~P.  (1.89) 

It  was  noted  In  §8  that  when  the  Kt rchhof f-Love  hypotheses  are  used,  the  position 
of  the  element  of  the  normal  In  the  extreme  section  after  deformation  is  determined  by 
four  parameters.  Accordingly,  four  boundary  conditions  are  formulated  on  each  portion 
of  the  contour.  When  the  deformation  of  transverse  shear  Is  Introduced  Into  considera¬ 
tion,  the  number  of  degrees  of  freedom  of  the  element  of  the  normal  Increases  to  five 
because  Its  Independent  rotation  about  axis  x  is  now  admissible  (at  the  boundary,  x  - 
const). 

Let  us  explain  the  above  by  the  use  of  an  example.  Let  the  end  of  a  cylindrical 
shell  be  supported  on  a  diaphragm  that  Is  rigid  In  Its  plane  and  placed  Inside  the 
shell,  so  that  the  points  of  the  Inner  contour  are  immovable.  When  the  equations  of 
the  shear  model  are  used.  It  Is  necessary  to  determine  whether  the  points  of  fhe  outer 
contour  of  the  section  are  also  Immovable.  If  so,  the  condition  ^  =  0,  exists; 
otherwise,  It  Is  necessary  to  assume  that  H  =  0.  Let  us  note  that  the  appearance  of 
a  twisting  moment  In  a  Timoshenko  type  shell  Is  not  necessarily  due  to  torsion  of  the 
median  surface. 
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if  we  neglect  the  transverse  shear  and  set  ft, 883 4* % 0, 

we  obtain  ~j-~  =  —  6v|i„.  Eliminating  6^  and  6^  from  the  variational 

equation  with  the  aid  of  these  relations,  instead  of  (75 )— (79 ) ,  we  obtain  equations 
corresponding  to  the  Ki rchhof f-Love  hypotheses  (see  §6). 

We  set  up  the  equations  in  displacements  u,  v,  w  by  using  the  variational  method. 
We  then  wrote  down  the  equations  containing  the  deflection  function  w_ and  stress  func¬ 
tion  $  in  the  median  surface.  Generally  speaking,  displacements,  deformations,  and 
forces  in  the  most  diverse  combinations  can  be  chosen  as  the  desired  functions.  The 
corresponding  variants  of  the  fundamental  equations  and  boundary  conditions  can  be  ob¬ 
tained  uniformly,  using  the  variation  equation  that  we  know;  however,  the  latter  should 
be  supplemented  with  certain  terms  containing  Lagrangian  multipliers.  For  the  case 
where  the  fundamental  functions  are  w_  and  <J>,  this  was  done  In  the  author’s  book  Cl. II], 
p.  53. 

A  general  method  for  deriving  a  "universal”  variational  equation  was  proposed 
by  K.  Friedrichs  (K.  Friedrichs,  Nachrichten  der  Ges.  d.  Wiss.  zu  Gtfltlngen,  1929,  13- 
20);  this  method  was  discussed  In  the  book  of  R.  Courant  and  D.  Hilbert,  Methods  of 
Mathematical  Physics,  Moscow,  1963,  p.  224  (R.  Courant,  D.  Hilbert,  Methoden  d.  Math. 
Physik  I,  Berlin,  1931).  As  applied  to  nonlinear  shell  theory  with  the  use  of  the 
Ki rchhof f-Love  theory,  this  question  was  discussed  In  detail  by  N.P.  Abovskiy  In  a  num¬ 
ber  of  works. 

13.  Some  Variants  of  Dynamic  Equations 

We  will  explain  how  the  model  described  by  the  preceding  sections  of  this  book 
is  related  to  other  models  studied  in  the  literature. 

We  will  begin  with  a  linearized  problem  pertaining  to  small  deflection  plates, 
without  considering  the  deformations  In  the  middle  surface.  In  this  case,  Eqs.  (80)- 
(84)  take  the  form 


I  ~  M» 
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(1.90) 
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V  l-H*  d’jK 


on 


■o; 


V  I  -  H*  d^y  A 
g  E  "5?*"  =*  0. 


(1.92) 


We  introduce  the  functions  <J>  and  0  by  means  of  the  relations* 


/  <><P  .  dl  \  .  dO  dy 

\  dx  “**  dy  I  *  djt  dy  • 


(1.93) 


then  obtair 


*♦*  .  *♦» 
d*  '  dy 


-V2<p, 


W 


dt < > 

Ox 


-  V50. 


(1.94) 


Taking  the  derivatives  of  (91)  with  respect  to  x  and  of  (92)  with  respect  to  y 
and  summing  up,  we  find 


I  *r  fi*  dt( p  1 

-r~-onr 


'■o. 


This  equality  is  satisfied  if  we  set 


V*<p  -f-  6/l2  (tt;  —  <p) 


V  1  ~  j*j  d2q>  M 
AT  E  d/1  °‘ 


(1.95) 


We  now  differentiate  (91)  with  respect  to  y  and  (92)  with  respect  to  x,  and  sub¬ 
tract  the  second  equality  from  the  first.  This  gives 


*See  V.N.  Moskalenko  [1.9]. 
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Finally,  substitution  of  (94)  Info  ;90)  gives 

We  have  arrived  at  the  system  of  Eqs.  (95)- (97),  which  In  one  form  or  another 
has  been  frequently  discussed  in  the  literature. 

Assuming  In  Eqs.  (80)-(84)  k  =  0,  k  »  l/R,  neglecting  displacements  v  and  \fi 

x  y  y 

and  discarding  nonlinear  terms,  we  arrive  at  the  system  of  three  equations  obtained  by 
Herrmann  and  Mirsky  [1.28]  for  the  case  of  axially  symmetric  wave  motion  of  a  cylin¬ 
drical  shell.  Neglecting  the  influence  of  transverse  shear,  these  authors  obtained  a 
system  of  two  equations  corresponding  to  the  moment  theory  of  shells.  If  the  rotatory 
inertia  is  not  considered,  and  we  turn  to  R  -►  °°,  the  displacements  w  and  u  are  separ¬ 
ated  in  the  equations.  Motion  in  the  z  direction  Is  described  by  classical  plate 
theory,  and  motion  along  x,  by  the  longitudinal  Impact  theory. 

Further,  in  the  case  of  a  cylindrical  shell,  equations  for  studying  axially  sym¬ 
metric  deformation  on  impact  can  be  obtained  from  the  above  equations.  Equations  des¬ 
cribing  an  axially  symmetric  wave  process  in  a  cylindrical  shell,  allowing  for  shear 
and  rotatory  inertia,  were  obtained  for  3  linearized  problem  by  Naghdi  and  Cooper  [1.34]. 

In  deriving  the  equations  of  motion,  we  assumed  that  the  parameters  determining 
the  geometry  of  any  layer  of  the  she  I i  were  the  same  as  the  parameters  of  the  middle 
surface.  Our  aim  will  be  to  obtain  a  refined  variant  of  the  equations  based  on  the 
Ki rchhcf f-Love  hypothesis,  but  allowing  for  a  change  of  geometric  parameters  from  layer 
to  layer  along  the  thickness  of  the  shell.  This  may  be  a  factor  in  solving  certain 
practically  important  problems  of  dynamic  and  stability. 

Let  us  consider  a  shell  layer  separated  by  distance  z  from  the  middle  surface 
(-h/2<  z^h/2).  We  will  consider  the  change  of  curvature  for  this  layer  in  comparison 
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with  the  curvature  of  the  middle  surface 


The  expressions  for  the  strains  will  then  be 
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Prom  the  hypothesis  of  straight  normals  we  must  assume  y 


yz 


these  expressions  (see  the  book  C0.6J,  p.  485),  we  obtain 
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For  the  points  of  a  straight  fiber  normal  to  the  middle  surface,  the 
3uz/3z  and  3vz/3z  should  remain  constant  and  equal  to 

du*  du  u*  —  u  dv^_  do  __  o*  ~  0 

*dT“  z  *  "3*  *“  a*  “  * 


However,  on  the  other  hand,  assuming  z  =  0  in  (99),  we  obtain 
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Comparing  (100)  and  (101),  we  find 

«*— 0  *4r> 

U*  =  (l  - 

te>*  w*  ty. 


Then  the  expressions  for  the  strains  will  take  the  form 


‘i 


On 


kx 


J  X 


l  -  kxz 

h 


w  ■ 


z 

i  -  kxz  Ox*  * 

z  d,i t> 


do  m 

eJ  *“*  7i'y  f -  kyZ  W  F~  kuz  0y*  ’ 

B  I  —  d«  (  !  —  ft^z  da  0^  z 
V  ^  I  —  kuz  ~0y  '  I  —  kxz  dj/  ""  Ox  Oy  \l  —  kyz 


rh;)- 


(1.98) 


Expanding 


(1.99) 


derivatives 


(1.100) 


(1. 101) 


(1.102) 


(1.103) 
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The  normal  and  tangential  forces  per  unit  length  of  arc  will  be 


N. 


m 

j  oI(l -*„*)*. 


-w 


kn 


/  «;o  -  m*. 

•hft 


T.. 

T„ 


hit 

Jt*(I ->*,»)<**, 


ut 

j*U-kMz)dz. 


• hit 


(1.104) 

#■ 


In  the  general  case,  when  /  k^,  i.e.,  R|  t  R^  where  kx  =  l/R|,  k^  =  1  ' 

the  tangential  forces  T  and  T^x  turn  out  to  be  different.  Considering  that  for  this 
shells  z  «  Rj  and  z  «  It  can  be  assumed  in  expressions  (104)  that 

l  —  zkx~  I,  t  —  zk9**  l; 


we  then  obtain  T  =  T  =  T. 

xy  yx 

We  write  the  expressions  for  the  bending  and  twisting  momen;:  ^er  unit  length 
of  the  element-'s  faces: 


Af, 

My 


\  a*(I  kf2)zdz,  HXy  =  J  T*(l  —  kyZ)zdZ, 

~hl2  -hit 

hj?  hit 

J  crj(l  —  kxz)zdz ,  Hyg  =  f  t* (1  —kgz)zdz. 

-h/2  . - 


-hit 


(1.105) 


The  transverse  shear  stresses  shown  In  Fiaure  1.16  will  be  denoted  by  x  ,  t  . 

1  xz  yz 

They  are  related  to  the  transverse  forces  Q  and  Q  by 

x  y 


JT"^  ft  y.dZ. 

•hit 


(1.106) 


We  will  again  assume  that  for  a  certain  layer  of  the  shell  located  at  a  distance 
z  from  the  middle  surface,  the  relationship  between  the  stresses  and  strains  obeys 
Hooke’s  law 


(1.107 
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Then,  allowing  for  (103)  and  (107),  relations  (104)  will  have  the  form 


llr + *  -  <*. + ■•*»>  ®  - 

-  *r (*.-*,)  -g“r  ~  *  If  -  (*.  -  *»)  o’] . 

-  ttV  [$r + »» v &-  -  (*»  h  *»*«> «  ~ 

if  (*»  —  *.)  op  jf  *<)  “J  • 

r  _  -  B.  f  it  a.  a.  A’  (/,_/•  p  _ 

'»»  2(1  +  Mil-',  +  <ll+  12  **  *»•  .<» 

_ ‘A*  ..  _  ,  .  tPu1  1 

12  l  jt  Hl'UxtJjy 

t  =  Eh  \du  i  ')p  i  h*  it  b  \2™  — 

1  2  (I  +  |i)  Ldy  ^  dx+  \2  '**  Nx)  ihj 

-fa-v-Sk]- 


(1.108) 


The  expressions  for  the  bending  and  twisting  moments  will  be 


H„,= 


~  D  [t?  +  M  W  +  **  (li  +  •*  +  k‘ (<i» -  *»*  ®]  ■ 
-  d[4f + |i  + *»  (w + 11  w) + -  **>“]  ■ 


(1.109) 


In  calculating  the  forces,  the  logarithms  found  as  a  result  of  integration  are  expanded 
in  a  series,  and  the  first  three  terms  are  retained. 

The  equations  of  equilibrium  of  the  element  in  projections  on  the  direction  of 
the  tangent  to  lines  x  and  y  by  analogy  with  (18)  has  the  form 


ON  x  <?r*u  Y  d7« 

~dx~  ^  “rfy  +  P*  ~~  Y  l*  Hi*  ~  °* 

dT  ,u  ONu  v  d2o 

Oy  +  ~y  *i#»  +  y  h  ~di*  ~  °* 


( 1 .  1 10) 
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The  equations  in  projections  on  the  direction  of  the  normal  to  the  middle  surface 
will  be 


*Qm 

dx 


+ 


£+m.+v'.+t(».51+’'-£)+ 


(l.lll) 


The  equations  of  the  moments  with  respect  to  the  tangents  to  lines  x  and  y  are 


0Mm  0Hi 


dx 

dHru 


Oy 

dM¥ 


dx 


*y 


■Qx  =  0, 

■  Qu — 0. 


From  these  equations,  the  expressions  for  Q  and  Q  are 

x  y 

— -x,[  w + m?  +  *»  I?  -  <*»- 2k*) 4*  W' + 

«>  -  ~D{£k +w+k-w-  -  2*.>£ + 

Substituting  expressions  ( 1 1 2 )  into  (III),  we  obtain 

+  TjT  +  57F»<«.»  +  "»«>  +  k'N‘  +  VV«  + 


(N 


*  dJC  +  ' 


dto 
*V  Oy 


)+^(r-*i  +  A'.t)+ 


iVu 


+  «-7a 


•  0. 


( 1 .  1 12) 


<1.1 13) 


<1.1 14) 


We  then  express  the  forces  entering  into  Eqs.  (110)  In  terms  of  displacements  u, 
by  means  ol 
etc. ,  we  obtain 


3  3 

v,  w  by  means  of  relations  (108),  (113).  Neglecting  certain  terms  containing  k  ,  k  , 

x  y 


&(■ + £  *«*») + 1 + fi  + 3*:i)]  £ + 


1  +*1  f  I  JL.  h*  h  b\ i-E_  4-  t  if2-  + 

+  My), )v <*,/  +  **  12  ^  ^ 


v  <?;/ 


12  <)t  ‘ 


+  '-i,"’  r*  ~  7  =0, 


(1. 1 15) 


* 


-  56  - 


1 

f 

\ 


2  “  ( 1  +  ,2  M,)  -J~  +  (  I  +  \-j  My)  + 

+  TJ![I  +  TfW  “»**»  +  3ti)]~  + 


Oy' 

_L  J  ~  »**  „  I  —  H*  V  oh' 
Lh  py  T" 7^,7 


+ 


«0. 


( I . !  1 6) 


Eliminating  nonlinear  terms  from  (114),  we  arrive  at  the  equal  ion 


V**  /«»/  3-p  l-|i\ 

12  12  T*  2  *  kv  2  I  i)xdy*~r 

.  Alf/,  lnii __  t 

^  i2  r*  2  K*  2  ; 


M* 


'<y.v 

r>v* 


12  dy 1 


-  (A,  +  H*„)  Jj  ~  (A*  + 1**,)  -J;  +  til  +  2\ikxky  +  fcj) »  + 
+  £  (A* -  A„)  («  -  fej) v  +  ~  W  +  £  A,  (A,  -  A,)  jp-  + 

0. 


+  (j  kM) 


I  —  |i*  ,  1  —  |A*  y 

</  -r  £ 


£A 


(1.117) 


The  above  equations  in  the  case  of  k 
for  a  cylindrical  shell. 


x 


=  0, 


k 


y 


l/R  are  the  same  as  FlUgge’s  equations* 


14.  More  Complete  Relations  Between  Deformations  and  Displacements 

In  the  preceding  sections,  we  derived  equations  of  motion  of  a  shell  element  that 
were  based  on  a  Timoshenko  type  model.  The  equations  proved  to  be  nonlinear,  since 
they  considered  large  displacements  of  points  of  the  middle  surface  of  the  shell.  These 
equations  can  be  used  to  study  the  process  of  buckling  of  shells  that  takes  place  when 
elastic  waves  propagate  in  a  material  subjected  to  dynamic  loads.  The  main  nonlinear 
terms  necessary  for  solving  most  practical  problems  were  introduced  into  the  above  re¬ 
lations.  However,  in  certain  cases,  other  terms  which  we  neglected  In  the  derivation 
may  also  prove  essential.  For  this  reason,  it  Is  desirable  to  obtain  more  complete 
nonlinear  equations  of  motion  of  a  shell  so  as  to  Introduce  certain  simplifications 


*W.  FlUgge,  Stresses  in  Shell,  Berlin  (I960),  219,  233 
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■  mum 


ut*e CSi 


into  these  equations  when  solving  specific  problems. 


(**) 


Figure  1.19.  Vectors 
forming  the  basis  of  a 
curvilinear  coordinate 
system. 

To  derive  such  refined  relations,  we  will  use  the  tensor  formulation  of  the 
fundamental  relationships  of  shell  theory,  allowing  for  the  effect  of  shear  and  ro¬ 
tatory  inertia.* 

We  will  consider  an  elastic  body  to  which  Is  related  a  system  of  curvilinear  co¬ 
ordinates  x*(i  =  I,  2,  3).  As  the  origin,  we  choose  some  point  of  space  0  (Figure 
1.19)  and  denote  by  R(x* )  the  radius  vector  of  an  arbitrary  point  p.  Considering  R 
to  be  a  differentiable  function  of  variables  x* ,  we  obtain 


(1.118) 


In  accordance  with  the  rule,  used  in  tensor  analysis,  of  summation  over  a  twice  repeat¬ 
ed  "dummy"  index,  expression  (118)  means** 


*A  similar  derivation  Is  given  by  Habip  Cl. 273.  The  equations  of  motion  were  ob¬ 
tained  in  more  complete  form  by  L.  Ya.  Aynol  Cl.G.  In  the  form  given  here,  they  were 
studied  by  M.S.  Gershteyn. 

**For  more  detail  concerning  the  tensor  apparatus  used  below,  see  for  example  I.N. 
Vekua’s  Fundamentals  of  Tensor  Analysis,  Tbilisi,  1967. 
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«-&*■+ 


(a) 


We  will  hereinafter  use  the  following  notation  for  each  of  the  three  vectors 
entering  into  (a): 


~  *h 


It  is  evident  that  each  of  the  vectors  R.  is  directed  along  a  tangent  to  the 
{  1 

coordinate  line  x  .  For  each  point  of  the  body,  vectors  Rj  form  a  noncop  I anar  triplet 
which  is  the  basis  of  the  coordinate  system.  These  vectors  represent  the  change  of 
radi  <s  vector  R  during  displacement  along  the  coordinate  lines  from  a  given  point  P. 

In  a  Cartesian  system,  vectors  Rj  will  be  the  unit  vectors  of  the  coordinate  lines. 

We  wi 1  I  denote  by  dR  an  infinitely  small  vector  PQ  under  the  assumption  that  the 
position  of  point  Q  Is  determined  by  coordinates  x  +  dx1. 


The  length  of  vector  PQ  wi 1 1  be  denoted  by  ds.  Using  the  definition  of  a  scalar 
product,  we  find 


ds2  =  dRdR. 


( 1 .  1 19) 


in  turn, 


dR  ~  Rf  dx1. 


(1.120) 


From  (119)  to  (120)  we  obtain  the  following  expression  for  the  square  of  the 
distance  between  two  infinitely  close  points: 


ds‘  =  rf*'  rf**  ==  g,t  dx1  Ux\ 


(1.121) 


where 


U(k  =  Skt  —  RiRkf  {/,  k)  =  1 ,  2,  3. 


(1.122) 
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The  right-hand  side  of  (121)  is  called  the  metric  quadratic  form,  and  the  quantities 
gjk  are  the  covariant  components  of  the  metric  tensor. 

When  curvilinear  coordinates  are  used,  in  addition  to  basis  (118)  of  the  co¬ 
ordinate  system,  its  conjugate  basis  consisting  of  vectors  Is  introduced  into 
consideration.  Then 


RtR^bl 


(1.123) 


where  6. 


is  Kroneckerfs  symbol: 


I  1  npii  /  = 

I  0  npii  i  k. 


Any  vector  may  be  represented  as  a  linear  combination  of  vectors  R  ,  R0,  R,  or 

I  o  3  *  1  3 

R1,  R  ,  R  . 

For  example,  R.  will  be  represented  as  a  linear  combination  of  vectors  Rl,  R^,  F 
using  relations  (122)  and  (123): 


(1.124) 


Let  us  recall  that  the  expression  on  the  right-hand  side  represents  a  sum,  so  that 
relation  (124)  is  associated  with  the  following  relations: 


Ri^RuR'+ii^  +  gHW, 
^2  8=0  fhlW  "T  ffys R*  •+■ 
R^RmR'  +  KuW  +  U.uR*. 


Solving  this  system  of  equalities  with  respect  to  vectors  R 


k 


we  obtain 


(1.125) 
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rfitfritmHifri 


ilfltflVir'"''*' 


ki 

where  the  following  relation  holds  for  g  by  (123): 

«'*  “  «'**•  (1.126) 
ki 

The  quantities  g  are  contravari ant  components  of  the  metric  tensor.  They  are 
related  to  the  covariant  components  as  follows: 


Al*i 

*l 

4% 

Figure  1.20.  Prin¬ 
cipal  and  conju¬ 
gate  base  of  the 
coordinate  system. 

As  an  illustration,  let  us  consider  a  certain  vector  A  on  a  plane  (Figure  1.20); 

I  2 

Rj,  R2  are  the  basis  of  t.ie  coordinate  system,  and  R  ,  R  are  its  conjugate  basis. 

Vector  A  may  be  expressed  in  the  form 

A A*Ri  or  A  =  AiR  .  (1.128) 

Thus,  the  contravari ant  components  A*  and  covariant  components  give  two  dif¬ 
ferent  representations  of  the  same  vector  A.  We  multiply  both  parts  of  equalities 
(128)  scalarly  by  the  basis  vectors  R  and  R  : 

K 
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A„~ARh- 


(1.129) 


From  these  equalities,  with  the  aid  of  (124)  and  (125),  we  obtain 


(1.130) 


Such  an  operation  of  lowering  or  raising  of  the  indices,  here  applied  to  components 
of  vectors,  Is  extended  to  tensors  of  any  rank. 

Let  us  return  to  the  consideration  of  an  elastic  body  whose  basis  vectors  and 
metric  tensor  before  deformation  are  expressed  by  relations  (118)  and  (122).  We  will 
characterize  the  strain  state  of  the  body  by  means  of  the  difference  of  the  squares 
of  the  linear  element  after  deformation  (ds)  and  before  deformation  (dSg).  On  the 
basis  of  relation  (121),  we  obtain 


ds 2  -  dsl-=2\{idx,tlxl. 


( I . 131 ) 


where 


Y#/"*  21  (**</  ~~ 


(1.132) 


quantities  G..  and  gjj  being  the  covariant  components  of  the  metric  tensor  before  and 
after  deformation,  respectively.  Functions  Yjj  are  svmmetrlc  components  of  the  co¬ 
variant  strain  tensor. 


We  express  the  strain  components  in  terms  of  the  displacement  vector.  Let  the 
radius  vector  of  a  point  of  the  body  after  deformation  be 

R  R  I  «, 


12  3  * 

where  u(x  ,  x  ,  x  ,  t)  is  the  displacement  vector.  Basis  vectors  R  and  the  metric 

tensor  after  deformation  are  determined,  on  the  basis  of  (b)  and  (122),  Dy  the 
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relations 


*i  =  *i  f 


<hi 
fh‘  * 


(1.133) 


Then  the  components  of  strain  tensor  (132)  will  have  the  form 

Y n  ==  j  (*<#/  -  RtRj)~  -!r  +  «<)<#/  1  «/)  *,#/!  — 

588  7}  (#«**/  -f  */«<  +  «/«/)• 


(1.134) 


!  2  12 

Let  us  now  consider  a  thin-walled  shell.  We  denote  by  r(x  ,  x  )  and  n(x  ,  x  )  the 

radius  vector  of  some  point  of  the  middle  surface  of  the  undeformed  shell  and  the  unit 

vector  of  the  normal  passing  through  this  point.  The  curvilinear  coordinates  in  the 

I  2 

middle  surface  are  represented  by  x  and  x  . 

The  radius  vector  of  an  arbitrary  point  of  the  shell,  located  at  a  distance  z 
from  the  middle  surface  along  the  normal,  will  be 

R  =  r  (*',  .('•)  +  zri(x\  x‘).  f  1 .  1 35 ) 


The  basis  vectors  associated  with  the  coordinate  system  of  the  shell  according 
to  (h)  will  be 


dr 

0? 


■37  <«•*“»•*>■ 


(1.136) 


We  introduce  into  consideration  the  components  of  tensors  of  the  first  and 
second  quadratic  form: 


The  first  quadratic  rorm  (see  book  [0.63,  pp.  472,  474)  represents  the  lengths 
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of  the  arcs,  the  angles  between  the  curves,  and  the  areas  of  the  regions  on  the  sur¬ 
face.  The  second  quadratic  form  makes  It  possible  to  determine  the  normal  c jrvatures 
of  the  surface. 


From  Welngarten’s  formulas*  we  have 


<?fy 

I?' 


tt» 


Then** 


(I. 138) 


=  r<i  +  **  ra  —  zbiyr*, 

8*1  “  #a*P  “  (ro  +  ■*  (ra  —  z&ayr*)  (rp  —  zb^r*). 


We  will  introduce  the  assumption  of  constancy  of  the  metric  along  the  shell  thick¬ 
ness,  i.e.,  will  assume  that  zbQ^« I .  Then  the  basis  vectors  and  metric  tensors  become 


”  ro*  8af ™  rur$  ***  °afr» 

^03®  0»  “=  R3R3  =  nn  =  1. 


(1.139) 


Let  us  recall  that  vectors  ra  and  n  are  orthogonal,  and  ran  =  0. 

We  represent  the  vector  of  displacement  of  the  arbitrary  point  In  the  form 

u  *=  u°ra  +  «’*  ■=*  uara  +  (1.140) 

The  relations  representing  the  distribution  of  displacements  over  the  shell  thick¬ 
ness  will  be  written  In  the  form 


*See  I.N.  Vekua’s  book  mentioned  above,  p.  80. 

**HereInafter,  the  Index  y  =  1.2  Is  used;  It  must-  not  be  confused  with  the  symbol 

y.j  for  components  of  the  strain  tensor. 
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Using  these  formulas  and  Wefngarten’s  formula  (138),  we  transform  relation  (141) 


Into 


ua  =  (V.wt) rv  -f  u'bayti  (Vau3)  a  -  = 

“  (V«WY  “  UAy)  **  +  «  («Y^y  4* 


(1.144) 


We  Introduce  the  notation 

e«Y  ~  UAy*  "f  ^aWJ 


(1.145) 


and  represent  (144)  In  the  form 


«u  =  4  0O«.  (1.146) 

Substituting  expressions  (139)  and  (146)  into  (134),  we  arrive  at  the  following 

relations  (taking  e^  =  e*^) 
ex  a* 

Yap  —  |  ('.«p  4  4-  «u«p)  =  J  (e„p  4-  *pa  4-  «&pt4-<>aV‘ 

Ya3&^(^a*3  4-««a4*«a«3>^y(*^  4-^«4-e^’^r).  (  '  ’  ^  ^  ^ 

Ym  —  j  (2a«,  4*  «a»a)  —  *^r  ^  • 


The 

corciance 


displacements  u  wl 1 1  be  assumed  to  change  along  the  shell  thickness  In  ac- 
with  the  law 


«««=» •(**«  04-^oU1.  <*■.  *)• 


( 1 . 148a) 


As  far  as  the  displacement  is  concerned,  as  we  agreed  earlier,  we  will  assume 

«3st®(*,»  **•  0*  ( 1 . 148b) 


We  introduce  expressions  (148)  and  (145):  we  first  obtain 
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where  the  elasticity  tensor  E°^f^  for  Isotropic  bodies 


(1.155) 


The  forces  and  moments  per  unit  length  of  cross  section  of  the  shell  are  ex¬ 
pressed  as  fol lows: 


ft/2 


ft/2 


ft/t 


AT*-  J  <,*d2,  Af*»  j  zo^dz,  =  J 


-ft/2 


-ft'2 


-ft/2 


(1.156) 


For  an  Isotropic  body,  relation  (1 54)  also  takes  the  form 


a1 *  «=  X9/?**  >1-  2(1^. 


(1.157) 


Here  y  and  ft  are  the  Lame  coefficients  and  0  is  the  volume  expansion: 


(1.158) 


In  ( 157) ,  we  took 


Y-|l=RV«gl'*YY«' 


Considering  (139),  we  have:  -  a^  ;  instead  of  (155),  we  find 


e"8,fl  =  Xri'V 4- 2iiav’«|w  (a.  p.  ...  "1,2). 


v*  W 


(1.159) 


,33 


The  expression  for  y^  In  t^rms  of  y^Is  found  from  Ihe  usual  condition  6  =0 

and  is  substituted  into  the  relation  for  <$  .  When  Integrating  according  to  (156), 
the  re ’at ions  for  strains  (153)  are  used. 


As  we  know,  the  Lame  parameters  are 


fh  *  a 

+  '‘“so  +  i'f 
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^  r^YTitfirrri' i^iriWh 


Thus,  we  find 


(rv*  +  %  +  -f  a)vt,fl)  t 

(1.160) 

* 

M  “*•(•-  ft  ^  (v»*. + + 

(1.161 ) 

n«  **£A  ,  . 

Q  “2(l+,)K+t.  +  »V„v). 

(1.162) 

Here 


denotes  the  components  of  the  discriminant  tensor  and  k^  is  the  known  coefficient 
of  shear. 


The  law  of  stress  distribution  over  the  thickness  of  the  shell  is  expressed  by 
the  relations 


(1.163) 

(1.164) 


where  f  stands  for  the  function  discussed  in  §  10;  it  satisfies  the  conditions 

hit 

0.  (1.165) 

15.  Equations  of  Motion 

To  derive  the  equations  of  motion,  we  will  again  use  the  Hami Itcn-Ostrogradskiy 
principle.  The  corresponding  equation,  analogous  to  (67),  will  be 


hi  7  hn 

|  J/dz  =  l,  f  |  p*- 


I 

'V 


d.166) 

j  («/c-an  +  d'r)rf/-o. 
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The  potential  deformation  energy  II  for  a  three-dimensional  body 


i:-?{  Aurfv. 

V 

Here  dV  Is  the  voljme  element.  For  curvilinear  coordinates  In  the  re se  of  a  shell, 
we  have  (taking  a  =  -  I)* 

hn 

(,J67 


where  dS  Is  the  area  element  of  the  middle  surface. 

We  substitute  the  expressions  for  stresses  (163),  (164;  and  values  of  strains 
(153).  Considering  (165),  we  find 

n  *7  J  { 7 + 

« 

+ T  M**(v.*» + V. + + »;«.*,  +  (l-l68) 


« 


We  represent  fhls  expression  as  a  sum  of  three  functions: 

n- lie -HI,  +  Hc„. 


Component  Hm  corresponds  to  the  strain  energy  in  the  median  surface;  11^  Is  the  bend¬ 
ing  strain  energy;  Hc  Is  the  strain  energy  of  transverse  shear. 

Using  relations  (150)  and  (!52),  we  rewrite  the  expressions  for  these  components 
in  the  form 

% 


4 
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n«-{  {  A'*8!  v.o,-  »»* + jolty, +7«.(V+ V’)!"- 

i 

(1.169) 

n  ,-±  jin'*  [v.+, + T  (W.*,  -  KwV-%  + 

+  6j+,Vat»  +  6j4ay^)|,/.S>,  (,JV0) 

it.  .  (1 . 171 ) 

«U  ~  j  j  Q"  jv.w  +  o\y  +  *„  +  ^Va0,  -  *Y4„w|  dS. 

S 

In  the  general  case,  the  kinetic  energy  Is  determined  by  means  of  the  expression 


‘-tJJJ#**. 


Substituting  (148),  we  obtain  for  a  shell 

K*=-jjh  J  (t)ni)°  +  u>2  +  72  Ma)^5. 

s 

The  dots  denote  time  derivatives. 

The  elementary  work  done  by  external  forces 

t'W  —  j  (pa  6va  +  qbw- f  ma  6iJ>u)  ds  + 
s 

+  J  («"  fit).  +  N  to  +  Si*  i«„)  dc. 

c 


(1.172) 


(1.173) 


Here  C  is  the  contour  of  the  undeformed  shell  to  which  are  applied  the  components  of 
external  load  91",  A'  ,  and  9K  .  The  symbols  pa,  q  and  ma  denote  the  intensities  of 
distributed  external  loads  -  the  tangential,  transverse  and  moment  loads. 

We  will  find  the  variations  of  total  potential  energy  In  terms  of  the  variables 


v  ,  w,  .  After  calculations  similar  to  the  preceding  one  (p.  42),  we  obtain 


Ijv’W +*»«.+ ***v.V«.+ 

•  C 

-  k  \  !  V + v"(40  -  <*"r + - 

|«A  +  •.«**  +  dc  - 

_  i  J  |V„Qa  +  b^tf*  +  bb«N*  +  V.fN'V  + 

+ v,  («•»«*) + + »*%Qal  »*  dt> 

% 

yi-l|  + 

-  7  J  Km*  -  Q‘  -  4Q*  -  Vt(M*Vj)  -  *fc 


(1.174) 


(1.175) 


(1.176) 


Here  na  is  the  component  of  the  unit  vector  of  the  normal  to  the  contour  of  the 
undeformed  she i i - 


The  kinetic  energy  variation  is 


(i 

r. 

~Hl  J(fl"4u“+*4®+^*a4*”)dsd'- 


(1.177) 


We  will  sum  up  the  variations  of  potential  energy  (1 74)- (176)  and  together 
with  expressions  (173)  and  (177),  substitute  Into  (166).  In  view  of  the  arbitrari¬ 
ness  of  the  variations  6va,  6w,  6^  the  condition  of  fulfillment  of  relation  (166) 
will  be  the  equality  to  zero  of  the  coefficients  of  these  variations.  Hence  the 
equations  of  motion 


V.tf  ■*  -  blQ°  f  V,  Mat)  -  +  V„  (Vv/,H“v)  - 

-  +  V.  (W)  -  4  AS"  +  p"  -  o, 


(1.178) 
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V.Q*  +  +  V„(<0.,«“'’)  +  ftK'-avV"  +  '( W'lv'l"")  + 

+  6jV„(«f,AI  "f')  +  ftStnQ"  -  *  A®  +  <7  “  0. 


*Sor  +  V,  «AI**)  -  &V"'  -  7 '/  +  «*  -  °- 


(1.179) 

(1.180) 


where  I  =  h^/12. 

The  boundary  conditions  relate  the  forces  and  displacements  on  the  shell  contour 
to  the  loads  applied  along  the  contour.  Assuming  6v^  4  0,  we  will  have 


-f  cl)  tt*  +  Af  4-  «  0. 


(1.181) 


Then  for  <5w  4  0 

<2.n.  +  MT%  +  _  A)  =  0 


(1.182) 


and  for  f  0 


(1.183) 


Let  us  consider  the  case  where  the  coordinate  lines  In  the  middle  surface  of  the 

2 

shell  are  lines  of  curvature.  Then  b|  =  0.  In  addition,  we  will  consider  Cartesian 
coordinates  and  assume  the  curvatures  along  the  coordinate  lines  to  be  constant: 
bj  =  k^,  b 2  =  ky.  We  will  represent  the  equations  of  motion  ( 1 78 )- ( 1 80 )  for  this  case 
in  scalar  form. 

As  an  example,  we  will  transform  the  first  of  the  terms  in  Eq.  (178).  We  obtain 

VaNaf = ViW111  VjAf2**. 


For  8  =  l  we  have 


VVV»4 -xyv^A^  +  r, 
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for  B  =  2 


The  subscript  after  the  omma  denotes  the  variable  with  respect  to  which  the  differ-  A 

entiation  is  performed. 

The  next  term  in  (178)  may  be  represented  in  the  form 

For  instance,  for  8  =  I, 

ftiQ1  +  =*  kxQx> 

Finally,  for  the  third  term  we  have 

Vy(4aT)  -  V,  (e?W"  +  4wM)  +  Vi(e?A/1’  +  *{«”)■ 

For  6  =  I  we  have 

V,  (eJAf"  +  fJ/V")  +  V,(e‘Wls  +  e'Ar») — 

=  !(«,  z-kxw)N,+  u.  J].,+ |(«  s-k,w)T+u,  ,H,], 

Performing  similar  operations  over  the  remaining  terms,  we  arrive  at  the  fol¬ 
lowing  equations: 

N*,x  4’  ^.j/  “*  b*Q*  4*  (u,x  —  4*  Tut  yj,,  4* 

+ 1 r  -  k,w)  +  «,  „AT,|, ,  -  *,  (AT,  (».  *  +  *,«)  + 

+  T  (». ,  +  *,o)l  +  l(M,+,). ,  +  («+,).  ,1, ,  + 

+  ,  +  (Af,*,).  ,|. ,  -  *,  IW,*,*,  +  //*,*,)  +  (1.184) 

+  Ao.ii  +  g,  “0,  ' 
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+  Qju,  4-  Mf,  +  KNj  4-  |Af*  («u  4-  kxu)  + 

+  +  M  7*J.  *  4-  in<!Li+  M  4*  ^  (w,  „  4-  ML  *  4* 

4-  **  (^  *  («, ,  -  kxw)  4-  u,  „T)  +  ku  [ v .  J  4*  {v.y  -  M  Na]  + 

4-  [Af,M,  4*  Hky%\,x  4-  l/'M*  +•  Ai^]., + 

4*  k*  l(AM>,). ,  4-  mx).  t\  4*  K  KW, ,  4-  (Af  f  ♦,).  J  4* 

4-  kxQx^*  4-  kyQrfy  -jhwtlt  +  q=sQ,  (A.  185) 

Mx.  x  +  H.»  —  Qx  —  Qx  («.  a  -  *, «0  -  Qv«, » 4- 

4-  [//«.  r 4 -  M,(«. , -  ML a  4-  lAf y  4-  # (k. *  -  M)L „  - 

“*a(Af  «  (t».a~ M)  4-  //  (®.  v  4-  *irO))  -  £  /*,.  it  4-  mx  =  0.  (1.186) 

The  symbols  p  ,  q  and  m  represent  the  Intensities  of  the  corresponding  distrf- 

X  X 

buted  loads. 

in  addition,  by  analogy  with  Eq.  (184)  and  (186),  two  more  equations  can  be  written 

down. 


We  obtained  the  equations  in  a  more  complete  form  as  compared  with  those  derived 
earlier.  The  terms  which  appeared  In  the  preceding  equations  (75 )- ( 79 )  are  underlined 
here.  Keeping  only  these  terms  is  analogous  to  the  assumption  of  smallness  of  the 
derivatives  of  tangential  components  of  the  displacement  vector  in  comparison  with  the 
derivatives  of  normal  deflection,  an  assumption  made  for  slightly  curved  shells. 


Let  us  turn  to  the  boundary  conditions  for  the  edge  x  -  const.  Taking  n |  =  I , 
n£  =  0  in  (181)- (183),  we  obtain  the  following  five  boundary  conditions: 


AU1  4  U  *-M>)4-  7Xy4-AM>r.*4-  H$x.y  + 

4-  Q  ~  °. 

w  v  ,4-r(l  +  0.,  — M)4-  AMv.r4*  + 

4"  Qj> ~ 

Qjr  4-  (“Lf  4"  A*tt) N*  4-  (“Lj  4-  'hv)T  4- 

4-  Af^^je  4-  •—  Q°  =  0, 

Mx  0  4-  tt.  *  -  M  4*  v  ~  All  =  °» 

Mxv. ,  4-  u  0  4-  y  V  -  M  “ //0  “  °* 


(1.187) 

(1.188) 

(1.189) 

(1.190) 

(1.191) 


Here  N  and  T  represent  the  external  forces  in  the  middle  surface  applied  along 

X 
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* 


the  edge  x  =  const,  is  the  transverse  force,  and  and  are  the  intensities  of 
the  moment  loads. 

We  have  again  arrived  at  the  five  dynamic  boundary  conditions  which  correspond 

to  the  kinematic  parameters  u,  v,  w  \p  and  to  .  As  before,  the  "principal”  forces 

x  y 

N  ,  T,  Q  ,  and  H  participate  in  conditions  < 187 >—(191);  let  us  recall  that  we  ob¬ 
tained  the  same  result  above  (§  12).  However,  this  tin.j  the  boundary  conditions 
have  been  obtained  in  more  precise  form;  the  terms  which  appeared  previously  are 
underlined.  The  geometric  boundary  conditions  are  the  same  as  those  appearing  in 
(81 ) — ( 89 ) . 

In  the  subsequent  presentation,  we  will  mostly  use  the  K! rchhof f-Love  model. 

With  a  certain  approximation,  this  model  permits  us  to  describe  the  dynamic  processes 
of  interest,  including  those  that  are  associated  with  elastic  wave  propagation.  How¬ 
ever,  for  some  problems  we  will  use  the  second  approximation  model;  we  will  also  try 
to  determine  the  characteristics  of  both  models  in  connection  with  the  application 
of  different  methods  of  solution. 

16.  Shells  Beyond  Elastic  Limits 

Let  us  now  consider  the  case  in  which  fhe  deformations  of  a  shell  are  plasto-elas- 
tic.  In  treating  this  case,  we  most  use  one  of  the  theories  of  plasticity.  As  we 

know,  in  the  literature,  use  Is  made  of  relations  based  on  different  theories,  i.e., 
the  theory  of  flow,  deformation,  local  deformations  and  others.  The  first  two  of  these 
theories  have  been  most  frequently  used  thus  far  for  studying  dynamic  problems.  The 
present  book  will  use  both  the  theory  of  flow  (Chapter  VII)  and  deformation  theory 
(Chapter  VIII).  We  will  now  examine  the  relationships  of  deformation  theory  In  more 
detai  I . 

We  will  use  a  6(c)  diagram  obtained  from  experiments  with  uniaxial  extension  of 
a  sample  of  a  given  material  (Figure  1.21).  Under  small  deformations,  most  structural 
materials  deform  elastically.  The  slope  of  the  tangent  to  the  modulus  E.  We  draw  a 
tangent  to  the  curve  at  some  point  A;  in  this  case,  the  straight  line  AB  no  longer 
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passes  through  the  origin,  and  the  properties  of  the  material  at  point  A  can  be  des¬ 
cribed  by  two  parameters:  tangent  modulus  E^  =  d6/de  and  secant  modulus  E^  =  6/e. 
Obviously,  E^.  and  Eg  are  functions  of  deformation.  Poisson's  ratio  y  in  the  elastic 
region  ranges  from  0.25  to  0.33  for  many  materials.  When  plastic  strains  arise,  y 
increases  rapidly,  approaching  the  limiting  value  y  =  0.5. 

In  the  case  of  compound  stress,  the  concept  of  stress  intensity  6j  and  strain 
intensity  e.  is  introduced: 


Olm'YfV fpn-otf  +  (V- +  K  “Cf*)a  +  6(T^  +  xIm  +  x\t)' 

•I  -  -r  (%“•.)* + + f  W, + Yi,  +y» 


(1.192) 


These  expressions  are  invariant,  .  .e.,  retain  their  value  as  the  orientation  of 
th  coordinate  system  changes.  Let  us  assume  tha+  the  strain  intensity  at  a  given 
point  increases,  and  that  the  simple  loading  condition  is  fulfilled.  The  components 
of  the  stress  and  strain  tensors  are  related  as  follows: 


“  T  ® 1=3  ““  ■$). 

3  3  3 

Y|>*  **  -g-  Y« 


(1.193) 


0  represents  the  volume  strain 


6  s*  e,  +  By  -f  «a» 
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rj ol - — ► 

0  * 

Figure  1.21.  Con¬ 
cerning  the  deter¬ 
mination  of  the 
principal,  secant 
and  tangent  modu- 


and  S,  the  average  normal  stress 


c  _  +  + 
- 3 - 


they  are  related  as  fellows: 

For  an  incompressible  material,  6=0- 

I n  conformity  with  the  adopted  model,  the  expressions  for  and  6j  will  be  dif¬ 
ferent  in  form.  Below,  we  will  consider  Tlmoshenko!s  earlier  model,  which  allows  for 
transverse  shear;  in  this  case,  all  that  Is  necessary  is  to  set  Gz  =  °,  <$z  =  0  in 
(192).  After  some  obvious  transformations,  we  obtain  the  expressions  for  the  strain 
and  stress  intensities  which  will  be  used  below: 

-  /"F a.a, +°i+ 3w, + + g.  I  (l  l94) 

pt/ •J+«.i.+*i+T  (vi,+v:.+v;,). 
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If  however  a  decrease  In  strain  Intensity  takes  place  at  some  point,  relations 
(193)  should  be  replaced  with  others,  pertaining  to  load  removal. 

Considering  that  only  the  elastic  componenTS  of  strain  change  in  the  course  of 
load  removal,  we  can  write 

ax  ^  aM  +  T  £[(c*  +  J  zy)  ~  (®*  + 1  ®*)] * 

~ +  4  £[(8*  +  V (8i  +  *4 

I  ^(Y*y  Yiy)» 

*  '’m  3"  ^(Yjr*  ""  Y«)i 

xu*  sasXvt'^"T  £(^n Yy,)* 

where  the  asterisk  denotes  the  loads  and  strains  at  the  given  point  at  the  start  of 
load  removal.  It  is  evident  that  in  the  elastic  region,  relations  (193)  and  (195) 
are  the  same  as  generalized  Hooke’s  law. 

The  regions  of  active  plastic  strains  and  load  removal  are  separa’od  by  the  sur¬ 
face  6ej/6t  a  0. 

Let  us  now  turn  to  the  Timoshenko-type  equations  obtained  in  12.  it  is  evident 
that  the  equations  of  motion  of  the  shell  element  in  forces  and  moments  will  also  re¬ 
main  unchanged  in  the  presence  of  plastic  strain;  only  the  expressions  relating  the 
forces  and  moments  to  the  displacements  wiil  change.* 

Keeping  in  mind  that  the  s+ralns  e*,  e*....  are  related  by  expressions  of  the 
type  of  (55) 


(1.195) 


(1.195) 


*This  problem  was  studied  in  the  linear  formulation  by  M.P.  Gal  In  (Inzh.  sb.  31 , 
1961);  the  above  relations  were  obtained  by  V.A.  Fel’dshteyn. 


(1.196) 


d+u  *»♦#' 

Vlv  *“  YJf  4*  *  (“gj"  +  (/*■ )  •  ^/“V  Yj**3^#** 


we  rewrite,  the  expression  for  the  strain  intensity  in  the  form 


where 


<•.— Ky /v+2p.*+p.. 


(1.197) 


It  i«:  easy  to  ascertain  that  the  surface  separating  the  regions  of  active  plastic 
strains  and  load  removal  have  the  form 


or, 

dt 


z2  4*  2 


or, 


dt 


<rz  + 


or, 

ot 


»o. 


(1.198) 


in  the  general  case,  both  roots  of  polynomial  (198)  may  be  located  In  lhc  range 
(-h/2)«z«h/2.  The  first  corresponds  to  the  boundary  between  the  regions  of  primary 
loading  A  and  load  removal  B  (Figure  1.22),  and  the  second,  between  the  regions  of 
load  removal  and  secondary  plastic  strains  C  of  opposite  sign. 


Figure  1.22.  Zones  of  pri¬ 
mary  loading  (A),  load  re¬ 
moval  (B)  and  secondary 
plastic  strains  (C). 
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We  will  assume  that  at  the  Initial  stage  of  deformation,  when  the  flexure  of  the 
shell  is  insignificant,  compressive  stresses  predominate  in  the  shell.  As  the  deflec¬ 
tions  develop,  the  outer  fibers  of  the  shell  elongate  In  relation  to  the  original  com¬ 
pressed  stage,  forming  a  region  of  load  removal.  Subsequently,  the  tension  strains 
caused  by  beniing  may  exceed  the  yield  point,  forming  a  region  of  secondary  plastic 
strains.  In  this  region  the  determining  relations  may  be  writter  down  on  the  basis 
of  the  theory  of  cyclic  loadings. * 

However,  this  relationship  is  very  difficult  to  use  for  integrating,  since  it  is 
necessary  to  store  in  the  computer  memory  the  complete  information  on  the  stress  state 
in  the  volume  occupied  by  the  shell  over  the  entire  duration  of  the  integration.  There¬ 
fore,  two  assumptions  are  used  below.  We  will  assume  first  of  all  that  the  load  removal 
occurs  in  accordance  with  the  linear  law.  This  assumption  appears  to  be  valid  in  the 
study  of  transient  processes  in  the  case  of  loads  having  no  well  defined  vibrational 
character  with  substantial  amplitude.  It  can  therefore  be  assumed  that  the  vibrations 
are  not  able  to  develop  and  are  associated  with  a  change  of  only  the  elastic  components 
of  the  stresses. 

We  will  assume  further  that  load  removal  in  different  layers  along  the  normal  be¬ 
gins  at  the  instant  the  latter  starts  in  some  characteristic  layer,  for  example,  in 
the  middle  surface.  In  this  case,  it  becomes  necessary  to  remember  only  the  parameters 
of  the  stress  state  of  the  middle  surface. 

Let  us  turn  to  the  derivation  of  expressions  for  the  forces  and  moments.  Inte¬ 
grating  the  stresses  and  their  moments  over  the  shell  thickness,  we  obtain  the  forces 
and  moments  in  the  region  of  active  plastic  strains  (the  materia1  is  considered  to  be 
incompressible,  ]i  ~  0.5): 


*V.V.  Moskvitin,  Plastichnost’  pri  peremennykh  nagruzhen iyakh  (Plasticity  under 
variable  loadings),  MGU,  1965. 


^ — {[,|  (•* + y  *») + ‘t  (x«  +  7  *»)]  •  | 

N,mm  tI'1  ('»  +  7**)  +  '*  (x»  +  7  *»)  ]• 

Q.- t^Vm. 

*.-*[' t(^+W+/.(i.+ifc)|. 

*<» — t[/»  (*.’  +  7««)  + 1,  (t,  +  \  *.)] . 

where 

» 

/,-  x.-£.  X,-^- 

-(n  1 

A  characteristic  feature  of  expressions  ( ! 99 )  is  the  fact  that  in  contrast  to  the 

elastic  problem,  the  forces  acting  at  the  faces  of  the  shell  element  depend  not  only  on 

the  tension  strains  of  the  median  surface,  but  also  on  the  deflection  parameter;  the 

moments  in  Turn  are  determined  by  both  the  flexure  and  the  tension.  This  is  due  to 

the  nonlinearity  of  the  stress  distribution  over  the  shell  thickness,  determined  by 

the  loading  curve  6.,  . 

i  ( e  | ) . 

We  similarly  determine  the  forces  and  moments  in  the  load  removal  zone: 

X — at; + 4  £*[(«, + -j-e,)  -  («; + -j-*;)], 
r-r+lEhfa'-y’j, 

«.-«;+ t  (l-200) 

«,-«;+-T1[(x.+4x,)-(x;+jx;)]. 

«-«-+m+£M4+£)]- 
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As  already  noted,  the  equations  of  motion,  written  In  terms  of  forces  arJ  moments, 
are  the  same  as  (75M79).  The  complete  equations  of  motion  In  displacements  turn  out 
to  be  very  cumbersome,  and  will  therefore  be  omitted  here.  Besides,  they  are  not  neces¬ 
sary  in  the  numerical  integration  of  the  equations  when  the  method  subsequently  used  is 
employed:  It  is  more  convenient  to  construct  the  algorithm  of  the  solution  by  means  of 
a  successive  calculation  of  the  derivatives  of  displacements,  strains,  stresses,  forces, 
and  moments  and  by  substituting  them  into  the  equations  obtained  in  II. 
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CHAPTER  II 


Natural  Non  I i near  Vi  brat  ions 

!7.  Properties  of  Natural  Nonlinear  Vibrations 

We  will  begin  the  discussion  of  specific  problems  pertaining  to  periodic 
motions  of  plates  and  shells  with  an  examination  of  natural  (free)  vibrations.  If 
the  nature  of  the  natural  vibrations  of  a  structure  Is  knowr,  one  can  evaluate 
its  internal  properties,  manifested  when  it  is  ac+ed  on  by  external  disturbances. 

As  we  know,  a  plate  or  shell  is  a  system  with  an  infinitely  great  number  of 
degrees  of  freedom.  With  application  to  the  vibration  problem,  this  means  that  the 
number  of  natural  frequencies  is  infinitely  great,  a  definite  vibrational  mode  cor- 
resporiding  to  each  frequency. 

In  the  case  of  natural  linear  vibrations,  the  amplitudes  of  the  displacements 
of  a  given  point  of  the  system  are  independent  of  the  frequency,  and,  when  the  vibra¬ 
tions  are  generated,  are  determined  only  by  the  Initial  conditions.  These  conditions 
include  deviations  of  the  elements  of  the  plate  or  shell  from  the  equilibrium  posi¬ 
tion  and  their  velocity  at  the  initial  instant  of  time.  Such  characteristics  of 
linear  vibra+ic  s  are  explained  by  the  fact  lhat  the  rigidity  parameters  of  the  sys¬ 
tem  are  assumed  to  be  constant.  However,  it  follows  from  the  theory  of  plates  and 
shell:  that  the  rigidity  characterist ics  can  be  considered  constant  only  for  small 
deflections.  One  can  then  assume  tnat  the  internal  forces  are  reduced  to  stresses 
of  bending  proper. 

If  however  the  deflections  are  comparable  to  the  thickness  of  the  plate,  mem¬ 
brane  stresses  must  be  taken  into  consideration.  According  to  the  usual  class! flcatii 


*This  classification  was  introduced  by  I.G.  Bubnov  [0.5]. 
[I.IIJ,  p.  13. 


See  a  I  so  the  book 


we  thereby  switch  from  ri gi d  to  flexible  plates.  For  flexible  plates,  the  rigidity 
parameters  are  variable  and  depend  on  the  deflection.  This  also  applies  to  abso¬ 
lutely  flexible  plates  (membranes);  the  bending  stresses  in  them  are  neglected  in 
comparison  with  the  stresses  in  the  middle  surface. 

For  shells,  as  we  have  seen  in  Chapter  I,  the  stress  state  generally  includes 
bending  stresses  and  stresses  in  the  miodle  surface  even  for  small  deflections,  Hcw- 
ever,  in  this  rase  as  well,  strains  at  large  deformations  are  characterized  by  a 
change  in  the  relationship  between  these  stresses. 

However,  since  ti.r  frequency  of  natural  vibrations  is  related  to  the  rigidity 
parameters  of  the  system,  for  flexible  plates  or  shells,  the  frequency  should  depend 
on  how  much  the  system  deviates  from  the  equilibrium  position,  i.e.,  it  should  depend 
on  the  vibration  amplitude.  This  fact  is  most  typical  of  thin-walled  structures  ex¬ 
periencing  large  displacements. 

The  solution  of  nonlinear  dynamic  problems,  in  which  the  independent  variables 
are  time  and  the  space  coordinates,  is  comparatively  complex  even  when  modern  com¬ 
puters  are  employed.  For  this  reason,  current  studies  are  usually  confined  to  the 
lower  vibrational  frequencies  and  primarily  to  the  fundamental  frequency.  In  the 
discussion  of  such  problems,  the  plate  or  shell  is  frequently  reduced  to  a  system 
with  a  single  degree  of  freedom  that  approximates  their  curved  surface  in  some 
fashion . 

In  the  case  of  a  plate,  the  relation  between  the  characteristic  deflection  A 
and  the  frequency,  referred  to  the  frequency  cf  a  linear  system,  this  parameter 
being  denoted  by  v,  has  the  form  shown  In  Figure  2.1  a.  As  the  amplitude  increases, 
so  does  the  frequency.  A  system  with  such  a  characterlst Ic  is  cal  led  rigid.  For 
a  shell,  the  analogous  relationship  may  be  different  (see  Figure  2.1  b).  The  ini¬ 
tial  portion  of  the  curve  in  this  case  deflects  toward  the  ordinate  axis,  and  the 
corresponding  characteristic  Is  defined  as  soft. 

Line  (v.  A)  is  called  a  skeletal  curve.  It  reflects  the  basic  properties  of 
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Figure  2.1.  Possible  variants  of  the 
relationship  between  the  characteristic 
deflection  and  frequency  of  natural 
nonlinear  vibrations. 

the  deformed  system;  as  wii!  be  seen  in  Chapter  ill,  different  types  of  diagrams 
for  forced  vibrations  of  the  system  are  grouped  around  this  curve. 

Let  us  consider  some  problems  pertaining  to  natural  vibrations  of  plates  and 
shells.  Further  treatment  is  carried  out  as  follows.  First,  "classical"  problems 
are  solved  in  which  the  plate  or  shell  is  represented  as  a  system  with  one  degree 
of  freedom.  This  gives  a  genera!  idea  of  the  nature  of  the  vibrations  and  of  the 
influence  of  various  factors  on  the  amp  I i tude- frequency  characteristics.  Then, 
more  accurate  solutions  are  given  for  different  problems  by  using  numerical  methods. 
Thus,  the  picture  of  vibrations  of  a  plate  or  shell  becomes  mom  complete;  it  be¬ 
comes  possible  to  follow  the  complex  process  of  motion  of  different  points  of  the 
system.  These  features  show  up  particularly  well  In  the  case  of  open  shells  of 
large  curvature. 

For  the  most  important  problems,  the  initial  data  are  provided  by  solving  lin¬ 
earized  variants  with  determ i n at  ion  of  the  frequencies  and  modes  of  small  vibrations. 

18.  Rectangular  Plate  H I n ged  at  the  Edges.  Linear  Problem 

We  will  begin  with  xhe  simplest  case  of  a  rectangular  plate  with  hinged  edges, 
"he  problem  will  first  be  examined  in  the  i inear  formulation. 


We  denote  the  sides  of  the  plate  by  a,  b.  The  coordinate  axes  x,  y  are  directed 
along  the  sides  of  the  supporting  contour. 

We  use  the  linear  variant  of  basic  equations  (1.35),  (1.36)  when  k  =  k  =  0: 

x  y 

T  V'a  +  j^-0'  (2-D 

For  the  deflection,  we  take  the  expression 

w-»f(0 sin~sir  'y5*.  (2.2) 

Substituting  this  expression  into  the  equality 

f{(T^+r^)s,n^sin^rf^=0' 


we  obtain 


dK 

IF 


(2.3) 


where  C  =  f|(t)h.  The  square  of  the  frequency  of  natural  vibrations  for  small  de¬ 
flections 


(2.4) 


where  X  =  a/b,  and  c.  is  the  propagation  velocity  of  longitudinal  elastic  waves  in 
the  plate  material  :* 


c^VEgly. 


(2.5) 


*See  the  book  [0.6],  p.  294. 
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Figure  2.2  shows  the  character  of  wave  formation  In  a  square  plate  vibrating 
In  rhe  first  three  modes.  In  this  case,  the  plate  executes  vibratl  >ns  at  the  lowest 
frequency  with  the  formation  of  one  half-wave  along  the  direction  of  each  side 


Figure  2.2.  Character  of  wave  formation  in  a 
square  plate  vibrating  In  the  a)  first  mode,  b) 
second  mode,  c)  third  mode. 


(Figure  2.2  a);  the  next  higher  frequency  is  associated  with  two  half-waves  along 
one  direction  and  one  half-wave  along  the  other  (Figure  2.2  b),  the  third  frequency 
is  associated  with  two  half-waves  in  each  direction  (Figure  2.2  c),  and  so  on. 

19.  Nonlinear  Problem.  The  Subnov-Galerkin  Method 

Let  us  examine  nonlinear  vibrations  with  application  to  the  above-discussed 
case  of  a  rectangular  plate  with  hinged  edges. *  As  far  as  the  boundary  conditions 
for  dispiacemenls  and  stresses  in  the  middle  surface  are  concerned,  we  will  assume 
that  the  piete  edges  are  connected  to  elastic  ribs  that  do  not  distort  In  the  plane 
of  the  plate  and  that  prevent  the  edges  from  moving  closer  together.  The  limiting 
cases  considered  will  be  those  of  freely  approaching  linear  edges  on  the  one  hand 
and  fixed  edges  on  the  other. 

it  will  be  postulated  that  the  ratio  of  the  sides  of  the  plate  X  =  a/b  lies 
in  the  range  I  _<  X  <_  2.  The  sectional  area  of  the  elastic  ribs  bordering  the  plate 
will  be  referred  to  the  length  of  the  corresponding  side.  Let  the  coordinate  axes 


*This  problem  was  discussed  by  Chu  and  Herrmann  C2.28H,  Greenspon  [2.37J,  and 
other  authors.  The  resuits  cited  here  are  those  obtained  by  I ,G.  Kll’dlbekov. 
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x,  y  be  directed  along  the  sides  a,  b.  The  sectional  areas  of  the  ribs  F^  and 

will  be  assumed  to  correspond  to  the  unit  length  of  sides  b  and  a;  we  introduce  the 

notation  h/F  =  v  ,  h/F  =  v  . 

x  x  y  y 

We  use  the  basic  equations  (1.35),  (1.56)  for  k  =  k  =0: 

x  y 

D  r,i  .  ,  .  v  (2.6) 

r.  (2?) 

tt<). 

The  operator  L(w,  (D)  is  determined  from  (1.34). 

Satisfying  the  equations  of  hinged  support  (1.44),  (1.46  a),  we  choose  the  fol¬ 
lowing  expression  for  the  deflectTon: 

w  =  /sin-5~-sln— (2.6) 
Substituting  (8)  into  the  right  side  of  Eq.  (7),  we  obtain 


•  *•-*/•#  (cos^icos^  -  sin’^h’  f ) 


T™  =  ^(coS^  +  coS-&). 


The  partial  solution  of  Eq.  (9)  will  be  written  in  Tiie  form 


0,-/1cos^  +  j5cos-S£.. 


(2.10) 


Coefficients  A,  E  are  de+ermined  by  calculating  74(D  and  equating  the  left  and 
right  sides  of  (9) : 


A^E1 l«i  Bs=eJL£.. 

*  L  32  **  '  D  f  32  a*  ‘ 

Then,  the  solution  of  the  homogeneous  equation  74(D  -•  0  will  be  represented  as  follows 


m  M1  ,££ 


where  jrx,  py  are  the  external  forces  applied  to  the  plate  through  the  edge  ribs: 
Fx  and  py  are  considered  to  be  positive  in  tension. 

Final ly , 


f*  r/a\2  2nx  /&\2  .  M*  ,  jVj 

ttKt) co*-r +b) cos— J+— +  2 


(2.11) 


The  stresses  in  the  middle  surface  are 


v "  £  r  (I)8  cos  +  p, , 


d’<D 


-0. 


(2.12) 


Let  us  note  that  the  tangential  stresses  t  turn  out  to  be  equal  to  zero  for  all  the 
points  of  the  plate.  If  the  normal  stresses  are  compressive  over  the  entire  edge 
(influence  of  the  first  term),  they  will  be  maximum  at  the  edges  and  minimum  In  the 
middle  of  the  sides. 

We  wi I  I  find  the  mutual  displacements  of  the  edges  y  =  o,  y  =  b.  For  some  fiber 
parallel  to  the  x  axis,  the  closer  approach  of  tne  ends  will  be 


a 


0 


(2.13) 
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Comparing  formulas  (1.5)  for  kx  =  0  with  (1.12),  we  find 


a 

A,- -4  f  [£*.*!*  z  (dw  \21 
*  J  1  W  11  t>*»  T\7u*) 


(2.13  a) 


Substituting  into  the  above  expression  the  values  of  w,  3>  from  (8)  and  (II),  we  ob¬ 
tain  after  integrating 


*  __  />*  -  ^ 
A,  — 3  IJ  _  "  "  f'  A* 


(2.14) 


8u 


S i mi larly. 


- E  b‘ 


(2.15) 


These  values  of  A  and  A  should  be  equal  to  the  elastic  strains  of  the  ribs.  We 
x  y 

denote  by  o  and  a  the  stresses  in  the  braces  (which  are  positive  in  com- 

p  y »  p 

press  ion);  then 


A,s 


■fl, 


(2. 16) 


From  the  equilibrium  conditions  of  +he  nodes,  at  which  the  ribs  are  fastened 
to  the  plate,  we  have 


tfj.p  —  Px 


_h_ 

Fx 


VxPx> 


—  \yps. 


(2.17) 


Then 


v,p*«=£x('ir) 

VyPy  =  £  X  (i)  ~{Py~Wx)- 


(2.18) 


Hence 


n* 


n-f 


6*0 +  v„) 


"  E W  <T+  v,>  (l  +»,)-!■<  I1' 


f>“EW  (I  +  v,)(l ^ 


(2.19) 

* 


We  introduce  the  dimension i ess  parameters 


Pm 


Pm 

T 


p. 


a 

7 


(2.20) 


r 


and  have 


.  n* 

P*  ~f 


1+v, 


(l  +  v,)(H-vf)-|i 


tirrrr  C*. 


Py  a** 


F 


+  I  +  V, 


*  8  (I  +  v*)  ( I  +  Vy)  —  H 


unrC*- 


(2.21) 


We  have  written  down  the  fundamental  relations  for  the  problem  of  natural  vi¬ 
brations  of  3  rectangular  plate.  These  relations  lead  to  a  differential  equation  In 
partial  derivatives  with  respect  to  the  function  w  =  w(x,  y,  t).  An  exact  solution 
of  the  equation  taken  in  Its  initial  form  Is  lacking.  However,  there  are  several 
methods  that  permit  an  approximate  integration  of  the  equation  under  certain  boun¬ 
dary  conditions.  Using  a  simple  example,  we  will  present  several  of  these  approxi¬ 
mate  methods  and  primarily  the  8ubnov-Ga lerk i n  method*.  The  solution  will  be  carried 
out  in  two  steps  In  the  first  step,  the  Bubnov-Galerkl n  method  will  be  applied  to 
Eq.  (6)  for  some  fixed  instant  of  time  t.  We  denote  by  X  the  expression 


*-t  *■-(££ 


2 


M  d’w  ,  d*Q>  d'w\.y 
dx  dy  dx  dy  *  dxT  *  }  '  g  ~dir  * 


(2.22) 


*See  I.G.  Bubnov,  Review  of  the  workds  of  Prof.  Timoshenko  (1913),  and  Structural 
Mechanics  of  Ships,  pt.  2  ( 1914),  and  also  b.G.  Gaierkin,  Rods  and  Plates  Vestnl k 
tekhnologov  (1915). 
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Judging  from  the  equation,  this  function  should  be  ident’cally  equal  to  zero  for 
coordinates  x,  y  corresponding  to  all  the  points  of  the  plate.  However,  we  will 
not  strive  for  fulfillment  of  this  condition  for  all  x,  y,  hut  will  confine  our¬ 
selves  to  some  Integral  relation.  In  the  general  case,  we  will  approximate  the 
functions  w(x,  y,  t)  in  the  form  of  the  series 


R 

w  =  /,!),  4.  4  ...  4  =»  2  b lh 


(2.23) 


where  q.  are  some  independent  functions  x,  y  given  in  advance,  which,  when  substi¬ 
tuted  for  w  in  equalities  of  the  type  of  (1.44),  (1.46a),  satisfy  the  boundary  con¬ 
ditions  of  the  problem;  fj  are  parameters  dependent  only  on  t. 


According  to  the  Bubnov-Galerkin  method,  we  will  write  down  n  equations  of  the 

type 


f  j  Xiuilx<ty  =  Q,  /mi,  2 . . 

F 


(2.24) 


the  integration  being  performed  over  the  entire  area  of  the  plate  F. 

In  our  solution,  expression  (*)  appears  instead  of  series  (23),  and  function 
n -  will  be 


’ll' 


(2.25) 


Using  the  expressions  for  w  from  (8),  0  from  (II),  and  Hj  from  (25),  we  get 


X 


(?.<.o) 
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Here  it  is  assumed  that  f  =  f^.  Substituting  (26)  into  (24)  and  integrating,  we  arrive 
at  the  equation 


TT(7  +  7)  t  +PJj 3T  +  W-ST  + 


+  *W  +  *)+*#- 0. 


Switching  to  dimensionless  parameters  (20)  and  substituting  their  expressions  from 
*  # 

(2!)  for  p  and  p  ,  we  obtain 
rx  ry ' 


EH * 


•jr  + 1  +  »« 


+  v,)(H-»,)-n*  + 


(2.27) 


Using  the  initial  fourth-order  partial  differential  equation  (6),  we  have  arrived 
at  a  nonlinear  equation  again,  but  with  ordinary  derivatives,  and  of  second  order, 
it  will  be  represented  in  the  form 

#  +  ■!«+*»  C-0.  (2,2B 


where  K  stands  for  the  expression 


'”*7 - i  v1~*',G<l  - [■£■  +  1  +V.+ 

(l  +  -jr)  (0 +».)(! + 


.  I.  .  '+M  >1  .  .  1\ 

+  (“  +  ~v~l  H-J  +  ('  +W- 


(2.29) 


If  the  nonlinear  term  containing  C^,  Is  discarded  In  (28),  we  will  arrive  at  Eq. 
(3)  1 f  we  take  m  =  n  =  I : 
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ft 


i 

i 

I 

? 

■■ 


2 

which  describes  small  vibrations  of  the  plate.  The  parameter  represents  the  square 
of  the  fundamental  frequency  of  small  natural  vibrations  of  the  plate: 


or 


_  nMI+X*)*  .,/  A  X 

Biw^rc  UrJ  • 


(2.30) 


(2.31) 


where  c  is  the  quantity  given  by  (5). 

Our  purpose  includes  the  study  of  vibrations  of  the  plate  at  amplitudes  compara¬ 
ble  to  the  thickness;  we  therefore  have  to  return  to  the  Initial  nonlinear  equation 
(28).  The  study  of  this  equation  Is  the  simplest  of  the  classical  problems  of  general 
theory  of  nonlinear  vibrations  of  mechanical  systems. 

Let  us  note  that  If  Eq.  (28)  is  represented  in  the  form 

•$+«SF(«-o.  f<0-u+w>& 


the  function  F(£)  will  define  the  elastic  characteristic  of  the  system  over  the  entire 
range  of  the  amplitudes  under  consideration.  In  our  example,  this  characteristic  Is 
symmetric  with  respect  to  £,  and  also  rigid  (Figure  2.3  a).  As  will  be  shown  below, 
the  natural  vibrations  of  such  a  system  correspond  to  a  rigid-type  skeletal  line. 

In  the  case  of  shells,  the  elastic  curve  may  have  the  shape  shown  in  Figure  2.3  b, 
and  this  explains  the  change  In  the  character  of  the  amplitude-frequency  relations 
(see  32). 


,  m 

sA. 

y 

A 

0  c  *  c  ^ s 

a) 

o  V 

6) 

Figure  2.3.  Possible  variants 
of  elastic  characteristics. 


-  95  - 


Ihus,  we  will  aim  at  performing  the  integration  of  Eq.  (28),  which  now  con¬ 
tains  only  one  Independent  variaoie,  tine;  therein  lies  the  second  step  of  the  solu¬ 


tion  of  the  problem.  We  will  first  consider  the  case  of  a  plate  with  freely  moving 
recti  I  inear  edges. 

I.  Plate  with  freely  moving  edges. 

The  solution  corresponding  to  this  variant  Is  obtained  by  taking  JT  =  J5* ‘  =  0 

x  y 

in  the  above  relations.  However,  if  one  considers  that  the  deflection  Is  different 

from  ^ero,  it  follows  from  (18)  that  v  =  v  =  °°.  From  (29),  we  will  then  have 

x  y 

„  3H -»«)(»+*«)_  (2.32) 

*■“  T(t+x7)* 

2 

The  square  of  the  first  frequency  of  small  vibrations  w^  is  determined  as  before 
from  (31 ). 

We  represent  the  deflection  in  the  form  of  the  function 

(2.33) 


where  A  is  a  dimensionless  amplitude  and  w  is  the  vibration  frequency. 
We  uenote  the  left  side  of  Eq.  (28)  by  Z: 


(2.34) 


in  the  second  step  of  the  solution  of  the  problem,  we  perform  the 
the  total  vibration  period  T  =  27r/uh  In  other  words,  we  write  an 
type 


integration  over 
equal ity  of  the 
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LIU^WU^'JWW  «•*”■*  .T./v  IIP^I(.J.  I,  npj^^ii 


»*'« 

f  Z  (0  cos  <0/  dt  0, 

L 


Taking  into  consideration  the  relations 


fcv*  1'1/M 

/  CO!1  u/rf/ ».-!■.  J  cos'atdt  —  jl. 


we  obtain 


fn/m 

1‘ 


z(Ocoj»/d<-/i(<oj-<D«)-2-+4A:/i^<.;-o. 


We  have  arrived  at  an  equation  expressing  the  relationship  between  the  frequency  of 
nonlinear  vibrations  w  and  amplitude  A: 


«*=-og(l  +  \kA'). 


We  introduce  the  notation  for  the  ratio  of  u  to  the  corresponding  frequency  of 
linear  vibrations  v  =  u>/u)q.  We  then  have 


(2.35) 


In  the  coordinates  v,  we  obtain  a  rigid-type  skeletal  line  (Figure  2  4).  At 
very  small  amplitudes,  we  have  v  -►  I .  As  the  amplitude  increases,  so  does  the  vi¬ 
bration  frequency,  at  an  increasingly  steeper  rate. 

2.  Plate  with  immovable  edges. 

If  the  edges  of  the  plate  do  not  undergo  displacement.  It  is  necessary  to  take 

v  -  v  =  0  in  the  tasic  relations.  Then  from  (29)  we  have 
x  v 


..  0.75(1  -  u’WI  +  V)  +  i  fi (1  ± 2m*'  +  W 

K- - 1 - (l+*T 


(2.32  a) 
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Figure  2.4.  Skeletal 
I ine  for  an  Ideal 
square  plate  execut¬ 
ing  fundamental -mode 
nonlinear  vibrations. 


The  square  of  the  fundamental  frequency  is  determined  from  (3i).  From  (19),  px  and 
jr  are  equal  to 


P* 


1  1  n»/S7* 

8  T— 1»*  a*  *  Pv 


IVfn  n'Ef* 

8  r=jr-F~* 


(2.36) 


analyzing  the  problem  as  was  done  in  I ,  we  arrive  at  the  previous  equation,  (35). 


20.  Plate  Clamped  at  the  Edges 


We  will  consider  the  case  of  a  rectangular  plate  clamped  along  the  contour. 

As  in  the  case  of  a  hinged  plate,  we  will  consider  the  presence  of  rods  constraining 

the  displacement  of  the  points  of  the  edges  x  =  0,  x  ~  a.  We  thus  assume  that  forces 

whose  average  values  are  equal  to  p*  and  jr  are  acting  along  the  edges  of  the  plate. 

x  y 

In  addition,  we  will  stipulate  that  the  point  of  each  edge  moves  freely  along  the  edge 
itself,  so  that  the  tangential  forces  along  the  contour  should  become  zero  here  as  well. 
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The  ratio  of  the  sides  a/b  will  be  assumed  to  lie  in  the  range  I  <  a/b  <_  I.5.* 


As  before,  we  will  use  the  basic  equations  in  the  form  (6),  (7).  Analyzing 
the  lower  vibration  mode,  we  approximate  the  deflection  by  means  of  the  expression 


w  =  f  sin2  rjfc  sin2  sy. 


(2.37) 


where  r  =  ir/a,  s  =  mr/b . 


The  strain  compatibility  equation  takes  the  form 


y/2rV(cos  2rx  -f  cos  2 sy  —  cos  4 rt  —  cos  Astj  -f 
•f  cos  Arx  cos  2 sy  -f  cos  2 rx  cos  4 sy  —  2  cos  2 rx  cos  2 sy). 


(2.38) 


The  solution  of  this  equation  is 


®  “  E {  cos  2 rx  -f  cos  2s//)  - 

-  5^  ( £  cos  4r*  +  ■£  cos  4sy)  +  [T,^  cos  2s'J  + 

-  cos  2rx  cos  Asy  —  |(.  jprf^ty  cos  2rx  cos  2s^]  }  + 

.  AxV*  .  Py*' 


_ I _ 

r*  -f  45* 


(2.39) 


The  stresses  in  the  middle  surface  will  be 


a.— 


O'd) 


-Jj.  --  |  -sy  --fiCOS4sy  + 

+  T  [  (4, >4 »')»'  cos  4"  cos  2s0  +  (,.q4s~)T  cos  cos  4sy]  - 
—  TpqrFjT  cos  2«  cos  toff  }  +  P„  ' 


(2.40) 


*When  a/b>l.5,  satisfactory  results  can  be  obtained  by  assuming  the  plate  to  be 
infinitely  long  (ef.  [I. II]). 
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—  -  EP**  {  y  cos  2r.r  ~  co  s  4  r jr  + 

+ T  [(iT-t  **)T  co*  4rx  cos  +  775+17^  cos  2rx  cos  - 

“*  T(^Vi^ cos  2rx  cos  2sy } + /*»> 

J**  —  cttfVf  I  . 
dx  dp  —  iT^7*T?F  sm  4rX  s,n  2sy  + 

'  "F+W  sln  2rx  sin  4$y  ~  pj  sl)r  sin  2rx  sin  2 sy] . 


Jsssi 


(2.41) 

(2.42) 


Clearly,  the  condition  that  the  tangential  forces  be  equal  to  zero  at  the  edges  Is 
fulf i I  led. 

For  the  relative  displacement  of  hhe  edges  x  =  0,  x  =  a,  from  (13a)  we  get 


S.-Lr’I’—hZ!*', 


(2.43) 


Similarly  for  the  edges  y  =  0,  y  =  b 


A  3  „2 Wt  ~  , 

sT*>-~ - £ - b. 


(2.44) 


Using  relations  (16)  between  displacements  A  ,  A  and  stresses  a  a  In 
,  ,  ,1,  x  Y  x#h,y,b, 

elastic  braces,  we  obtain 


°»  *  “  V.  - 1-  -  (fi ,  -  ,). 


The  notation  used  here  is  that  of  (17). 
f  rom  ( 20 )  will  be 


Hence  the  dimensionless  parameters 


p*,  p* 

rx'  ry 


P* 


-  W  P  +  „ 
”53”  (i  +  v*)  (i  +\n)  —  p* 

■in* 

32  TT+VJ(l  +  vfJ-|i» 


(2.46) 
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We  will  use  the  equation  derived  by  means  of  the  Bubnov-Galerkl n  method: 


J  J  X  sin*  rx  sin*  sy  dx  dy  «  0. 


We  find  the  function  X  from  formula  (22).  Substituting  expressions  (37)  and  (39) 
for  w  and  (D,  we  arrive  at  a  cumbersome  expression,  given  In  the  book  D.ilD,  P-  IH- 
Substituting  this  expression  into  (47),  after  integrating  we  get 


J^  +  ^(3  +  2X*  +  3V)C  +  ^-^  +  ^,){  + 

,  2a* Eh*  f  17  ,  itri7  ,  1  ,  t  ,  j 

+  W  \  32P  +  *  132  +  (I  +  X*)1  +  4  (TRW  +  4  (4  -fX*)1]  J  •  0 


Various  special  probiems  will  be  axamined  below. 

I.  Plate  with  freely  moving  edges. 

For  this  variant,  it  is  necessary  that  p  =  JT  =  0.  Equation  of  motion  (48)  Is 

x  y 

reduced  to  the  previous  form  (28),  and  K  now  stands  for  the  quantity 


/(  = 


fllf,  .  i.Vi-j  f  J  — l  ..-L-l-t _ i — 

yf|— VT+SfX*  1 32 \ 1  i  X«P  I  [(l  +  X’KMl-HX^P  (H-X’l* 


}■ 


(2.49) 


The  square  of  the  fundamental  frequency  of  small  vibrations  for  a  clamped  plane 
will  be 


2 _  IV/T/iV _ 

27fl4Y  ( I 


(3  +  -f  3k4) 


or 


m^T’i(^J(3  +  2K,+  3^ 


(2.50) 


-  101  - 


:  •; .  —  t,  _ „  -  i..  M 


Comparing  (31)  and  (50),  we  find  the  ratio  of  the  vibration  frequency  of  the 
clamped  plate  to  the  corresponding  frequency  of  the  hinged  plate: 


For  a  square  pi  ate. 


_K,  c  j  hi  3  +  sx*  -j  axt 

<4  h  ”  y  0  + 


coj  cl  3? 

- L-  ca - at  *1,55. 

<  h  ^ 


(2.51) 


(2.52) 


The  previous  formula  (35),  where  K  should  be  found  from  (49),  corresponds  to 
the  approximate  solution  of  the  problem. 


2.  Case  of  immovable  edges. 


In  this  case,  v  =  0.  We  then  find  from  (46) 


I  14. 

.  .v  '‘  +  -*7  „ 


(2.52a) 


Equation  (48)  is  reduced  to  the  form  of  (28).  The  square  of  the  frequency  is  ex¬ 
pressed  according  to  formula  (50),  and  the  value  of  K  In  (28)  Is  determined  In  the 


K  “  T<'  +  *'>  +  »'  {  m  (‘  +  v  )  +  7  [ FTaT  ' +  7i-fW] 


(2.49a) 


21.  The  Harmonic  Balance  Method 


As  we  have  seen,  the  solution  of  problems  of  nonlinear  vibrations  of  plates 
consists  in  reducing  the  basic  equations  in  partial  derivatives  to  an  ordinary  dif¬ 
ferential  equation  ir.  a  first  step,  and  In  a  second  step.  In  Integrating  this  last 
equation.  The  second  step  of  the  solution  can  be  carried  out  together  with  the 
Bubnov-Galerkln  method  with  the  aid  of  several  other  methods.  One  of  them  is  called 


02  - 


the  harmonic  balance  method*. 


* 


We  write  Eq.  (28)  In  the  form 

£+-jf<D-o 

and  take 

F(C)«t  +  W 

Since  C  is  dependent  on  t,  F  is  an  implicit  function  of  t  as  well. 
We  choose  the  solution  of  the  equation  In  the  form 

C«/1C03W/ 

and  substitute  this  expression  Into  (53).  Thus 

—  <dM  cos  tot  +  co JF  (0  —  0. 

We  expand  the  function  F(t)  in  a  cosine  series  and,  wishing  to 
efficients  of  cos  wt,  keep  the  first  term  of  the  expansion 

F(/)««fl|Coso/. 

Then  *roro  (55)  we  obtain 

“T* 

The  coefficient  of  the  expansion,  B| ,  is 


*This  method  was  substantiated  In  the  book  of  N.M.  Krylov  and 

[o. i ID. 
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.  - - 


(2.53) 

(2.54) 


(2.55) 
compare  the  co- 

(2.56) 

(2.57) 

I.N.  Bogolyubov 


i-i  n  m 


2nf» 

J  f(QC0*< */<*/«• 

o 

fetfe 

We  finally  find 

w»«wj(i  +  A*/t2). 

'  4  '  (2.58) 

This  is  the  result  obtained  above  by  the  Bubnov-Galerkin  method. 

22.  Perturbation  Method 

Let  us  turn  again  to  Eq.  (28).  It  can  also  be  solved  with  the  aid  of  the  so- 
called  perturbation  method,  which  amounts  to  replacing  the  nonlinear  equation  by  a 
system  of  coupled  differential  equations. 

We  introduce  the  dimensionless  time  parameter  t  =  wt  and  represent  Eq.  (28)  In 
the  form 

u’^  +  uJC  +  Xt3-0-  (2.59) 

where  x  =  w^K. 

Considering  that  K  is  fairly  small,  we  will  also  assume  that  X  is  a  small  para¬ 
meter,  and  expand  the  functions  C  and  w  In  powers  of  x: 

C~Co  +  x£i +  X*Ci+  ....  <*> ** «0  +  X«I  +  X5^*  +  . . .  (2.60) 

Substituting  (60)  into  (59)  and  equating  to  zero  the  coefficients  of  the  same  powers 
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of  X,  we  obtain  the  fc  lowing  system  of  linear  equations: 


+  “St.  =  °>  (2.61) 

4  *=  - 2m, - £J.  (2.62) 

the  dots  over  the  letters  indicating  differentiation  with  respect  to  t.  We  thus  ob¬ 
tain  a  chain  of  successive  problems  consisting  In  the  Integral  Ion  of  Eqs.  (61),  (62), 
etc. 

In  addition,  the  periodicity  condition 

t,(T  +  2n)  =  (2.63) 

must  be  fulfil  led. 

As  cn  example,  we  take  the  inital  conditions 

5(0  )=*A.  C(  0)  =  0,  (2.64) 

and  assume 

Co(0)**4.  £i(0)  =  k(0)«=  ...  \ 

to(0)  =  t,  (0)  =  ...  =0.  J  (2-65) 

C,(t  +  2n)-{,(t),  (  =  0,1,2,...  (2.66) 

We  beg5. i  with  fhe  *irst  problem,  which  consists  in  integrating  Eq.  (61).  Its 
solution  will  be 

J,  =  flcos-jr  x  +  CsIn-j^T. 

(2.67) 

From  conditions  (65)  and  (66),  we  flnd 

c«o,  a0*=*»o- 
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Thus,  we  have 


k**  4  COST. 


(2.68) 


We  turn  to  Eq.  (62).  Substituting  the  value  of  Cq  from  (68),  we  obtain 

4- cost  -  Ajcos*t. 

Represenllng  cos^t  approximately  by  the  expression 

C03»T  —  ~  COST +  COS  ST, 

we  find 

<*5(C,  4*  C.) -  (H®i  — 4  ^2) A  cos  T  -  T  A* co# 3t* 


(2.69) 


(2.70) 


When  the  coefficient  of  cos  t  Is  different  from  zero,  the  solution  of  the  equation 
will  contain  a  term  of  the  type  t  sin  t.  However,  the  function  C|(t)  is  periodic, 
and  therefore 


\ 


The  solution  of  Eq.  (70)  takes  the  form 

cosT-j-C,slnT*f«~3-cos3r. 


(2,7! 


(2.72 


From  initial  condition  (65),  we  find 


=  - 


Cj  *=  0. 


Final !y. 


(— cost4-cos3t). 


(2.73 
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Thus,  the  solution  obtained  after  substituting  the  value  x  *  w^K  takes  hhe  form 


Then,  keeping  the  terms  containing  a  small  parameter,  we  fird 


(2.74) 

(2.75) 


(2.76) 


This  relation  between  and  A  is  the  same  as  the  one  obtained  by  the  previous  methods. 
However,  the  expression  for  t,  now  contains  an  additional  term  corresponding  to  the 
triple  frequency. 

23.  Exact  Solution 

The  solution  of  Eq.  (28)  corresponding  to  the  Initial  conditions  C  =  A,  C  =  0 
for  t  =  o  is  expressed  in  terms  of  the  elliptical  cosine 


£  =*  A  cn  (y/,  x), 


where 


Y  “  ®i>  j/ 1  +  K/i' ,  x  =  A\f _ « _ 

>  2(1  +W 


We  wi I !  determine  the  period  T  for  this  solution. 
In  view  of  the  fact  that 


W  di  i/C  2  • 
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• ... 


Fq.  (28)  is  reduced  to  the  form 

T£^L  +  ^<0“°-  (2.77) 

Let  us  assume  that  the  motion  of  the  plate  at  time  t  =  0  is  characterized  by  de¬ 
flection  and  velocity  values  equal  to  C-0=A#  <^.*0=0.  Integrating  (77),  we  get 

y(-&  )’”""*•/  FiQdi-  (2.78) 

According  to  (78),  during  the  motion  of  a  panel,  the  kinetic  energy  is  equal  to  the 
difference  between  the  potential  energy  corresponding  to  the  Initial  position 
(£=A,  £=0)  and  the  potential  energy  at  the  given  Instant.  This  fraction  of  the  po¬ 
tential  energy  is  proportional  to  the  area  shaded  in  Figure  2.3  a.  Expression  (78) 
determines  the  velocity  C  for  any  position  of  the  panel. 

Considering  that  the  motion  of  the  panel  at  the  given  Instant  of  time  corresponds 
to  a  decrease  of  the  deflection,  we  obtain  from  Eq.  (78) 

(2.79) 


By  integrating  (79),  we  obtain  the  time  necessary  for  the  plate  to  get  from  position 
A  to  position  £ : 


(2.80) 
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In  view  of  the  symmetry  of  the  elastic  characteristic,  the  time  required  by  the  plate 
to  move  from  position  C  =  A  to  position  C  =  0  will  be  equal  to  one-quarter  of  the 
period,  and  therefore  the  period 


Substituting  the  expression  for  F(£)  from  (54)  into  the  above  expression,  we  obtain 


(2.82) 


Introducing  the  notation 

r-4.  «-*/*, 


we  give  the  following  form  to  expression  (82) 


T 


(2.83) 


We  will  reduce  this  exprcsio.;  +o  a  form  suited  for  calculations  with  the  aid  of  tables. 
The  elliptic  integral  is 


f  _4t _ _ 

J  /(a7  -  I'M*1  +  r,) 

o 


(2.84) 
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f 


/ 


. .  -  ■ 


s^n'-TV, 


Here  F(a/c,  <f>)  Is  an  elliptic  Integral  of  the  first  kind.  Its  values  as  a  function 
of  a/c,  <J>  are  giver;  In  tables*  In  accordance  with  the  following  notation: 


+  tinsf 


c'  r* 

0*  (**  +  **)  ' 


Equating  (83)  and  (84),  we  obtain 


>1.  i +_?+«_  ao+ri. 

x **  1*  sfn*^***!, 


and  the  final  expression  for  the  period  will  be 


t)- 


(2.85) 


Setting  s  =  I ,  we  get  an  expression  for  the  period  of  small  vibrations 

T  2n 

/o—  ~zr  * 


The  rat«o  of  the  frequency  of  nonlinear  vibrations  to  that  of  small  vibrations 
v  =  Tq/T  takes  the  form 


tV\+i 


^(l^"  2(1  H- .«)  ’  *2) 


(2.86) 


*Cf.  for  example,  Yanke  and  Emde,  Tables  of  Functions,  3rd  Edition,  Flzmatgiz, 
Moscow,  1959. 
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Kigure  2.5  gives  the  amp  I itude- frequency  relations  according  to  (86)  for  a 
series  of  boundary  conditions  (solid  lines):  I  -  hinged  support  for  free  displacement 
of  edges;  2  -  hinged  support  in  the  absence  of  relative  displacement  of  edges; 
relations  3,  4  pertain  to  analogous  variants  of  boundary  conditions  of  a  plate 
clamped  along  its  contour.  On  the  same  graph,  dashed  lines  show  the  corresponding 
relations  pertaining  to  the  above-dl scussod  solutions  (see  19,  20)  in  accordance 
with  the  Bubnov-Calerkin  method.  In  Figure  2.5,  use  is  riade  of  the  quantity  v*, 
equal  to  the  ratio  of  the  frequency  of  natural  nonlinear  vibrations  to  the  frequency 
of  the  fundamental  tone  of  small  vibrations  of  the  plate  hinged  along  the  contour. 
Therefore,  v*  -  vn,  where  the  values  of  v  are  found  from  formulas  (35),  (86)  for 
the  corresponding  values  of  K  from  (32),  (32a),  (49),  (49a);  obviously  In  the  case 
of  hinged  edges,  n  -  I .  For  a  plate  clamped  along  the  contour,  ri  is  equal  to  the 
ratio  of  the  frequency  of  the  fundamental  tone  of  small  natural  vibrations  of  the 
plate,  clamped  along  the  contour,  to  the  fundamental  vibration  frequency  In  the 
case  of  hinged  support  of  the  edges,  x\  —  /3+  X2+  AV3(  l+A2 ) .  The  relations  of 
Figure  2.5  are  plotted  fc~  square  plates  (X=l). 


Figure  2.5.  Influence  of  boundary  conditions 
on  the  an.pl  itude-f requency  characteristics 
for  plates  according  to  the  data  of  the  exact 
solution  and  of  the  solution  obtained  by 
means  of  the  Bubnov-Galerki n  me+hod. 


24.  Case  of  a  very  Long  Plate.  Use  of  the  Bubnov-Galerkln  Method 


In  conclusion,  we  will  examine  the  case  of  a  plate,  one  of  whose  dimensions 
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subsvantia I  ly  exceeds  the  second  dimension  (a»b). 

To  study  the  vibrations  of  such  a  plate,  we  can  consider  a  strip  with  a  width 
equal  to  unity  and  a  length  equal  to  b.  We  thus  obtain  a  prob.em  with  one  space 
coorainate  y.  The  equations  of  motion  can  then  be  written  down  In  the  form 


D  S*m 

rw 


m  <v*  _ii!i 
®  a?  «  *»• 


(2.87) 


Here  we  replaced  the  derivative  d2$/3x2  by  a ^  *  0;  for  an  infinitely  long  plate, 
this  quantity  should  be  constant  at  all  points,  a  «  const.  [l.llU. 


We  will  use  the  Bubnov-Galerkin  method.  Approximating  the  deflection  by  the 

expression 


(2.88) 


we  obtain 


h 


-ahw+ih^f. 


)*in^rfjr 


■  0. 


(2.89) 


We  thus  arrive  at  the  equation 


+  o£t + 


(2.90) 


The  equilibrium  condition  of  the  moving  edge  has  the  form  Cl.ll,  p.  743 


(2.91) 

oh  OpFtl, 
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where 


g°-i-i,.  i|;4rj  dr)8^' 


(2.91a) 


with  v  =  h/Fu.  Hence 


“l i*  l  +  v  46* 


r/2. 


(2.92) 


If  the  supports  are  fixed,  we  have  v  =  0,  and  in  the  case  of  absolutely  movable  edges. 


v  =  oc. 


Substituting  (92)  into  (90),  we  get 


v  ,  d*i  .  n  t  i  M  l _ 1  fa  _  n 

e  hHi^  +  D  ^/  +  *4-“6rT=l?  l  ■f’  v  *  °* 


(2.93) 


Equation  (93)  is  reduced  to  the  form 


rf’C 


■#  +  *#0 +*{=)  =  <), 


(2.94) 


where 


®0  "  ' 


rh 


6* 


,  AC’ 


>  fv 


(2.94a) 


Here  Wq,  as  before,  is  fne  fundamental  frequency  of  natural  vibrations  of  the  system. 

For  fixed  edges,  K  -  3,  and  in  the  case  of  absolutely  movable  edges,  K  -  0. 

Let  us  consider  the  case  of  a  strip  with  clamped  edges.  Representing  the  de¬ 
flection  in  the  form 


w-f  sin2  ^ , 


(2.95) 
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we  obtain  the  following  equation  in  the  same  manner: 


+  t  0-yr  /  +  •!"£  «V-0. 


(2.96) 


Determining  a  from  previous  formulas,  we  find 


flr 


C  1  /f\2 

4  l~|i»  l+v  WJ  • 


(2.97) 


Substituting  (97)  into  (96),  we  get 


+  T -0-£r/  + 


Eh  I  | 

T  *<  T-,.t  i+v/’-O. 


(2.98) 


This  equation  Is  given  Jn  the  form  of  (94),  where 


2 

- 


eh 


3  VT^rp  *7 


T »  K 


3 

<4  0  +  v)  * 


In  the  case  of  Immovable  edges,  K  =  3/4.  For  absolutely  movable  supports, 

K  =  0  as  before. 

23.  Use  of  the  Method  of  Finite  Differences. 

Let  us  i urn  to  I  he  solution  of  the  problem  discussed  in  the  preceding  section 
with  the  aid  of  the  method  of  flrite  d! fferences.* 

In  the  case  of  stationary  edges  (v  =  0),  a  Is  determined  from  Eq.  (91a),  and 


nhis  solution  is  due  to  LG.  Kil’dibekov,  S.V.  Medvedeva  and  the  author:  they 
also  analyzed  the  problems  presented  In  31. 
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initial  relation  (87)  acquires  the  form 


i 


J?.  d1*1  _  E  d*w  f  (  dw  \3  ,  ,  y 

h  dy *  2fe  (I  —  |**>  dy *  J  \  dy  )  *•"  g  dt * 


0. 


The  dimensionless  quantities 


(2.99) 


V.'  *= 


i£. 

b  • 


l 


_v 
b  ’ 


(2.100) 


where  T  is  the  period  of  small  natural  vibrations  T  -  2tt/wq;  is  determined  from 
formula  (94a).  Then  Eq.  (99)  is  reduced  to  the  form 


<3*vl*  A  I Vxb  f  / dt£\3  Ay  ,  n*  d*w  n 

•ajr-e^rrj  (ij-)  «  +  — -y?-*5*0- 


(2.10:) 


We  will  consider  the  case  of  hinged  edges;  the  corresponding  boundary  conditions 
are 


*-0,  -—*-0  for  6  =  0,  6*1. 


(2.102) 


We  take  the  following  initial  conditions: 

w^Asinnl,  — ~0  for  x  =  0. 


(2.103) 


As  we  know,  the  corresponding  solution  of  the  linear  problem  for  the  fundamental 
mode  of  natural  vibrations  is 


k>  =  /lsinn^cos  i. 


(2.104) 


We  will  now  study  nonlinear  vibrations  with  the  aid  of  the  method  of  finite  differences 
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We  will  represent  Eq.  (101)  as  well  as  the  boundary  and  Initial  conditions  of 
the  problem  In  finite  differences.  The  time  step  s+  =  I/m  and  the  coordinate  step 
=  1/n.  For  the  node  I ,  j  we  have 


7s7 


T7  (®it 1. 1  -  4<#i  h.  /  +  6®,. ,  -  +  a,.,. ,), 


(2.105) 

(2.106) 


The  boundary  conditions  of  the  problem  are 


Wo./5***,  Wn.  1  —  0' 

—  2£'0t/  4.  tt>,, y)  =  0  a.™  ro'iKit  6  =  0, 
si 

-7  (»*+,.  /  “  2^«, ,  -f  ,)  A.ia  TOMKII  6  =  1. 

sl 


(2.107) 


(2.108) 


From  conditions  (108)  and  allowing  for  (107),  we  have 

—  K',./,  ^rt+it/s=  —  (2.108a) 

Initial  conditions  (103)  will  be 


u>t.Q 


A  sin*(s;  •  /),  i  =  i,  2,...,  (*-1), 


sets  0. 


(2.108b) 

(2.108c) 


Results  of  the  calculations  are  given  In  Figures  2. 6-2. 9.  In  the  calculations, 
the  number  of  steps  along  the  coordinate  was  taken  as  n  =  20,  and  the  ratio  of  steps 
s+/sc  =  1/40. 

Figure  2.6b  reflects  the  configuration  of  the  middle  surface  at  different  In¬ 
stants  of  time,  denoted  on  the  graph  by  the  numbers  of  subdivision  Intervals  along 
the  time  axis  jj.  The  value  of  the  deflection  amplitude  at  the  center  was  taken  as 
A  =  I.  The  same  graph  shows  the  results  of  the  linear  problem  (Figure  2.6a).  It  Is 
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evident  that  the  vibration  frequency  according  to  data  of  the  linear  approximation 
turns  out  to  much  lower.  This  fact  is  demonstrated  even  more  clearly  by  Figure  2.7; 
these  data  reflect  the  motion  of  different  points  of  the  plate  with  time. 


The  curve  of  change  in  deflection  with  time  is  denoted  by  w^;  this  point  cor¬ 
responds  to  the  value  i  =  10.  The  fine  line  reflects  the  change  in  deflection  with 
time  according  to  data  of  the  linear  approximation.  The  ratio  of  the  vibration  fre¬ 
quency  obtained  from  the  method  of  finite  differences  to  the  frequency  in  the  linear 
problem  is  equal  to  1.8. 


Figure  2,6.  Configuration  of  middle  surface 
of  plate  for  different  instants  of  time  for 
deflection  parameter  A  =  I:  a)  linear  problem; 
b)  non  1 1  near  problem. 


In  Figure  2.7,  the  dashed  line  '.,>ows  the  dependence  for  the  bending  oef lection 
obtained  by  the  Bubnov-Ga lerkin  method,  end  the  dashed  line  shows  it  In  ellipticai 
functions . 


Graphs  similar  to  those  discussed  above  are  shown  in  Figures  2.8  and  2.9.  These 
data  pertain  to  the  case  of  vibrations  with  a  del  lection  amplitude  at  the  center  A  = 
In  this  case,  the  frequency  of  nonlinear  vibrations,  obtained  from  the  method  of 
finite  differences.  Is  approximately  7.6  times  greater  than  the  frequency  obtained 
from  data  of  the  linear  approximation.  Figure  2.9  also  gives  data  of  the  linear  ap¬ 
proximation  and  results  of  solutions  obtained  by  using  the  Bubnov-Ga lerkin  method 


5 
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Figure  2.7.  Characteristic  of  the  motion 
of  different  points  of  the  plate  with  time 
according  to  data  of  the  solution  of  the 
linear  and  nonlinear  problem  for  parameter 
A  =  I. 


Figure  2.8.  Change  In  the  configuration  of  the 
middle  surface  of  the  plate  for  deflection  para¬ 
meter  A  =  5;  a)  linear  problem;  b)  nonlinear 
problem. 


and  In  elliptical  functions;  here,  the  same  notation  as  In  Figure  2.7  is  adopted  for 
the  different  solutions.  The  dashed  line  merges  wiih  the  curve  obtained  by  the 
Bubnov-Galerkin  method  (as  In  Figure  2.7). 


26.  Influence  of  Stresses  In  the  Middle  Surface  on  the  Natural  Vibrations 
of  a  Plate 


We  will  examine  the  vibrations  of  a  plate  experiencing  at  the  edges  x  *  0,  y  * 


Figure  2.9.  Motion  of  points  In 
time  according  to  data  of  the 
linear  approximation  and  different 
solutions  of  the  nonlinear  problem 
for  natural  vibrations  with  deflec¬ 
tion  parameter  at  ‘ihe  center  A  =  5. 


figure  2. 10.  Plate 
acted  upon  by  com¬ 
pressive  stresses 
In  the  middle  sur¬ 
face. 

the  action  of  compressive  forces  p^  located  in  the  middle  surface  (Figure  2.10).* 

Let  us  assume  +hat  simultaneously,  forces  In  the  middle  surface  whose  average  Inten¬ 
sity  Is  Py  act  along  the  plate  edges  y  =  0,  y  =  b  from  the  direction  of  the  stiffen¬ 
ers.  The  values  of  p^  and  (without  a  bar)  are  here  coisldered  to  be  positive  in 
compression.  The  tangential  forces  In  the  middle  surface  will  he  considered  equal 
to  zero  aiong  all  four  edges. 


*The  solution  given  here  Is  due  to  I.G.  Kil'dibekov.  Also  due  him  are  the  results 
given  In  27,  29,  30,  32.  34. 
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I .  Case  of  h i nged  edges . 


First,  we  will  consider  the  case  In  which  the  plate  edges  are  hinged.  Solving 
the  problem  in  the  first  approximation  by  the  Bubnov-Galerkin  method,  as  was  done 
in  19,  we  will  adopt  the  previous  approximating  expression  (8)  for  w.  Substituting 
this  expression  into  the  right  side  of  Eq.  (7)  and  Integrating,  we  find  the  stress 
function  in  the  middle  surface: 


(2.109) 


ir.  comparison  with  (II),  only  the  signs  of  p  and  p  change  here. 

x  y 


Then,  Eq.  (24)  will  take  the  form 


c+ w(v+x‘)P“a  (2JI0) 

\ 

V 

Assuming  that  the  longitudinal  edges  of  the  plate  move  freely,  we  should  set 
Py  =  0.  Then  the  final  Eq.  (110)  becomes 

#  +  •*(1 -£)«  + AW-0.  (2.1 1 1) 

2  2 

Here  p*  =  p*  =  pb  /Eh  .  The  critical  stress  parameter  p*r 


n-  -  nMl+W 
pcr 


(2.112) 


K  (in  III)  stands  for  the  coefficient 


(2.113) 
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The  square  of  the  fundamental  frequency  of  natural  vibrations  of  the  plate  at 
small  deflections,  allowing  for  compressive  forces,  will  be 


(2.114) 


where 


stands  for  expression  (30). 


Formula  (30)  may  also  be  rewritten  in  the  form 


"%• 


(2.115) 


the  quantities  p*  and  c  being  determined  from  (112)  and  (5). 


The  relation  between  the  amplitude  and  frequency  of  the  vibrations  is  determined 
from  the  formula 


(2.116) 


2 

by  using  the  new  expressions  for  and  K  (Figure  2.11);  here  v  stands  for  the  ratio 
of  the  vibration  frequency  of  the  plate  to  the  natural  frequency  of  the  fundamental 
vibration  tone  without  considering  the  compressive  forces.  The  fine  line  corresponds 
to  tne  ca^e  p*  *  0.  It  Is  evident  that  the  influence  of  compressive  forces  on  the 
amplitude-frequency  characteristics  of  the  system  is  significant. 


(15), 


If  the  longitudinal  edges  of  the  plate  are  sta, ionary  (A 

having  changed  the  signs  of  p  and  p  ,  we  find 

x  y 


y 


=  0),  then  from  Eq. 


Pv  =  PPk 


-eS*IL  i2 
L  «  WJ 


(2.117) 


Substituting  this  expression  into  (NO),  we  arrive  at  differential  equation  (III) 
having  the  same  form  as  before  by  replacing  (112)  by  the  following: 

nMI+X’F  _  (2.118) 

P cn*-  i2Xz(i  +7«V)(i  — 1*>)' 
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Figure  2.11.  Influ¬ 
ence  of  compressive 
forces  in  the  middle 
surface  of  the  plate 
on  the  amplitude- 
frequency  character¬ 
istic. 


The  quantity  K  is  determined  from  the  formula 


10.75(1  —  It7)  <1  +  <U‘) 

'  F*p.  t  ‘ 

(2.119) 

The  expression  for  the  square  of  the  fundamental  frequency  remains  (114)  as  before, 

p*  being  replaced  by  p* 

Ci  cr p  i 

Let  us  note  that  the  static  variant  of  relation  (110)  leads  to  the  following 
values  for  px  In  the  supercritical  region:  for  moving  edges 


F  “  D  Tbi-  (t  +  *)’  +  ^  (-Jtr  + *')  i 


(2.120) 


for  stationary  edges 


-  122  - 


-_p  »»  (X  +  t)  ,„»/»  ? 

*  D  hb'  I  -f  itX*  +  £  iw*  i  +  ^x* 


(2.121) 


Let  us  turn  to  the  variant  of  clamped  plate  edges. 


2.  Case  of  clamped  edges. 


Repeating  the  operations  of  I  and  taking  the  approximating  expression  for  the 
deflection  In  the  form 


tp«=*/sln*rjf  sln2sy,  r=-n/fl,  s^n/h, 


(2.122) 


we  arrive  In  the  case  of  movable  longitudinal  edges  at  the  previous  relations  cl  20, 

but  with  the  Introduction  of  the  coefficient  (1  -  p*/p*  7)  Into  certain  formulas, 

x  cr,  z 

as  In  I.  The  quantity  p*  7  Is  then  equal  to 

C  i  f  £ 


*t  +  a(*+xr) 


*cr  *  9  l—ji* 


(2.123) 


In  the  case  of  stationary  longitudinal  edges,  K  Is  equal  to 


v  Per  3/  K 

+  7 1 1? -v  X')*  ■**  (i  4-  u*)*]  +  TT-'t W  To  }• 


(2.124) 


the  value  of  p*  ^  will 
cr,  3 


n*  5  +  ,(*’+Tf) 
Pen  "7  y  (i  —  jia)  (i  +  nx1) 


(2.125) 


wrtamtNPMi ■wwaww  /  $ 


27.  Effect  of  Initial  irregularities 


The  basic  equations  allowing  for  the  Initial  imperfections  In  the  shape  of  the 
middle  surface  will  be  taken  In  the  form 

T  W®,  «.£(*,  4.  <1>)  —  o/i (2.126) 

TW|1 - +  »i).  (2.127) 

operator  L  being  determined  from  formula  (1.34),  and  w(  designating  the  additional 
deflection. 

We  will  examine  the  case  of  a  plate  hinged  along  Its  contour  and  executing  vibra¬ 
tions  with  the  formation  of  m  and  n  half-waves  along  the  coordinate  lines  x,  y*.  The 
following  expressions  will  be  adopted  for  the  additional  and  Initial  deflections: 

t»i  si"  —  sin  •2§t.  (2.128) 

sin  ^  sin  ip.  (2.129) 

The  stress  function  in  the  middle  surface  is  found  from  Eq.  (127)  In  the  form 


5=3  lk  h  ^ » +  2/0)(~r  K2  cos 


2'rtnx  ,  m 1 

( i  + 


:os 


(2.130) 


Use  of  the  Bubnov-Ga lerki n  method  leads  to  the  following  equation  of  natural  vibrations 
of  the  plate: 


(2.131) 


and  we  take  the  dimensionless  quantities  C  -  f|(t)/h,  =  fQ/h.  The  square  of  the 


*See  article  [3. 1  I.]. 


-  124  - 


-**■-•  —  1  ->iit  ii 


^ •  V  . . . 


frequency  of  natural  vibrations  at  small  deflections  wf  Is  determined  from  formula 

o,  mn 

(4).  The  value  of  a  in  Eq.  (131)  will  be 


,  '-"ft -»•>(' 


and  B  and  K  are  determined  as  follows: 


(2.132) 


j(l  -M’lf1  +  ~r  >■'){• 


„  0,75  (I I +~X<) 


(2.133) 


(2.134) 


__  y-p-  r/  | 

/  Z7/-/7  »/  / 


/ 1  r&rl 


,  -  / !/  /VfS 

'  -.fv 

*  l  Z  3  4  b  6  7  8 

v 

Figure  2.12.  Amplitude- 
frequency  characteristics 
for  different  modes  of 
natural  nonlinear  vibra¬ 
tions  of  square  and  rec¬ 
tangular  plates. 


The  approximate  solution  of  Eq.  (131)  will  be  taken  In  the  form  of  (33).  Using 
the  above-described  method  of  solution,  we  obtain 


(2. I 35) 


V2  —  (o  -f  -y  H  nm  0. 

In  contrast  to  the  previous  notation,  here  v  stands  for  the  ratio  of  the  vibration  fre¬ 
quency  to  the  fundamental  frequency  of  small  vibrations  wg  ll#  found  for  the  square 
plate,  v  =  w/wg  | | ;  then 


*!■* 


“i  II 


The  relations  corresponding  to  the  motions  In  natural  nonlinear  vibrations  In 
one  of  the  first  four  modes  are  shown  In  Figure  2.!2.  The  solid  lines  on  this  graph 
pertain  to  the  case  of  an  in-plane  square  panel  and  the  dashed  fines,  to  the  case 
of  a  rectangular  panel  with  the  ratio  of  the  sides  X  *  1.5. 


regularities  In  fun¬ 
damental-mode  non- 
1 1  near  vibrations 
of  a  plate. 


The  data  reflecting  the  natural  vibrations  of  a  plate  with  Initial  Irregularities 
In  the  shape  of  the  middle  surface  at  Cq  -  I  are  shown  In  Figure  2.13  and  2.14.  The 
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Figure  2.14.  Influence  of 
initial  irregularities  in 
fourth-mode  nonlinear  vi¬ 
brations  of  a  plate. 


second  of  these  graphs  corresponds  to  fourth-mode  motions  of  the  panel.  The  fine 
lines  on  these  graphs  pertain  to  ideal  panels.  As  Is  evident  from  the  data  cited 
the  higher  the  vibration  mode,  the  more  significant  Is  the  Influence  of  Initial 
deviations  on  the  parameters  of  natural  vibrations. 

28.  Closed  Cylindrical  Shell.  Linear  Problem 


Let  us  turn  to  an  examination  of  the  problem  of  natural  vibrations  of  a  closed 
circular  cylindrical  shell  (Figure  2.15).  Before  considering  nonlinear  vibrations, 
let  us  discuss  the  characteristics  of  natural  vibrations  for  small  deflections. 

Let  L  be  the  length  of  the  toll,  R  the  radius  of  curvature  of  the  middle  sur¬ 
face,  and  the  coordinate  lines  x,  y  will  be  directed  along  the  generatrix  and  the  arc 
f  especti vely. 

Omitting  the  nonlinear  terms  in  initir*  equations  (1.40),  (1.41),  when  p  =  y/g, 
q  =  0,  we  obtain  for  an  ideal  shell  (w^  =0): 


d’<i> 
dx * 


i  ii p 

H  dx1  * 


(2. 136) 
(2.137' 


rtftthfc.  ft 
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In  the  case  of  hinged  support,  we  adopt  the  following  expression  f^r  the  de¬ 
flection: 

<*  =  /  (Osin  — p  sin  ~p,  (2 

m  being  the  number  of  half-waves  along  the  length  of  the  shell  and  n,  the  number  of 
full  waves  on  the  circumference.  The  nodal  lines  for  different  vibration  modes  are 
shown  i n  Figure  2. 16. * 


Figure  2. 15.  Circular 
cy 1 indrlcal  she! 1 . 


Substituting  (138)  Into  (137)  and  performing  the  Integration  for  the  case  p  =  0, 
we  get 


(2.139) 


where 


(2.140) 


We  use  the  Bubnov-Galerkln  method  and  set 


^Hereinafter,  modes  with  n  >  2  are  considered.  The  behavior  of  the  shell  when 
n  <  2  is  characterized  by  several"  different  properties;  see  for  example  the  paper  of 
Forsbef,g  (K.  Forsberg,  AIAA  J.  1_,  No.  2,  1969). 
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(2.141) 


where 


J  J  X  sin  rx  sin  sydxdy^Q, 
o  o 


v  D  l4  .  I 

X-tVw  +  P-mT-t 


(va> 

dx* 


(2.142) 

» 


From  Eq.  (141)  and  allowing  for  (138),  (139),  we  obtain  the  following  equation: 


(2.143) 


Here  £  -  f(t)/h.  The  quantity  wg  is  equal  to  the  square  of  the  frequency  of  natural 
urations  of  the  shell  for  small  deflections 


2  n'»t'  T  |/?  /'  h  \J  a 


(2.144) 


T|  being  the  value  of  the  critical  force  for  the  shell,  resulting  from  the  solution 

of  the  linear  problem  of  stability  of  a  shell  In  axial  compression,  T.  =  p  =  jS  Eh/R. 

I  or*  cr 

The  dimensionless  quantity  in  formula  (144) 

'cr  12(1 -«)•  o*  11  + 

.  0J  (2.145) 

MH-oyn  ' 


The  wave  formation  parameters  are 


lv  tnnR 

77  ^  ~nV~  1 


(2.146) 


lx,  I  are  the  lengths  of  the  half-waves  along  the  generatrix  and  arc,  respectively. 
The  minimum  value 


I 


^3(1-^) 


*  0,605 


(2. 147) 
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takes  place  when 


«  -  3,3. 


(2.148) 


The  quantity  c  denotes  the  propagation  velocity  of  longitudinal  waves  In  the  shell 
material  according  to  (5). 


Figure  2.16.  Nodal  lines 
for  different  vibration 
modes  of  a  circular  cy- 
I indrlcal  shel I . 


Results  of  calculations  of  the  frequency  o *  natural  vibrations  according  to 
(144)  are  given  In  Figures  2. 17-2. 19a  and  2.19b.*  The  following  dimensionless  fre¬ 
quency  parameter  is  used  here: 

. _ 1_  Op/.1 

“o'"-*1  ch  *  (2.149) 


*Tlie  data  of  Figures  2.17-2. 19a  and  2.19b  are  due  to  I.G.  Kll'dlbekov  [2. 12]]. 
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The  graph  of  Figure  2.17  gives  values  of  this  parameter  plotted  against  the  number 
of  full  waves  in  the  circumferential  direction  n  for  m  =  I  for  a  shell  with  parameters 
L/R  =  2,  R/h  =  1500. 


* 


Figure  2.17.  Frequency 
parameter  of  a  shel I  for 
smal I  deflections  vs. 
number  of  circumferen¬ 
tial  waves. 


Figure  2.18.  Calculated 
data  for  determining  the 
minimum  frequency  of  small 
natural  vibrations  of  a 
shel  I . 
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Figure  2.19a.  Fre¬ 
quency  parameter  of 
a  shei I  for  smal I 
vibrations  vs.  num¬ 
ber  of  half-waves 
along  the  generatrix 
and  full  waves  along 
the  circumference 
with  smal I  number  n. 


for  the  she  1 1 


The  minimum  value  of  the  natural  vibration  frequency  parameter  wj  mjn 
under  consideration  corresponds  to  the  value  n  =  10. 

Results  of  calculations  of  minimum  values  (m  =  I)  of  the  frequency  parameter  w*  m 
for  shells  in  a  wide  range  of  parameters  L/R,  R/h  are  given  in  Figure  2.18.  The  latter 
alsu  shows  the  corresponding  numbers  of  waves  n  for  the  different  values  of  L/R. 

The  data  of  Figures  2.19a,  2.19b  reflect  the  change  of  the  parameter  w*  according 
to  (149)  as  a  function  of  the  number  of  half-waves  along  the  length  of  the  shell  m  for 
a  series  of  fixed  values  of  n;  it  was  assumed  thaf  L/R  =  2,  R/h  -  1500. 

Given  below  are  the  results  of  the  improved  solution  of  the  problem.*  We  will 
use  the  questions  of  Chapter  I  (p.  51).  For  a  circular  cylindrical  shell,  they  take 
the  form 


d*u  ,  i  —  n 


y:-.  i  t\  i  l\  .  l+i*  ,  l 

dl*+  2  V’r*)-ftp!+--T~’didf  +  k 


J+M  d»u  ,  d*o  ,  l-p/f  ,  ^d'v  ,  3-n 
s  +  ^,|  +  -a  "+3*)ajr  +  — 


/.  'Vu 

2  *  did* p*  Tip" 


t  I  —  H*  u  d*i» 

*  W  2  *  dpV' 


dw  3  0* v 
dtp  v  dt * 


"4-  3  Z  £  /f  °iv 
*  dt  ^  2  H  dl’df 


— +  »  +  *  [v4u»  +  2-^r  +  »]  +  v*  ~  — 0, 


0, 

0. 


where 


W  v-  ~J£ - 


*The  results  cited  here  are  those  of  Forsberq  (K.  Forsberg,  AIAA  J.  2,  No. 
12,  1964). 
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"he  general  solution  of  these  equations  will  be  written  ir,  the  form 


u  **  (2  ******  cosnyje**, 
o ““  [S  sin  «<pj  e1* , 
•"(2  Aj*9* cos  «f j elm*. 


(2.151) 


The  constants  Ag  are  determined  from  the  boundary  conditions  at  each  end  of  the 
shell: 


w  «0 

St„Ql +  4^1,0. 

(2.152a) 

or 

(2.152b) 

0 

c/6 

or 

Ml  0. 

(2.152c) 

or 

*1-0,  . 

(2. I52d) 

o  =  0 

or 

Substituting  expressions  (151)  into  (150),  we  obtain  the  equation 


where 


x!  +  £.6*! + gJi + g,M  +  g.0  -  0, 


B'k  —  n,  n,  uj. 


(2.153) 


The  roots  of  Eq.  (153)  are 


X  =  ±  a,  ±  ib,  ±  (c  ±  id). 


where  a,  b,  c,  d  are  real  numbers. 
The  solution  becomes 
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. iWitett: 


(2.154) 


w  =.=  [Cf*  -f  -f  C.cos  bl  -f-  Ct  sin  h ?  !-  cc'  (C,  cos  //*  *f  C6  sin  </=H' 

-f  (0,  cos  r/£  f 

Similar  expressions  for  u  and  v  contain  combinations  of  constants  Cg  and  of  real 
and  imaginary  parts  of  the  parameters  a ,g,  3s*  The  quantities  as,  $s  depend  on  Ag, 
h/R,  u,  n,  w;  they  are  calculated  after  solving  Eq.  (153). 

Satisfying  the  boundary  conditions,  we  obtain  eight  equations  in  the  unknowns 
Cg,  containing  the  parameters  a,  b,  c,  d.  Representation  of  these  parameters  in 
analytical  form  is  impossible,  and  the  problem  is  solved  numerically.  For  given  para¬ 
meters  R/h,  L/R,  y,  number  of  waves  n,  system  of  boundary  conditions,  taking  some 
initial  estimate  for  the  frequency  Wq,  by  iteration  we  find  those  quency  values  for 
which  the  determinant  of  the  system  becomes  zero. 

For  fixed  m  and  n,  there  exist  three  eigenf requencies  with  different  ratios  of 

amplitudes  u,  v,  w.  The  asymptotic  values  of  these  frequencies  will  be  w^  | »  wq  2' 

Wq  respectively.  The  value  of  w^  j  corresponds  to  flexu-af  motions  of  the  ring 

w  =  nv  ,  u  =  0,  (wn  ,/wn  ,)2  *  (h2/l2R2)n2(n2  -  l)2/(n2  +  I).  For  longitudinal 
max  max  0,  I  0,  k  ^  3 

vibrations,  w  =  v  =  0,  (wQ  2/wq  k)2  =  (I  -  p)n2/2.  In  the  case  of  extension -com¬ 
pression  vibrations  of  the  ring,  v  «  nw  ,  u  =  0,  (wn  ,/w _  .  )2  -  n2  +  I.  The 
quantity  w^  k  =  Eg/yR2(l  -  p2)  corresponds  fo  the  square  of  the  lower  natural  fre¬ 
quency  in  the  case  of  extension-compression  of  the  ring  in  plane  deformation. 

If  the  longitudinal  and  tangential  forces  of  inertia  are  neglected,  to  fixed  m, 
n  there  will  correspond  only  one  value  of  w  close  to  the  lowest  of  the  three  frequencies 
of  the  shell.  The  data  given  below  were  obtained  by  taking  all  three  inertial  terms 
intc  account. 

Figures  2.20-2.24  snow  the  minimum  frequencies  (envelopes  of  families  of  frequency 
curves  plotted  for  constant  values  of  n  for  m  -  I).  The  results  given  here  are  those 
for  boundary  conditions  in  conformity  with  Table  2.1.  In  contrast  to  the  value  of  wg 
from  (149),  the  following  dimensionless  frequency  parameter  was  taken: 
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Figure  2.20.  Values  of 
minlmur  ..  ,ural  vibration 
frequency  for  small  de¬ 
flections  for  a  hinged 
and  clamped  shell  with¬ 
out  longitudinal  fixing. 


Figure  2.21.  Minimum 
shell  frequencies  In  the 
case  of  hinged  support  of 
the  ends  for  dlfferen4 
conditions  fixing  to  p  e- 
vent  longftud'nal  dis- 
p I acements . 
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and  the  Indicated  parameters  are  related  as  follows: 


* 


«U0 


(2.156) 


Figure  2.20  compares  values  of  the  minimum  natural  frequency  (or  a  hinged  (solid 
line)  and  clamped  (dashed  line)  shell  without  longitudinal  fixing  (variants  I  and  6, 
Table  2.1).  The  increase  In  minimum  frequency  due  to  the  fixing  is  very  slight.  This 
influence  of  fixing  Is  manifested  only  for  short  shells  (L/R<D.  The  abov^  results, 
obtained  by  use  of  the  Bubnov-Galerkin  method  (Figure  2.18),  are  very  close  to  the 
corresponding  data  of  Figure  2.20  for  variant  I.  Thus,  for  L/R  =  2,  In  accordance 
with  the  graph  of  Figure  2.18,  for  the  minimum  frequencies  we  obtain  from  (156),  tak¬ 
ing  R/h  =  20,  the  value  =  0.264;  when  R/h  =  500,  =  0.052,  and  when  R/h  -  5000, 

wQ  =  0.016. 


the  data  of  two  solutions 
in  the  case  of  clamping 
In  the  absence  of  end 
displacements. 


Figure  2.21  gives  a  comparison  of  minimum  frequencies  In  the  case  of  hinged 
support  of  the  ends  under  different  conditions  of  longitudinal  fixing.  This  condi¬ 
tion  has  an  appreciable  influence  even  for  very  iong  shells.  For  the  greater  part 


Figure  2.23.  Influence 
of  boundary  conditions 
for  tangential  displace¬ 
ment  on  minimum  shel I 
vibration  frequencies 
for  hinged  fixing  of 
the  ends. 


Figure  2.24.  Influence 
of  boundary  conditions 
for  tangential  displace¬ 
ment  when  the  ends  are 
clamped. 
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i Aii. 


T'mufcii’ 


•  I  '  TirMltflft 


Variant 

Number 


Conditions  of  Support 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 


Hinged  support  with  free  displacement  In  the 
longitudinal  direction  and  In  the  absence  of 
displacement  In  the  arc  direction 


Hinged  support  with  free  longitudinal  displace¬ 
ment  at  one  end  and  an  Immovable  other  end 

Hinged  support  with  Immovable  ends 


Hinged  support  without  fixing  of  the  points 
of  the  end  sections  In  the  arc  direction 


Hinged  support  with  fixing  In  the  longitudinal 
direction,  but  without  fixing  in  the  circum¬ 
ferential  direction 


Clamping  without  longitudinal  fixing 


Clamping  in  the  absence  of  displacements  of 
end  sections 


Clamping  without  fixing  in  the  circumferential 
d i rect I  on 


Clamping  with  longitudinal  fixjng,  but  without 
fixing  In  the  circumferential  direction 


Hinged  support  without  longitudinal  fixing  at 
one  end,  clamping  with  longitudinal  fixing 
at  the  other  end 


Boundary  Conditions 


<  =  0 

x  = 

w  — •  0 

W  e*»0 

p  rr.  0 

Af*«0 

Af,-0 

Nx~0 

te  -«  0 

w  0 

o  — 0 

i»*0 

Mx-0 

KOI 

**»  0 

■ml 

ip  *=■  0 

«•  ■ »  0 

h  n 

»  V.  t| 

v  -  0 

Afr-0 

Afj,  r,  0 

w  «  0 

w  - 3  0 

Af*“0 

Af*«-0 

/V*  “0 

/Vx«0 

r-o 

a  «■  0 

0 

«»0 

Af,~0 

Afx«0 

r-o 

r«  o 

w»0 

w  **■  0 

dw  . 

dw  ^ 

-v~  —0 

dx 

1  dx  "** 

a 

o 

Nx-0 

Ul  ssa  0 

w  =  0 

dw 

dw  „ 

dx  “* 

««Q 

D  =■  0 

w«*0 

w  «  0 

te'  =  0 

dw 

dx~ 

dx 

Nx~0 

N  x  “0 

r»  o 

r~o 

W  a®0 

w~*Q 

dw 

dw 

-  ■»■ 1  mm  0 

dx 

d* 

H*  0 

u  ***  0 

r  =»  o 

r*«o 

If  «l  o 

w  =*0 

v  «■  0 

»«0 

Af*  «■  0 

a|  i 

*  is 

1 

o 

A^-0 

|  u  —  0 

Table  2.1 
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of  the  range  of  shell  parameter  values,  the  minimum  natural  frequency  for  variant  3 
Is  approximately  40-60$  higher  than  for  variant  I. 

Figure  2.22  shows  results  of  the  solution  In  comparison  with  the  approximate 
solution  of  Arnold  and  Warburton  (dashed  fine)  for  variant  7.*  They  usually  exceed 
the  exact  values  In  the  range  of  2%. 

The  decrease  in  the  frequency  of  natural  vibrations  as  the  boundary  conditions 
change  with  the  tangential  displacement  v  Is  reflected  In  Figures  2.23  and  2.24. 

29.  Closed  Cy I  Indr I  cal  Shell,  Non  I  Inear  Problem 

We  will  consider  the  problem  In  the  nonlinear  formulation,  assuming  that  the  shell 
is  acted  on  by  forces  of  axial  compression  p  (Figure  2.15),  uniformly  distributed  over 
the  ends.** 

We  will  Lre  the  basic  equations  In  the  form 

D  .  .  y  .  ,  .  .  I  dlw 

TV«(u> +  — 

lUw,  —  ^ 

where  w  is  the  complete  deflection,  w  -  W|  +  w^,  and  Wg  Is  the  Initial  deflection. 
Operator  L  is  determined  from  formula  (1.34). 

The  additional  and  Initial  deflections  will  be  approximated  by  expressions  re¬ 
flecting  the  nature  of  wave  formation  when  stability  is  lost  In  a  large  region  under 
axial  compression  in  the  case  of  hinged  support  [0.6] 

*R.N.  Arnold  and  G.B.  Warburton,  Proc,  Roy.  Soc.,  AI97  (1949),  238-256;  Proc. 

Inst.  Mech.  Engrs.  J£7  (1953),  62-30. 

**See  the  paper  [2.12]]. 


(2.157) 

(2.158) 


l*J  - 


of,  —  /,  sin  resin  sij  -f  /2  sin?rt, 

«\»  =  f  i.  u  s j n  rx  sin  sy  -f  /*,  „  s i n2  r  v, 


(2.159) 

(2.160) 


where  the  notation  used  Is  that  of  (140). 


Substituting  (159),  (160)  Into  Eq.  (158),  we  obtain 


.  V«I>  =  —  r7s7f  j  If  i  4*  2/j,  0)  (c°s  2rx  -f  cos  2 si/)  — 

—  y  r7f2  cos  2r*  +  r2s2  '/,/,  -f  /,/2>  o  -f  f.J ,.0)  sin  3 rx  sin  sy  ■ 
“  r V  (/,/2  +  /i/2,  o  +  Mi.  o  -  v^r)  s«n  rx  sin  sy. 


(2.161) 


Integrating  061),  we  determine  the  stress  function  In  the  middle  surface 

+  of”  cos2r*  + 

+  tf.  +  2/,. «)cos 2sy  +  -jg-rq^jjr (If,  +  +  fj, ,) X 

X  sin  3rs  sin  sy  +  [A  r*  -  r’s’ (ff,  +  Uk  ,  +  fj,  „)]  X 

X  sin  re  sin  sy  — 

using  the  Bubnov-Galerkin  method,  we  satisfy  the  equalities 

LtnR 

J  J  Xsinrxsinsydjcd//  =  0, 

o  o 

LlnR 

f  f  Xs\n7  rxdxdy  =»0, 

"  -re  o  o 

X  =  2  *(•  —  u>0)  —  /.(w,  <h)  — 


(2.162) 


(2.163) 


(2.164) 


(2.165) 


Substituting  expressions  (159),  (160),  (162)  Into  the  above,  and  using  Equations 
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(163),  (164),  we  obtain  the  following  equations  of  motion  of  the  shell  (for  the 
value  of  Tj,  see  p.  129): 

+ C|  1 1  ~  JO  +  »,)£,  +  p,c» + _  ei£;+ 

^r+C,(l  ^)K,+a»)«.-®A+Hac1cJ-V|Cf+*l£ftlj_Ct^.o. 

where  the  following  dimensionless  quantities  were  Introduced: 


(2. 166) 


(2.167) 


m—  ft  »  Ci.o - C^n5®*— • 


(2.168) 


C,  stanus  for  the  square  of  the  frequency  of  natural  vibrations  of  the  shell  for  small 

aef lections  according  to  (144).  The  wave  formation  parameters  0,  n  correspond  to  form- 
uias  (146).  The  value  of  C2,  T2  are 


C2 


The  remaining  quantities  In  Eqs.  (166),  (167)  will  be 

qH hri  +  5'Ko-T’^RH  + 


+  'v[whv  +  l?Tw]li*  JVt 

a2  ==  y  r  5  [  (9r*  +  +  (fi  +  C,,  o'*'*  ** 


e,S=={[T*^‘+  + 

r  S  f  (9f»  +  P'F  J?>  -f  ,v  ");  ]  £|.  0^2.  0  }  'lr|  *» 

H|  [  (9r*  +  V)*  (rJ  -f  **)»"]  £|.  o'^l  * 

_ £rV _  ,  I  *» 

l  <ra  +  s*)»#A 

^  S  ["(Or*  +  «»>»  ^  <r*  +  v)*"]  ^2.  0  }  '^1  ** 

~ r  s  f  (V”2Ti7)7  "**  177T'\V‘]  '• 

2  4  * 

Oj-^-jO'/c.  *,=tx,k.  <pa=y<F,/(,  ^=4  *,/c. 


(2.169) 

(2.170) 


(2.171) 

(2.172) 

(2.173) 

(2. 174) 


(2.175) 


(2.176) 


(2.177) 

(2.178) 

(2.179) 
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where  K  =  Vj/t/>2,  and  we  take 


WTST^+^  +  OTBr^lO-f). 


(2.180) 

(2.181) 


We  will  cite  the  results  of  preliminary  studies  by  assuming  In  the  expressions 
obtained  above  that  C2=0>  C|  q=C2  q=0.  The  problem  amounts  to  analyzing  Eq.  (166); 
in  the  case  considered,  it  takes  the  form 

-!£  +  ■<' ~£)(S  +  X,J>)~0.  <2.18 

The  value  of  X|  from  (174)  may  be  represented  in  the  form 


Xi 


l 


\  +  «4 


(1 -!-<>')'  ,  1  1 

v  rx) 

(2.183) 


An  equation  that  is  refined  in  comparison  with  (182)  will  be  obtained  by  determln- 

2 

ing  C2  from  static  variant  (167).  One  can  then  approximately  assume  C2  =  <|>2C|;  sut)" 
tltuting  this  value  into  (166),  we  arrive  in  the  case  of  an  Ideal  shell  at  the  equation 

~‘yr  +  C|  ( I  -  ■£■) +  '►,'!$;]  =  0.  (2.182a) 

We  take  the  solution  of  Eq.  (182)  In  the  form 


/4coso(.  (2.184) 

Satisfying  the  orthogonality  condition  of  the  result  of  substitution  of  this  solution 
into  Eq.  (182),  we  obtain 


v»=i+iXl^, 


(2.183) 
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where 


On  the  basis  of  Eq.  (182a),  instead  of  (185),  we  obtain  the  fo I! owing  dependence: 

I  -  i(<p|lri _ X)A*  + 1 (2.185a) 

The  characteristics  of  nonlinear  vibrations  of  a  shell  according  to  (185)  are 
demonstrated  in  Figures  2.25-2.29.  Figure  2,25  gives  the  amp  I itude- frequency  charac¬ 
teristics  of  natural  nonlinear  vibrations  for  a  shell  with  parameters  L/R  -  2,  R/h  = 

=  1500  For  the  shell  under  consideration,  the  minimum  frequency  of  natural  vibrations 
for  small  defections  corresponds  to  wave  number  n  =  10  (see  Figure  2.I7K  Subsequent 
higher  vibration  frequencies  correspond  to  wave  numbers  n  =  11,9,  12,  13,  8,  14,  15, 

7  in  conformity  with  the  left-  and  right-hand  branches  of  the  curve  In  Figure  2.17. 
Figure  2,25  defines  the  frequency  dependence  of  the  amplitude  for  nonlinear  vibrations 
of  a  shell  with  wave  numbers  corresponding  to  the  spectrum  of  frequencies  of  small 
vibrations  in  conformity  with  Figure  2.17.  On  this  graph.  Instead  of  (186),  the  ratio 
of  the  vibration  frequency  to  the  minimum  frequency  (n  =  10)  was  taken  for  v,  I.e., 
v  =  w/wq  Thus,  the  points  of  Intersection  of  the  curves  of  Figure  2.25  with 

the  abscissa  determine  the  ratio  of  tne  frequency  of  natural  vibrations  of  the  shell 
for  small  deflections  to  the  minimum  frequency. 

Figures  2.26,  2.27  show  the  amplitude-frequency  relations  from  (185),  (186)  for 
wave  formation  corresponding  to  minimum  frequencies  of  small  vibrations  In  accordance 
with  the  data  of  Figure  2.16.  The  first  of  these  graphs  was  plotted  for  shells  with 
parameters  L/R  =  I,  2,  3,  and  R/h  =  1500.  The  second  graph  reflects  the  Influence 
of  the  parameter  R/h  for  L/R  =  2. 

The  influence  of  the  character  of  wave  format’on  on  the  amplitude-frequency  re¬ 
lations  is  described  in  Figures  2.28  and  2.29.  The  graph  of  Figure  2.28  was  plotted 
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Figure  2.25.  Amp  I Itude- frequency 
relations  for  different  modes  of 
natural  nonlinear  vibrations  of 
the  shel I . 


Figure  2.26.  Skeletal  lines 
for  nonlinear  vibrations  of 
shells  at  minimum  frequen¬ 
cies  for  different  L/R 
values. 


for  cases  in  which  the  relation  between  the  wave  formation  parameters  0  and  r\  corres¬ 
ponds  to  the  value  from  (148),  for  which  the  magnitude  of  the  upper  value  of  the  crit¬ 
ical  load  parameter  In  axial  compression  of  the  shell,  p  =  0.605.  Figure  2.29  shows 
the  influence  of  the  wave  number  over  the  circumference  for  a  ratio  of  half-wave  lengths 
0  =  2. 
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30-  Elongated  Cylindrical  Panel.  The  Bubr.ov-Galerki  n  Method 


Turning  to  problems  of  natural  vibrations  of  panels,  we  will  first  consider  the  case 
in  which  the  side  of  a  slightly  curved  panel  of  radius  R  along  the  generatrix  substan¬ 
tially  exceeds  the  dimension  b  along  the  arc.  As  In  the  case  of  a  flat  strip,  we  will 
assume  that  the  panel  is  fastened  to  stiffeners,  and  during  oscillations  of  the  stress 
in  the  middle  surface  is  independent  of  the  y  coordinate;  =  a.  We  reduce  the 
problem  to  the  study  of  the  vibrations  of  a  strip  (c ,  unit  length)  and  having  the  di¬ 
mension  along  the  arc  equal  to  b  (Figure  2.30). 

Equation  of  motion  (1.35)  takes  the  form 


D  d'w 

TW 


+  0 


d'w 

W 


+  £+<> 


dP 


0. 


(2.187) 


Figure  2.30.  Elongated 
slightly  curved  cylin¬ 
drical  panel. 


The  expression  for  the  deflection  in  the  case  of  hinged  fixing  will  be  taken  in 
the  form 


0 


(2.188) 


We  find  o  from  the  condition  o*  fixing  the  edges.  The  mutual  approach  A  will  be 
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afcfcaa  .ianawitaallig^ 


taken  equal  to  zero: 


A: — /ir^-o. 

(2.189) 


From  expressions  (1.5)  and  (S.I2),  we  have 


Hence, 


M  u 

Substituting  expression  (188)  for  the  deflection,  we  find 


(2.189a) 


(2.190) 


— /**  2  /  \ 


Using  the  Bubnov-Galerkin  procedure 


C2 . 1 9 1  ) 


d*w 

E  /«•  /• 

_2 

dy* 

1  —  M*  \  4  6* 

n 

dy* 


- — ( JiL  JL  __  ^  M  I  V  .  7iy  , 

/?<!  —  MJ>  \  4  6>  T¥)  +  T"aF  sm 


(2.192) 


we  obtain  the  following  equation  of  motion: 


at* 


+  -  pn  n;-1)  -  o, 


(2.193) 
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j 

I 

where  the  magnitude  of  the  square  of  the  frequency  for  small  vibrations  Is  determined 
from  the  formula 


wo! 


*1—  rhU  i  4 
TTcr-H*)  b'  V  +  a**  )• 


(2.194) 


the  curvature  parameter  being  k  =  b^/Rh,  c  ~  /Eg/y.  The  quantities  3  and  n  are  equal 
to 


(2.195) 

(2.196) 


To  find  the  amplitude-frequency  characteristic  of  nonlinear  vibrations,  we  take 


t  **  A  cos  wf. 

(2.197) 


Performing  the  integration  over  a  quarter  of  the  period  C2.10J,  we  get 

v  ss* 1  ““  1JT M  4*  j I)'*'  (2.198) 

Examining  the  case  of  a  panel  with  clamped  edges,  we  take  the  following  expression 
for  the  deflection: 

w  =s/$in*-y*. 

(2.199) 


*  Similarly,  we  find  the  expression  for  0 : 

B  (  i 

(i  -  fiTl  2R  *  ft*  r 


(2.200) 
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The  equation  of  motion  is  reduced  to  the  form  (193),  where 


n*  c'V  (  Ifi  , 

"W-rt  “IHT  + 


(2.201) 


For  8  and  n,  we  have  the  expressions 


(2.202) 

(2.203) 


31.  Elongated  Cylindrical  Panel.  Method  of  Finite  Differences 


After  determining  c  from  expression  (190)  and  substituting  into  (187),  we  obtain 
the  following  equation  In  partial  derivatives: 


-  WTi^r  [t  /  (wf *y -  j T  d»]  +  i 7F -« 0. 


(2.204) 


Introducing  the  dimensionless  quantities  w“  -  w/h,  £  =  y/b,  t  =  t/T,  where  T  =  2ir/w( 
and  Wq  is  determined  from  (194),  we  arrive  at  the  equation 


(2.205) 
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If  the  nonlinear  terms  are  neglected  in  Eq.  (167)  and  relation  (189a),  we  obtain 
the  following  equation  for  studying  the  problem  in  the  linear  approximation: 


i 


(2.206) 


In  integrating  Eqs.  (205),  (206)  in  finite  differences,  we  adopted  the  boundary 
and  initial  conditions  according  to  (102),  (103).  The  number  of  steps  along  the  £ 
coordinate  was  taken  as  n  =  20  as  before,  and  the  ratio  of  the  steps  s+/s£  =  1/40. 

Let  us  analyze  the  results  obtained.  We  first  evaluate  the  influence  of  the  mag¬ 
nitude  of  the  deflections  specified  by  the  initial  conditions  on  the  natural  vibrations 
of  panels  of  different  curvatures. 

Let  us  consider  the  data  of  Figures  2.31-2.38.  On  these  graphs,  the  time  t  is 
referred  to  the  period  of  natural  vibrations  for  small  deflections,  period  found  oy 
considering  the  curvature  of  the  corresponding  panel  according  to  formula  (194). 

Figure  2.31  shows  the  deflections  of  points  of  the  middle  surface  of  the  panel 
with  parameter  k  =  10  at  different  times,  marked  on  tne  graph  In  numbers  of  steps  j 
along  the  t  coordinate  according  to  the  data  of  solution  of  the  linear  problem  on  the 
basis  of  (206)  and  nonlinear  problem  in  accordance  with  (205),  with  the  bending  de¬ 
flection  amplitude  A  =  0.1.  As  we  can  see,  very  similar  results  are  obtained  In  this 
case.  The  motion  of  the  central  point  (I  =  10)  according  to  the  two  solutions  is 
reflected  in  Figure  2.32;  the  fine  line  corresponds  to  the  linear  problem.  This 
figure  also  shows  the  motion  of  another  point  (1  =  I);  this  motion  is  consistent  in 
frequency  with  the  law  of  motion  of  center  point.  It  Is  obvious  that  this  value  of 
the  frequency  corresponds  to  that  calculated  from  formula  (194). 

In  contrast  to  the  case  of  k  -  0  discussed  in  25,  the  motion  of  the  panel  with 
parameter  k  =  10  (Figure  2.31)  Is  characterized  by  a  change  In  the  mode  of  additional 
middle-surface  deflections,  which  Is  specified  by  the  Initial  conditions. 
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Figure  2.31.  Change  in  the  shape  of  deflec¬ 
tions  with  time  for  a  slightly  curved  shell 
with  curvature  parameter  k  =  10  at  in «tial 
deflection  amplitude  at  the  center  A  =  0.1; 
a)  from  data  of  linear  approximation,  b) 
from  data  of  solution  of  the  nonlinear  prob¬ 
lem. 


Figure  2.32.  Motion  of  different 
points  in  time  according  to  data 
of  solution  of  the  linear  and  non¬ 
linear  problem  for  she! i  with  para¬ 
meter  k  =  10  at  deflection  ampli¬ 
tude  A  =  0.1. 


At  amplitude  A  =  5  (Figure  2.33),  the  solution  of  the  nonlinear  problem  leads 
to  different  results  than  in  the  case  of  the  linear  variant.  In  the  first  case,  an 
increase  in  the  frequency  of  natural  vibrations  of  the  shell  Is  manifested  for  large 
deflections.  This  is  demonstrated  more  clearly  by  the  data  of  Figure  2.34,  which 
shows  the  change  in  bending  deflection  with  time  according  to  the  data  of  the  linear 
(thin  line)  and  nonlinear  problem.  The  frequency  of  nonlinear  vibration  v  =  1.52; 
determining  the  frequency  from  formula  (198),  we  find  v  =  1.28. 
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Figure  2.33.  Change  in  the  shape  of  defec¬ 
tions  with  time  for  a  slightly  curved  shell 
with  curvature  parameter  k  =  10  at  amplitude 
of  initial  mode  A  =  5:  a)  linear  problem,  b) 
non  I i near  prob lem. 


Figure  2.34.  Change  In  bending  de¬ 
flection  with  time  according  to  data 
of  solution  of  the  linear  and  non¬ 
linear  problem  for  shell  with  para¬ 
meter  k  =  10  at  deflection  ampli¬ 
tude  A  =  5. 


Similar  data  for  a  pane!  with  curvature  parameter  k  =  24  are  shown  in  Figures 
2. 35-2.38.  In  this  case,  even  at  small  deflections  (A  =  0,  I)  there  is  observed  a 
sharp  change  in  shape,  the  latter  being  specified  as  a  half  sine  wave  at  Instant 
t  =  o  (Figure  2.35).  This  graph  demonstrates  fhe  identical  character  of  the  motion 
of  the  shell  according  to  the  data  of  the  two  solutions.  Figure  2.36  compares  these 
solutions  for  the  center  point;  It  also  shows  the  curve  of  motion  of  another  point 
(i  =  I).  In  contrast  to  the  above-discussed  case  of  k  =  10,  here,  for  small  deflec¬ 
tions,  the  motion  of  the  shell  has  an  Irregular  character.  The  characteristics  also 
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Figure  2.38.  Law  of  motion  of  the 
central  point  according  to  two 
solutions  for  a  shell  with  para- 
meter  k  =  24  at  deflection  ampli¬ 
tude  at  the  center  A  =  5. 


on  the  frequency  of  nonlinear 
vibrations  at  deflection  amplitude 
at  the  center  A  =  I . 


show  up  in  a  comparative  examination  of  the  motion  of  different  points,  character! zed 
by  a  different  frequency.  The  frequency  of  the  center  point  proves  to  be  somewhat 
lower  than  the  value  from  (194),  and  for  the  second  point,  substantially  higner  than 
this  value. 


At  amplitude  A  =  5,  the  natural  vibrations  of  the  shell  correspond  to  motions 
above  the  snapped  equilibrium  position  (Figure  2.37b);  this  does  not  show  up  in  the 
linear  problem  (Figure  2.37a).  The  difference  in  the  character  of  the  motion  of  the 
central  point  according  to  these  solutions  is  shown  in  Figure  2.38. 

As  is  evident  from  a  comparison  of  Figures  2.9  and  2.34,  the  effect  of  increase 
in  frequency  for  large  deflections  in  relation  to  the  vibration  frequency  of  a  oanel 
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of  the  corresponding  curvature  for  small  deflections  undergoes  a  significant  decrease 
as  the  curvature  parameter  increases. 


Figure  2.40.  influence  of 
the  shell  curvature  para¬ 
meter  on  the  frequency  of 
nonlinear  vibrations  at  de¬ 
flection  amplitude  at  the 
center  A  -  5. 

On  the  other  hand,  as  the  deflection  amplitude  increases,  the  difference  in  the 
values  of  frequencies  of  nonlinear  vibrations  for  panels  of  different  curvatures  levels 
off.  This  is  demonstrated  in  Figures  2.39,  2.40  for  amplitudes  A  =  I  and  A  =  5;  in  all 
these  cases,  the  time  t  is  referred  to  the  period  of  small  oscillations  of  a  flat  panel 
in  conformity  with  formula  (94a).  For  A  -  5,  an  increase  of  the  curvature  parameter 
leads  to  a  certain  decrease  in  the  frequency  of  natural  nonlinear  vibrations. 

32.  Circular  Cylindrical  Panel  with  a  Finite  Ratio  of  the  Sides 

Let  us  consider  the  case  of  vibrations  of  a  slightly  curved  cylindrical  panel  with 
a  finite  ratio  of  the  sides  (Figure  2.41). 
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Let  us  assume  that  the  edges  of  the  panel  are  hinged  and  that  they  move  freely 
along  the  arc  and  along  the  generatrix,  at  the  same  time,  the  edges  of  the  panel  In  the 
middle  surface  remain  rectilinear. 

Along  the  curvilinear  edges  of  the  panel  are  acting  the  compressive  forces  p,  which 
are  uniformly  distributed  over  the  width. 

Let  R  be  the  radius  of  the  middle  surface  of  the  panel,  a,  b  the  in-plane  dimen¬ 
sions  of  the  sides  of  the  supporting  contour,  and  h,  the  thickness.  The  arrangement 
of  the  coordinate  axes  is  shown  In  Figure  2.41. 


Figure  2.41 .  Ci rcul ar 
cylindrical  panel  with 
a  finite  ratio  of 
sides  acted  on  by 
axial  compressive 
forces. 


The  inital  equations  will  be  taken  in  the  form  of  (1.40),  (1.41). 

Solving  the  problem  in  the  first  approximation,  we  approximate  the  deflection  w 
in  the  form 


(Osin 


nx  . 


njl 

b  * 


(2.207) 
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Substituting  (207)  into  the  strain  compatibility  equation  (1.41),  we  determine  the 
stress  function  in  the  middle  surface 


£ 


(2.208) 


where  A  =  a/b.  Then,  satisfying  relation  ( I . 40 )  by  use  of  the  Bubnov-Galerkin  method, 
we  obtain  the  following  ordinary  differential  equation  describing  the  natural  vibrations 
of  the  panel : 


fix1  h 


(C-K*  +  ^«0f 


(2.209) 


taking  C=f((t)/h,  x=wt,  p*=pb2/Eh2,  pJ=pub2/Eh2.  The  upper  critical  stress  parameter 

p*  is 
Ku 


nMH-n3  .  _ 

iiv  ( i  -  jV5)  +  V 1 1  -f  ' 


(2.210) 


the  curvature  parameter  k  =  b2/Rh.  The  square  of  the  fundamental  frequency  of  natural 
vibrations  cf  an  ideal  panel  for  small  deflections  without  considering  the  compressive 
forces  is  determined  in  the  form 


,  ,  .  r*//« 

n‘P,  -Tj7 . 


(2.211) 


where  c  =  /Eg/y.  The  quantities  8  and  r,  stand  for 


-  158  - 


- -t.- - 


*  »'  I  a  1  t 

ri«o,7r.v(i  -|  V), 


0  +  A1)*]' 
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(2.215) 
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(2.214) 


Under  the  action  of  axial  comp rebs ion  forces,  the  panel  acquires  a  new  stable 
equilibrium  shape  in  the  region  of  large  deflections.  Three  types  of  vibratory  motions 
therefore  become  possible:  ab^"t  the  main  equilibrium  position  £|,  about  the  snapped 
position  and  abrupt  displacements  of  the  shell  from  one  position  of  stable  equil¬ 
ibrium  to  the  other  (snapping  of  the  shell),  displacements  involving  the  crossing  of 
the  level  corresponding  to  the  unstable  equilibrium  position. 

The  possible  equilibrium  positions  of  the  panel  are  determined  by  the  roots  of 
Lq.  (209)  in  the  static  variant. 

For  3<2v/rf,  the  shell  has  a  single  equilibrium  position  about  which  the  vibrations 
take  place;  tor  $>2*^,  The  system  has  three  equilibrium  positions. 


The  elastic  characteristics  of  panels  with  different  curvature  parameters  k  are 
shown  in  Moure  2.42  in  accordance  with  the  relation 


I  ($)  -----  £  -  p;‘;  -f 


(2.215) 


It  is  evident  that  in  all  these  cases,  the  shell  has  a  single  equilibrium  position. 


For  a  panel  subjected  to  axial  compression,  from  Eq.  (2.5)  for  f(£)-0  one  finds 
a  diagram  of  equilibrium  shapes  of  the  ideal  panel  that  determines  the  equilibrium 
points  at  an  arbitrary  level  of  axial  loading;  the  corresponding  p*(£)  diagram  for  a 
panel  with  curvature  parameter  k  -  24  is  shown  in  Figure  2.43.  The  parameter  of  the 
upper  critical  load  in  this  case  Is  p*  -  18;  the  lower  critical  value  p*  -  4.6. 
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Figure  2.42.  Elastic  char¬ 
acteristics  of  panels  with 
different  curvature  para¬ 
meters. 


Figure  2.43.  Diagram  of 
equilibrium  shapes  for 
shell  with  parameter 


k  =  24. 


the  shell  curvature  para¬ 
meter  on  the  amplitude- 
frequency  relations. 
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Let  us  now  consider  the  amp  I Itude- frequency  relations.  Taking  the  approximate 
solution  of  Eq.  (209)  in  tha  form 


;  ss  Acos  % 


(2.216) 


and  satisfying  the  f... 'Cltlon  of  orthogonality  of  the  resuit  of  substituting  this  solu¬ 
tion  into  (209)  to  the  function  cos  t  In  a  quarter  of  a  period,  we  obtain  an  expression 
of  the  type  of  (198) 


(2.217) 

(2.218) 

The  amplitude-frequency  characteristics  for  panels  of  different  curvatures  In  the 
absence  of  initial  compressive  forces  are  shown  in  Figure  2.44. 

33.  Case  of  a  Panel  with  Deforming  In-Plane  Edges.  Refined  Solution 

Let  us  examine  the  solution  of  the  same  problem  of  a  panel  of  finite  c! mens  Ions 
In  a  slightly  different  formulation.  We  will  assume  that  the  hinged  edges  of  a  cylin¬ 
drical  panei  distort-  freely  while  remaining  in  the  plane  cf  the  supporting  contour. 

The  In-plano  dimensions  of  the  sides  of  the  panei  will  here  be  denoted  by  2a  and  2b. 

The  origin  will  be  placed  at  the  center,  and  the  x  and  y  axes  will  be  directed  along 
sides  2a  and  2b  respectively.* 

The  dimensionless  parameters  will  be  introduced  In  the  form 


*The  data  cited  here  were  obtained  by  A. A.  Logvlnskaya,  V.V.  Rogalevlch  and  the 
author,  Doklady  Akad.  Nauk  SS5R  205,  No.  2  (1972),  44-46. 


w 
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h 


w  - 
t 

X=U' 


Here  TQ  is  the  period  of  the  fundamental  tone  of  small  vibrations  of  a  hinged  square 
plate.  Formula  (31)  for  the  frequency  of  natural  vibrations  of  the  fundamental  tone 
in  the  case  of  a  square  plate  will  be  represented  In  the  form 


COg  «=s - - —  ^ - l-Z 

I’.’ (I  -V’j  *  ™ 


(2.219) 


Then  the  dimensionless  time  parameter  will  be  determined  as  follows: 


T  *s= 


T , 


2n 


t  = 


aft 

(26)>ri2Ti-|i») 


(2.220) 


The  Initial  equations  for  a  cylindrical  panel  in  aimers  fori  ess  parameters  will  take 
the  form  (bars  over  the  dimensionless  parameters  are  omitted) 
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Integration  of  these  equations  can  now  be  performed  by  considering  the  boundary 
and  Initial  conditions. 

For  free  hinged  support  of  the  edges,  the  boundary  conditions  are 
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where  A  is  the  iniiial  deviation  from  the  equilibrium  position  at  the  center  of  the 
panel . 

To  solve  the  problem,  we  will  choose  a  path  differing  somewhat  from  the  one 
adopted  in  32:  we  wi 1 1  apply  the  Bubnov-Galerkin  method  not  only  to  the  equilibrium 
equation,  but  also  to  the  strain  compatibility  equation. 

We  will  consider  the  solution  of  the  problem  in  the  first  approximation  according 
to  both  the  coordinate  functions  and  the  time  function. 

The  boundary  conditions  are  satisfied  exactly  if  one  sets 


w  {x,  y ,  t )~wn  (t)  cos  ~  cos  , 

<D(x,  y ,  t)  =  0>,,(t)(1  -}-  cns;w)(l  -f  cos ny). 


(2.222) 


We  substitute  (222)  into  Eqs.  (221)  and  apply  the  Bubnov-Galerkln  procedure  to  each 
of  them. 


From  the  strain  compatibility  eauation  we  obtain  a  relation  between  the  stress 
function  and  the  deflection 


—  ,G**  fr  V  ’ 

""  «n*(3  4-  2X'  +  3X«)  V*H  C(-'l  +  2JI* +  3V) 


(2.223) 


and  the  equation  of  motion  takes  the  form 


n»(^+  lf»„-  12(1  +  0.  (2.224) 


We  substitute  the  values  of  stress  function  (223)  into  Eq.  (224);  we  obtain  an 
ordinary  nonlinear  differential  equation 


4* vwfi  +  Pw,1,  =  0, 


(2.225) 


where 


a  =  n’(V  4-  1  J*  4*  c ii|n«  (3  +  2X*  +  5A\»  *i' 

:w4  fr 
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P  C  2  (3  4  ft*  +  .U4)  * 

c  =  12(1 


(2.226) 


The  second  step  of  the  solution  consists  in  Integrating  Eq.  (225).  We  will  give 
the  solution  in  the  first  approximation  and  in  terms  of  the  time  function,  assuming  the 
vibrations  to  be  harmonic. 

As  was  done  In  19,  we  will  represent  the  solution  of  Eq.  (225)  in  the  form 


w  (0  -  ■  A  cos  Ml. 


(2.227) 
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which  satisfies  the  initial  conditions  of  the  problem. 


Further  analysis  in  terms  of  the  time  function  will  be  carried  out  by  means  of 
the  Bubnov-Gsierkin  method.  We  thus  obtain  the  previous  formula  for  determining  the 
vibraTion  frequency  of  a  cylindrical  panel,  referred  to  the  frequency  of  small  vi¬ 
brations  of  a  hinged  square  plate: 


v  - 


=  )/a 


(2.228) 


We  will  examine  a  refined  solution  of  the  problem  by  approximating  the  curved 
surface  of  a  plate  or  shell  with  the  aid  of  ®veral  parameters.  Such  a  solution  makes 
it  possible  to  follow  the  change  In  the  shape  of  the  curved  surface  with  time.  In  this 
case,  the  calculations  become  more  complex,  and  require  the  use  of  computers. 

Given  below  Is  a  solution  obtained  by  use  of  the  Bubnov-Galerkin  method  in  the 
third  approximation  in  coordinate  functions;  integration  with  respect  to  time  was  per¬ 
formed  by  the  Runge-Kutte  method. 

We  will  represent  the  functions  w  and  <t>  in  the  form  of  series  satisfying  the 
above  boundary  conditions: 


»•  =  W|,  COS  y  COS  -?f  -f  wl2  COS  y  COS  y"-  + 

+  COS  y-  COS  , 

(D  =  (X)||(1  -f  cosnx)(l  4-cosnf/)4-(|),2(l  -cos2n.v)X 
Xd  +cosn//)-f  <I>2, (I  4-cosnx)(l  —  cos2n^). 


(2.229) 


Applying  the  Bubnov-Galerkin  method  to  both  fundamental  relations  simultaneously,  we 
obtain  three  equations  of  motion 
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4-  26 W|j (0.640,,  —  0,a  —  O*,)  4-  I8wa,  (O,,  4“  Ow)]  J , 


(2.230' 


and  three  strain  compatibility  equations 


+  20,,  4*  2At<Dj,  «=  d8(-^  •«  4-  4-  0,05w2iJ  — 

-  rel2a,.i  (“ii  +  3aii, + 3»,i) + 9K. + <)  + 16®,.*,,]. 

V 

20, ,  4*  <W?  *  d%  ui,i  4-  -gg  ti>ia  —  y  «»ai)  —  ’ 

TT KK  +  2wlf““  9®«)  +  ®»i  “  25»»»iil 

2X*0„  4-  dft>n  —  dn  (—■  w„  -  ^  wls  4-  0,04w2I)  - 

-TrKK  “  ®»r +  2wt.)+  9^-25111,^). 


(2.23!) 


the  following  notation  was  used: 

d,^-(V+ty,  d^-fV  +  D)1,  (9 v+ 1)5, 

(I,  =  2V  +  2  +  (A,1  +  If,  d,  -  32V  +  2  +  (4V  +  l)>, 
d,  =  32  +  2V  +  (V+4)»I  d,-~ 
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Equations  (230)  constitute  a  system  of  ordinary  differential  equations,  and  Eqs.  (231) 
a  system  of  algebraic  equations. 

The  following  sequence  of  calculations  is  employed.  We  specify  the  initial  devia 
tion  in  the  form  of  a  half  sine  wave  In  both  directions,  i.e.,  Wj  j  =  A,  =  0, 
w^|  -  0  and  t  =  0,  and  the  value  of  the  stress  function  at  the  Initial  instant  Is 
determined  from  formula  (231).  We  then  find  the  values  of  w^,  at  the  in¬ 

stant  At  by  integrating  the  system  of  equations  (23)  by  the  Runge-Kutta  method.  The 
time  step  is  chosen  so  as  to  ensure  the  stability  of  the  solution  of  Eqs.  (230).  The 
values  of  $>||,  b  ^21  at  At  *s  determined  by  solving  the  system  of  equations 

(231).  This  system  is  linear,  since  the  values  of  w ^  ^  ( Ax ) ,  w^CAx),  w^.fAT)  on  the 
right  sides  have  already  been  calculated  in  the  previous  step. 


w 


Figure  2.45.  Change  with  time  in  the  deflection  at 
the  center  of  a  square  plate  for  different  initial 
deviations. 

The  values  of  w  and  $  at  an  arbitrary  point  of  the  panel  are  calculated  for  a 
given  instant  of  time  from  formulas  (229). 

Figure  2.45  shows  the  dependence  of  the  deflection  at  the  center  of  a  square 
plate  wQ  on  time  for  different  initial  deviations.  For  A  =  I,  the  vibrations  of  the 
plate  are  harmonic,  and  the  shape  of  the  curved  surface  is  the  same  as  the  initial 
shape,  ihe  solution  obtained  was  found  to  be  practically  the  same  as  the  solution 
in  the  first  approximat ion. 
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If  the  Initial  deviation  exceeds  the  plate  thickness,  the  vibrations  differ  markedly 
from  purely  harmonic  ones.  In  addition,  the  vibration  mode  at  certain  times  differs 
markedly  from  a  half  sine  wave  (Figure  2.46);  these  data  were  obtained  at  amplitude  A  -  5. 

Let  us  note  that  an  increase  In  the  vibration  period  if  observed  In  comparison 


Figure  2.46.  Change  in 
the  shape  of  a  plate 
with  time  at  amplitude 
A  *  5. 

with  the  first  approximation.  The  same  result  was  obtained  by  E.l.  Grigolyuk  C2.I0J 
in  an  analysis  of  the  solution  in  the  second  approximation  in  coordinate  functions, 
but  assuming  that  the  plate  executes  harmonic  vibrations  for  any  Initial  deviation. 

34.  Case  of  a  Panel  of  Double  Curvature 

Let  us  consider  the  case  of  a  slightly  curved  panel  with  an  arbitrary  contour  of 
the  middle  surface,  rectangular  in  the  plane  (Figure  2.47). 

We  will  assume  that  the  panel  is  hinged  along  the  contour  in  the  presence  of 
free  displacement  of  the  points  of  its  edges  along  the  x,  y  lines  of  curvature. 

We  will  also  assume  that  the  shell  has  initial  deviations  In  the  middle  surface 
that  correspond  to  the  shape  of  the  additional  deflection. 


The  dimensions  of  the  sides  of  the  supporting  con+our  in  the  plane  are  a,  b. 

The  principal  curvatures  of  the  shell  k  ,  k  are  assumed  to  be  constant. 

x  y 

The  dynamic  equations  of  nonlinear  theory  of  slightly  curved  shells  will  be 
written  in  the  form  of  (1.38),  (1.39): 


d’w 

dt * 


-2.  V«(u-  -  aO -  L («.,'»)  +  k.  ^  +  k,  ^  -  p 

w)—L  (uio,  ie0)]- 

a*  (tc  —  wo)  h  d3  (w  —  w0) 

x  *“ R*  dy *  '  Ry  dt 3 


(2.232) 


(2.233) 


For  the  complete  and  initial  deflections  we  will  take  the  expressions 


w-f(l)sln-T'sl"J»L>  “'o  =  /osin * 


(2.234) 


From  Eq.  (233),  we  determine  the  stress  function  in  the  middle  surface 


®(*.  y,  i)  =  4 -(I2- -i) (*' 105 +  F cos + 

+^f£?7frF(/"/o)sin^si"^+ 

Ii+f) 


.  *1/  r  n  it  ;  v  .  nt  . 

+  F /:  (T+FF </  -  - sm  — . 


(2.235) 


Using  the  method  employed  above,  we  obtain  the  following  ordinary  differential 
equation  of  vibrations  of  the  shell: 


4t  +«$M-K,  +  tja3)  0; 


(2.236) 
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here  C  -  f|(t)/h,  CQ  =  fQ/h,  =  f  “  fo;  w0  ls  +he  s9uare  ef  ‘f'he  fundamental  fre¬ 
quency  of  natural  vibrations  of  an  Ideal  panel  for  small  deflections: 


j  «V/i*  j.r 
<  r  “-  '  • 


(2.237) 


where 


...  a*  (l  l-XO*  ,  V  _  /.*» 

1  =  “2V (i  -  iM  '  af(i  +A,,);  ’ 


(2.238) 


As  before,  c  denotes  the  propagation  velocity  of  longitudinal  waves  in  the  shell 
material;  A  --  a/b.  The  dimensionless  curvature  parameters  of  the  shell  are 


A*  ^  ,  Av  =  -  A-,  A  -  4’x  "f"  Ay. 


(2.239) 


for  the  quantities  a,  8,  rj,  we  obtain  the  expressions 


a=  1  +-77 


I2VV 


-£l>+wSr]|- 

„  *2  /  I M'kl  f  I  t  8  1, 

•*“  I2W  1  n'  [ 2  +  <1  -f  *»)*  j  + 

,  in**  f  i  8X1  1 '  o  J  1 

+  "nM  T  ■*"  TT^7)1 


(2.240) 


(2.241) 

(2.242) 


Assuming  that  the  shell  is  acted  on  by  static  pressure  q^,  we  obtain  the  elastic 
characteristic  in  the  form 


(2.243) 
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where  the  parameter  q^  is  expressed  In  terms  of  the  intensity  of  static  pressure 
by  the  formula 


-  __  IftX* 
q°~  n"V 


(2.244) 


In  the  special  case  of  e  spherical  shell.  It  is  necessary  to  t*'ke  =  k 
(239),  k*  =  2b2/Rh. 


I/R;  from 


Figure  2.4B.  Diagrams  of  equil¬ 
ibrium  shapes  for  ideal  panels 
of  different  cur/atures. 


The  relations  for  spherical  panels  at  X  =  a/b  =  I  are  shown  in  Figures  2.48 

and  2.49.  The  graphs  of  Figure  2.48,  plotted  for  different  k*,  are  diagrams  of  equil¬ 
ibrium  shapes  for  ideal  panels  (£q  =  0).  We  see  that  for  values  of  k*  equal  to  36,  48, 
and  60,  snapping  of  the  shell  becomes  possible  during  the  action  of  a  static  transverse 
pressure  surpassing  the  lower  critical  value  q‘j .  For  k*  =  48,  q'j  *-  0.87;  the  upper 
values  of  this  parameter  if  =  1.18. 

The  influence  of  initial  camber  for  panels  with  parameter  k*  =  48  is  evident 
from  Figure  2.49,  where  =  0,  0.1,  0.25,  and  0.5. 


Analyzing  the  natural  vibrations  of  the  shell,  we  take  the  solution  of  Equation 
(236)  in  the  form  of  (197).  Using  the  method  applied  above,  we  obtain  the  following 


equation  for  determining  the  amplitude-frequency  characteristic 

(2.245) 


where 


|  U(|>0 


(2.246) 


The  data  of  calculations  pertaining  to  an  Ideal  panel  for  k*  =  k*  =  24  are  indi- 

x  y 

cated  by  solid  lines  in  Figure  2.50.  For  comparison,  this  figure  shows  the  case  of  a 
plate  (k*  =  k*  =  0)  and  cylindrical  panel  (k*  =  0,  k*  =  24).  The  corresponding  rela¬ 
tions  for  panels  with  Initial  i regularities  in  the  shape  of  the  middle  surface  for 
Cq  =  0.5  are  denoted  by  dashed  lines. 


tial  camber  on  the  diagram  of 
equi I ibrium  shapes. 


35.  Slightly  Curved  Spherical  Panel.  Solution  by  the  Method  of  Straight  Lines. 

In  conclusion,  let  us  examine  the  natural  vibrations  of  a  slightly  curved  spherical 
shell  of  circular  contour. *  The  general  equations  for  this  case  are  (1.42)  and  (1.43) 
Considering  linear  damping,  we  rewrite  them  in  the  form  (for  =  0) 

*The  results  presented  here  were  obtained  by  N.V.  VallshvHi  and  V.8.  Silkln 
(Izv.  VUZ-ov,  Mashinostr. ,  No.  2,  1969,  24-28), 
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Figure  2.50.  Amplitude-frequency 
relations  for  slightly  curved 
shells  of  different  curvatures. 


DVw~±\*F  +  L(F,  w)  +  q-Jt2g.-,*Z, 


L-V'F  =  --~Vjii/~  IrUw,  w), 


Eh 


(2.247) 

(2.248) 


where  F  stands  for  $h.  We  introduce  the  following  dimensionless  parameters: 


r*v”r,  x**=b y‘  =  bf, 

•  f,  r  .  V\  q  ( X .  y,  t)  (  R\*  .  ,  f~T  R 

r=b7.  q—t - f - (tJ*  e=|/WTe, 

iw'  V-I2(I-|18),  P-/5-&.  *=Vp. 


R  and  c  denote  the  radius  of  curvature  of  the  middle  surface  and  the  panel  radius 
in  the  plane. 


With  the  aid  of  the  parameters  introduced,  Equations  (247)  and  (248)  will  be 
written  as  fol lows: 


r+HF,  »)+^-^t4, 
V4/7^  —  V2u>  —  y L{w,  w). 


(2.249) 

(2.250) 
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in  Eqs.  (249)  and  (250),  the  asterisks  are  omitted  tc  simplify  the  notation. 

The  bending  moments,  forces  In  the  middle  surface,  displacements  and  deformations 
are  expressed  in  terms  of  the  functions  F  and  w.  We  will  Introduce  the  following  di¬ 
mensionless  parameters  for  these  functions  as  well: 


Air= 


MtR 


H'. 


HR 


S': 


Y  • 


ej 


v7^r. 

Kv  1-8,,  W*  oa  |/v* 


£A  1 


c/o  = 


xH 

ht  ' 


,  ”oR 
'Ih' 


O,  = 


ff|/? 

6’A 


In  the  above  expressions,  o^,  t  are  the  total  stresses,  and  Oj,  cJq,  the  principal 
stresses  and  the  stress  intensity  at  the  surface  of  the  shell,  respectively.  The 
formulas  for  M£,  N*,  etc.  will  be  written  similarly, 

Hereinafler,  we  will  use  a  cylindrical  coordinate  system.  The  length  of  the 
radius  vector  will  be  denoted  by  r,  and  the  polar  angle,  by  8,  The  formulas  for  con¬ 
version  from  the  Cartesian  to  the  cylindrical  coordinate  system  can  be  obtained  by 
superposing  the  x  axis  of  the  former  system  on  the  radius  vector  r. 


The  derivatives  of  w  with  respect  to  x  and  y  are  expressed  in  terms  of  the  de¬ 
rivatives  of  w  with  respect  to  r  and  8  in  the  foi lowing  manner: 


dm dm  Om  I  dm  o7\o 

U7  ~~d7’  dij  ~~  7  ~df  1  ~<Jxr  “ 
(Vu>  (Pm  __  I  dm  0*10  J_  Ow 

Tfxdy  =S  r  Or  «)|4  7^  ()p  ’  dy*  ***  r  dr 

The  operator 

\72f«  «  ^  -4-  —  «  ~  ,  1  ^  ,  I  d}m 
v  w  dx *  ~  dy *  Or*  W  Or  ~  r1 


0*10 
Or 1 


,  l  0*w 
+  r’  ~0$rt 


1  dm  \  ,  J_  d'w 
7  dr  V  d7  I  r*  OP 
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The  derivatives  of  the  force  function  F  are  similarly  expressed. 


in  cylindrical  coordinates,  Eqs'.  (249)  and  (250)  take  the  form 


^ (-L  4.  ±  ,,!n_ 

r  ^  Or3  \r  Or7  +  r*  „«•*  J 


/  d7w  1 

W 

d*F 

1 

dF\i 

\rOrOft  r* 

d|i  )\ 

r  Or  Oft 

r* 

Or  3  \  r  Or  f  , 

1  07w 

1  .  ►(»- 

■)+  U 

03ur 
01 1 

0*w 

4.  |  — 

O3* 

.  J.^\2 

Or3  \  r  Or  ' 

t^Oft7 

Or  Oft  “ 

r 7  oft  j 

(2.251) 


(2.252) 


Hereinafter  we  will  examine  only  an  axially  symmetric  deformation  of  the  shell.  Then 
ail  the  relations  become  considerably  simplified,  since  the  functions  w  and  F  wi  I  I 
depend  only  on  the  variables  r  and  t.  Equation  (252)  becomes 

1  jL  JL  JL  HL  —  _  JL  'L  ()E. L  i7“'. 

r  Or  r  Or  r  Or  r  Or  ~  ~  r  Or  r  tlr  r  Or  Or1  * 

2.253) 

Multiplying  the  right  and  left  sides  of  Eq.  (253)  by  r  ant  integrating  it,  we 
obtain  the  following  relation: 


0 

0  OF 

du  1  | 

1  Ow 

\2 

r  Or 

- r  - =  - 

rdr  Or 

~r  dr  2  ' 

{  <>r 

) 

For  shells  closed  at  the  apex,  rhe  function  C(t)  becomes  zero. 

We  introduce  a  new  solving  function  <t>  =  dF /dr.  The  derivatives  with  respect  to 
r  wi I  I  hereinafter  be  denoted  by  a  prime,  and  with  respect  to  t,  by  a  dot. 

We  finally  obtain  the  following  system  of  equations: 
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For  the  stresses  and  strains,  we  obtain  the  expressions 

A,'““ (•'+•* t).  *>-?.  tf.-V. 

«i=«'-w  +  -  n<p', 

=  etc. 

We  will  study  the  natural  axially  symmetric  vibrations  of  a  panel  clamped  along 
the-  u^r.tour  (Figure  2.51),  assuming  that  it  is  first  acted  on  by  a  pressure  of  specified 
intensity  q*.  We  will  assume  that  at  the  initial  instant,  the  pressure  suddenly  drops 
to  zero,  and  determine  the  subsequent  motion  of  the  shell. 


Figure  2.51.  SI ightly 
curved  circular  panel  acted 
on  by  uniform  pressure. 


(2.254) 

(2.255) 


The  initial  state  of  the  shell  is  determined  from  the  solution  of  the  static  non¬ 
linear  problem.  In  Eqs.  (254)  and  (255),  we  omit  the  derivatives  with  respect  to  time 


and  integrate  (254).  The  constant  of  integration  for  the  case  under  consideration 
becomes  zero.  Thus,  we  obtain  the  equations 


— +f)  +  V. 

<  +  ■?-*—  •(«+£). 

where  0  =  dw/dr. 

This  problem  can  be  found,  for  example,  with  the  aid  of  the  algorithm  given  by 
Val ishvi I i*. 


Figure  2.52.  Motion  of  the  apex  of  a  spherical 
sheli  under  different  types  of  loading  in  the 
initial  position. 


Let  us  now  consider  the  basic  equations  (254)  and  (255)  describing  the  motion  of 
an  element  of  the  shell.  These  equations  will  be  transformed  by  means  of  formulas  of 
central  finite  differences: 


*Cf .  Prikl.  matem.  i  mekh..  No.  6  (1968). 


(2.256) 

(2.257) 
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+  4<7  —  ei*,. 


/  J _ 1  ' 

i  l  If*.  i 

'2. 4.  1  ' 

i  1  j 

r _ l  4.  j\ 

[  &1  2r,4, 

1  '1 4 

1  t  Vi-i 

/,  .  ^rr<-i\ 
2A  v1  ***  4r,A  r 
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wnere  A  =  b/n;  n  is  the  number  of  segments  into  which  the  panel  radius  is  divided. 

To  formulate  the  boundary  conditions  at  the  apex  and  on  the  supporting  contour, 
together  with  the  nodal  points,  whose  number  is  0  to  n,  fictitious  nodal  points  outside 
the  segment  []0;  bj  are  introduced.  These  points  have  numbers  (-1)  and  (n  +  I). 

The  conditions  tor  r  =  b,  i.e.,  for  r =  b,  are  determined  by  the  nature  of  fixing 
of  the  supporting  contour.  In  the  case  of  rigid  clamping  of  the  contour  for  -  b, 
we  have 


or 


w  *■  0,  it>/  *  0.  ®2  **  0, 

10  =  0,  O>'*=0,  ‘B'-H-f—  0. 


(2.260) 


We  then  perform  the  integration  with  respect  to  time,  using  the  Runge-Kutta  method. 
!n  the  calculations,  segment  b  was  divided  into  20  equal  parts.  Data  of  the  solution 
cf  the  problem  are  given  below. 

36.  Description  of  Vibrations  of  a  Spherical  Panel 

The  vibratory  process  experienced  by  the  shell  depends  significantly  on  the  In¬ 
tensity  of  the  previously  applied  load  In  comparison  with  the  critical  static  value. 
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We  will  assume  this  value  to  be  below  the  upper  critical  value,  equal  to  it,  or  above 
it. 


Figure  2.53.  Motion  of  different  points  of  a 
spherical  shell  under  initial  loading'  w i tt  pres¬ 
sure  equal  to  the  upper  critical  value. 


The  curvature  parameter  of  the  pane!  was  taken  as  b  =  4. 


Figures  2.52  and  2.53  show  the  data  of  the  calculations,  in  the  former,  the  or¬ 
dinate  gives  the  parameter  of  the  normal  deflection  at  the  apex  of  the  shell  w*,  and 
the  abscissa  gives  the  time  parameter  t*  to  the  right,  and  the  pressure  parameter  q* 
to  the  left,  which  determines  the  initial  strain  state  of  the  shell.  It  is  clear  that 
if  the  initial  deflections  are  small,  the  motion  of  the  apex  of  the  shell  is  close  to 
harmonic.  As  an  example.  Figure  2.52  shows  3  graph  of  the  motion  of  the  shell  apex  in 
the  initial  stress  and  strain  state,  determinea  by  point  I.  This  point  Is  associated 
with  q*  =  0.19  and  an  initial  value  of  the  normal  deflection  parameter  at  the  apex 
w*  -  0.515  or  Wq  =  0. I63h.  The  dimensionless  vibration  period  T  =  4.3,  Let  us  note 
that  the  upper  critical  load  for  the  shel I  under  consideration  q*  =  0.56,  and  the  max¬ 
imum  period  of  i inear  free  vibrations  in  conformity  with  the  soiution  of  the  problem 
in  Bessel  functions*  T  =  5.3.  Practically  the  same  value  of  the  period  is  obtained 


*See  O.D.  Oinashvili’s  book  [0.153. 


from  a  numerical  solution  of  the  system  of  equations  (254),  (255)  If  their  nonlinear 
terms  are  omitted. 

The  graphs  of  Figure  2.52  show  that  at  close  to  critical  pressure  values,  the 
motion  of  the  shell  apex  Is  very  complex. 

Figure  2.53  shows  graphs  of  the  motion  of  Individual  points  pf  the  shell  at  an 
Initial  pressure  equal  to  the  upper  critical  value  q*  -  0.56.  We  can  see  tha+  the 
individual  points  of  the  middle  surface  of  the  shell  move  out  of  step. 

In  summary,  e  obtain  approximately  the  same  picture  as  for  a  cylindrical  panel 
(sea  31)  when  solving  the  problem  In  finite  differences. 

Problems  of  natural  vibrations  of  plates  or  shells  considered  as  systems  with 
many  degrees  of  freedom  are  awaiting  further  thorough  stuay. 
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Forced  Vibrations 

§37.  Nature  of  Forced  Nonlinear  Vibrations  of  Plates  and  Shells 

The  analysis  of  natural  vibrations  of  plates  and  shells  carried  out  in  the  pre¬ 
ceding  chapter  enables  us  to  turn  to  the  study  of  other  types  of  vibrations.  Although 
natural  vibrations  were  studied  without  taking  damping  into  account,  in  actual  sys¬ 
tems  they  damp  out  rapidly  because  of  Internal  friction  in  the  material,  resistance 
of  the  medium,  etc.  For  this  reason,  the  study  of  natural  vibrations  is  important, 
as  already  noted,  not  so  much  in  itself  as  for  evaluating  the  behavior  of  a  system 
in  the  presence  of  external  disturbing  forces  of  a  given  character.  This  and  the 
next  chapter  will  be  demoted  to  the  case  of  action  of  periodic  external  factors. 

For  elastic  systems  usually  studied  in  courses  on  vibration  theory,  ’’ordinary” 
and  ’’parametric”  loads  are  usually  distinguished.  The  former  loads  change  indepen¬ 
dently  of  the  vibrations  of  the  system  itseif;  they  appear  in  equations  describing 
the  motion  of  a  system  as  some  functions  of  time  and  of  the  space  coordinates.  Loads 
of  the  second  type  enter  into  the  equations  in  the  form  of  certain  parameters. 

Loads  of  the  firsr  type  are  associated  with  forced  vibrations,  and  those  of  the 
second  type,  with  parametr’c  vibrations.  We  will  first  consider  the  forced  wibra- 
tions.  it  should  be  stated,  however,  that  in  flexible  plates  and  shells,  ’’ordinary” 
type  loads  such  as  normal  pressure  may  cause  periodically  changing  forces  in  the 
middle  surface,  giving  rise  to  parametric-type  vibrations. 

In  contrast  to  natural  vibrations,  forced  vibrations  are  not  damped  ones.  Under 
certain  conditions,  the  vibration  amplitudes  along  with  the  strains  and  stresses  in 
the  plate  or  shell  increase  sharply.  Such  vibrations  may  be  dangerous  for  actual  struc¬ 
tures.  They  frequently  lead  to  the  formation  of  fatigue  cracks  even  in  cases  where 
the  stresses  remain  confined  within  the  elastic  limits. 

If  we  regard  a  plate  as  a  system  with  one  degree  of  freedom,  we  obtain  the 
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characteristic  "displacement  amplitude  vs.  frequency"  diagrams  shown  In  Figure  3.1  a. 
Q  denotes  the  frequency  of  the  disturbing  forces,  and  w^  is  the  natural  frequency 
of  small  vibrations  of  the  system;  v  =  A/wq.  The  dashes  represent  the  skeletal  line 
pertaining  to  natural  vibrations.  The  solid  lines  correspond  to  forced  vibrations. 


Figure  3.1.  "Amplitude-frequency"  re¬ 
lations  for  cases  of  Nonlinear  Vibra¬ 
tions  (a,  b)  and  for  a  Linear  System 
(c). 

We  see  that  the  "amplitude-deflection"  curves  for  forced  vibrations  follow  the  line 
corresponding  to  natural  vibrations.  As  the  frequency  of  the  disturbing  load  grad¬ 
ually  inc'cjses,  there  is  a  gradual  increase  in  amplitude,  this  process  correspond¬ 
ing  to  the  left-hand  branch  of  the  cur /e.  If  however  the  opposite  direction  from 
high  frequencies  is  followed,  the  change  in  amplitudes  has  the  peculiar  character 
described  by  the  right-hand  branch  of  the  curve.  Consequently,  forced  vibrations 
of  diverse  character  may  correspond  to  one  and  the  same  frequency.  Under  certain 
conditions,  the  rep resent at i ve  point  may  shift  from  one  branch  of  the  curve  to  the 
other,  with  a  simultaneous  sharp  change  in  the  vibration  amplitude  of  the  system; 
for  a  real  plate,  such  a  process  is  in  the  nature  of  snapping;  in  the  case  of  a  sys¬ 
tem  with  many  degrees  of  freedom,  the  description  of  the  motion  becomes  considerably 
more  complex. 

if  we  are  dealing  with  a  shell  having  a  tendency  to  snap,  then  in  the  simplest 
case,  when  there  is  a  system  with  one  degree  of  freedom,  the  skeletal  line  (dashes), 
as  we  have  seen  above  (§32),  has  the  form  shown  in  Figure  3.1  b  and  contains  a 
"falling"  portion.  The  lines  representing  the  vibration  amplitudes  now  acquire  a 
different  shape  (solid  curves). 
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Figure  3. I  c  shows  analogous  characteristics  pertaining  to  a  linear  system 
with  one  degree  of  freedom. 

Thus  far,  we  have  dealt  with  the  results  of  solution  of  the  problems  without 
considering  damping.  Figure  3.2  shows  similar  curves,  but  this  time  in  the  presence 
of  damping. 


curves  in  the  presence  of  damping 
in  cases  of  nonlinear  vibrations 
(a,  b)  and  for  a  linear  system  (c). 

Forced  vibrations  in  nonlinear  systems  are  characterized  by  the  fact  that  they 
can  have  additional  frequencies  different  from  the  frequencies  of  the  disturbing 
forces.  The  form  of  these  specific  vibrations  depends  on  the  initial  data  of  the 
problem. 

138.  Vibrations  of  a  Plate 

As  our  first  example,  we  will  consider  the  case  of  a  hinged  plate  a  x  b  with 
edge  moving  freely  in  the  plane  of  the  reference  contour.* 

Let  us  assume  that  the  plate  is  subjected  to  the  acfion  of  periodically  changing 
transverse  load  F  cos  fit.  We  will  also  assume  that  the  plate  Is  compressed  along 
side  a  by  static  forces  p  (Figure  3.3).  Further,  we  will  consider  the  initial 

*The  solutions  of  the  problems  given  in  §38  and  40  were  given  by  I.G.  Kil’dibekov 
[3. 1  I U;  see  also  [3.8J. 
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deviations  of  the  plate  from  the  idea!  plate;  the  initial  deflections  will  be  denoted 
by  w q  as  before. 


✓  ///' 


7777 


Figure  3.3.  Rec¬ 
tangular  plate 
acted  on  by  a 
periodical ly 
changing  trans¬ 
verse  load. 


We  will  use  the  system  of  Equations  (1.42a),  (1.43a).  As  the  intensity  of  trans¬ 
verse  load  we  will  take 


v(x>  y.  — 2 fa¬ 

ff  dt  * 


(3.1) 


where  the  second  term  reflects  the  vibration  damping  on  the  assumption  that  the  re¬ 
sistance  force  is  proportional  to  the  velocity  3w/3t;  e  is  the  damping  coefficient. 
If  is  assumed  that  the  load  is  uniformly  distributed  over  the  entire  area  of  the 
plate.  We  will  take  the  approximating  function  for  the  complete  deflection  In  the 
form 


w  =f  (t)  sin 


■sin 


nmi 

b 


(3.2) 


The  initial  deflections  will  be  assumed  to  be  distributed  according  to  an  analogous 

I  aw : 


r  .  II m *  • 

W0~h  Sill-";- sin 


tint/ 

b 


(3.3) 
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Substituting  (2)  and  (3),  as  usual,  into  the  right  side  of  the  strain  compatibility 
equation  (1.43a),  we  find 


cos 


2/m  7  I  i 

-rnplr 


(3.4) 


Here  \  -  a/b,  m  denotes  the  number  of  half  waves  in  the  direction  of  the  generatrix, 
and  n  is  the  number  of  half-waves  along  the  arc.  Then,  applying  the  Bubnov-Galerkin 
method  to  Eq.  (1.42a),  we  arrive  at  the  following  differential  equation  describing 
the  nonlinear  vibrations  of  the  plate  in  the  first  approximation: 


taking 


$+2*-£ J)w-w+<)- 


-r1  Up'  “  (0. 


(3.5) 


P o 


tW-^.  6i*=t*  P'1 

«W“w(T),fcoso/- 


£7»J 


(3.6) 


The  quantity  pj  is  equal  to  the  value  of  the  compressive  force  parameter  p*  resulting 
from  the  sol'ition  of  the  linear  problem  of  stability  of  the  plate  under  compression 

Po=  laXT'll  - 1.’7  '  (3.7) 


In  this  formula,  in  determining  the  critical  compressive  force  proper,  it  is  necessary 
to  set  n  =  I  and  find  the  number  m  which  gives  (7)  its  lowest  value.  The  square  of 
the  natural  vibration  frequency  at  small  deflections  for  a  linear  system 


«■ m  i2M(i  —  i**)  / 


(3.8) 
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where  c  is  the  propagation  velocity  of  longitudinal  waves  in  the  shell  material: 
c  -  /t-g/y  and  y  is  the  specific  gravity  of  the  material.  Further,  the  following 
parameters  enter  into  (5): 


(3.9) 


Let  us  note  that  for  "ideal"  plates  for  =  0,  the  coefficient  a  is  equal  to  I, 
and  3=0. 

if  we  consider  a  quasi-static  problem  and  omit  the  terms  dependent  on  t  in 
Eq.  (5),  we  arrive  at  the  following  equation: 


where 


(3.10) 


(3.11) 


On  the  basis  of  (II),  we  can  delermine  Ihe  static  states  around  which  the  natural  vi¬ 
brations  of  the  plate  take  place. 

The  next  step  in  the  solution  ot  the  dynamic  problem  consists  in  integrating 
Eq.  (5).  We  represent  rhe  approximate  solution  in  the  form 
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t  =  A  cos  Q(. 


(3.12) 


V 

Figure  3.4.  Amp  I itude- 
frequency  curves  for 
fundamental -type  vibra¬ 
tions  in  cases  of  a 
square  and  rectangular 
plate. 


We  substilute  (12)  into  Eq.  (5)  and  write  the  condition  of  orthogonality  of 
the  substitution  results  to  the  function  cosfrt  for  a  ful I  period: 

2n 

J  L  (t)  cos  Ql  di «  0,  (3.13) 

o 

where  + 

+<A'~2X 

XWrKl  +  aJ)-  (3.13a) 

«»■ 

Po 

Performing  the  calculations,  we  obtain  the  following  relation  between  tne  deflection 
amplitude  and  frequency:* 


*A  result  of  this  type  occurs  for  odd  values  of  m  and  n. 
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(3.14) 


v»-(4^  +  «)a-- f-’x-o. 


where  K  is  a  coefficient  dependent  on  the  method  of  determination  of  the  dimensionless 
frequency  v.  r 

We  obtain  relations  similar  to  those  found  in  Figure  3.1a.  Figure  3.5  corres¬ 
ponds  to  one  of  the  higher  vibration  modes  for  m  =  3,  n  =  I.  As  the  basis  of  calcu¬ 
lating  v  we  always  took  the  frequency  of  the  fundamental  mode  of  linear  vibrations 
of  a  square  plate  without  considering  the  compressive  forces;  then  v  «  ft/wg  jj, 

K  =  (w0  mn/wQ  |j)^(l  -  pVpJ).  As  we  can  see,  the  nonlinear  character  of  the 
vibrations  is  expressed  more  clearly  for  the  higher  modes  than  for  the  fundamental 
one. 


The  influence  of  static  compressive  forces  on  the  forced  vibrations  of  a  square 
plaTe  is  reflected  ir.  Figure  3.6.  The  level  of  compressive  forces  was  chosen  as 
0.9  of  the  static  critical  value. 

The  results  of  calculations  using  Eq.  (14)  are  given  below.  Figure  3.4  shows 
amp  I itude-f requency  curves  pertaining  to  cases  of  panels  with  ratio  of  the  sides 
X  =  I  and  1.5  for  half-wave  numbers  m  =  n  =  I,  I.e.,  for  the  fundamental  vibration 
mode.  It  shows  the  skeletal  lines  pertaining  to  natural  vibrations  and  the  charac¬ 
teristics  of  forced  vibrations  for  a  definite  transverse  load  level  (q*  =  8.9). 


v 

Tigure  3.5.  Amp  I i tude- frequency 
curves  for  one  of  the  higher  vi¬ 
bration  modes  of  a  square  and  a 
rectangular  plate. 
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Figure  3.6.  Influence  of 
compressive  forces  on 
forced  vibrations  of  a 
square  plate  in  the  fund¬ 
amental  mode. 


Figure  3.7.  Influence 
of  initial  imperfections 
on  forced  vibrations  of 
a  square  plate  in  the 
fundamental  mode. 


he  effect  of  initial  imperfectiors  for  m  =  n  =  I  is  illustrated  in  Figure  3.7. 
itial  bending  deflection  was  chosen  as  Cg  =  I.  The  next  graph,  that  of  Figure 


3.8,  pertains  to  a  higher  vibration  mode.  Other  fines  in  Figures  3.7  and  3.8  per¬ 
tain  to  ideaf  panels.  Judging  from  these  date,  an  initial  camber  leads  to  e  shift 
in  the  amp  I i tude- frequency  characteristics.  The  higher  the  vibration  mode,  the 
more  significant  is  the  influence  of  non  ideality. 


Figure  3.8.  Effect  of  initial 
imperfections  in  +he  case  of 
forced  vibrations  of  a  square 
plate  in  one  of  the  higher 
modes. 


§39.  Closed  Cylindrical  Shell 


Let  us  now  turn  to  the  case  of  a  closed  circular  cylindrical  shell  hinged  at 
the  ends.* 


On  the  basis  of  general  equations  (1.40)  and  (1.41),  the  disturbing  load  will 
be  taKer,  i  n  the  form 


(}{x,  U ,  o  =-  Qmn  sill  COS  -jj-  I'oS  Qf . 


(3.15) 


Thus,  we  are  here  considering  a  load  distributed  nonuni formly  over  the  shell 
surface.  The  coordinates  x  and  y  are  measured  along  .he  generatrix  and  the  arc. 

The  number  of  half-periods  of  change  of  the  load  along  the  length  of  the  shell  L 
is  denoted  by  m,  and  the  number  of  full  periods  of  change  of  the  load  along  the 

*The  solution  of  the  problem  as  given  below  is  due  to  Evensen  and  Fulton  [3.223. 
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circumference  is  denoted  by  n.  The  peak  load  corresponding  to  the  given  indices  m 
ana  n  is  denoted  by  0 

mn 

We  will  consider  flexural  type  vibrations  of  the  shell  and  take  n  >,2.  The 
deflection  of  the  shell  will  be  approximated  by  the  expression 

*  /i\  1  mn*  h  11  ,  n*  .2 .  2  mnx 

,  y>  0  =  An (/) sin  — cos -  j- -f  (0 sin 


The  same  type  of  relation  was  used  in  §29  in  the  study  of  natural  vibrations.  The 
difference  lies  in  the  choice  of  the  coefficient  of  the  second  term.  In  this  case, 
it  will  be  specified  in  advance  as  dependent  on  the  wave  number  n  and  on  the  first 
parameter.  Comparing  (2.159)  and  (16),  we  find  the  ratio 


It  is  assumed  that  for  n  =  2,  the  role  of  this  second  term  in  (16)  is  minor,  and 
that  it  is  significant  when  is  of  the  order  of  R/h. 

We  substitute  (16)  into  the  right  side  of  Eq.  (2.158).  We  integrate  this 
equation  and  determine  the  function  $.  We  then  apply  the  procedure  of  the  Bubnov- 
Galerkin  method  to  Eq.  (2.157).  We  thus  arrive  at  the  following  relation: 

$+e  + -h  fc# + (■&)*]  ~  "ft’ + = °""C05vti  (3. 17 


The  following  dimensionless  parameters  were  introduced  here: 


t (Oq^i  (*mn 


(3.18) 
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v  stands  for  the  dimension  I ess  frequency 


W0  being  the  vibration  frequency  for  the  corresponding  linear  system  and  being 
determined  from  (2.144);  this  expression  will  be  represented  in  the  form 


“ o 


I  Ft  f  J1 
IWI  (»’+')’ 


f 


nM*»+  DMI'S 

t2(i — n*rJi  • 


(3.20) 


The  ma i n  parameters  determining  the  behavior  of  a  nonlinear  system,  are  the  quantities 


,=!l 

i  \  n*  1 

(♦*+l)1  16  I2(l-| 

1  x 

7  .  n‘(**+i)’i 

l  (♦»+!)»  *12(1  ->)  J 
'  1 

ft  W  T  M ^  T  J 

9"T6'T~~»i  i'P'+’iPT* 
l(»’+i)' +  mi-p1)  J 

The  coefficient  G  characterizes  the  form  of  wave  formation: 


(3.21) 


.  nRI«  (3.22) 

and  is  the  ratio  of  the  half-wavelength  in  the  direction  of  the  arc  to  the  half- 
wavelength  along  the  generatrix.  The  quantities  n,  8,  analogous  to  those  used  here, 
were  used  in  Chapter  II  in  the  study  of  natural  vibrations.  We  will  assume  further 

£  —  /Vcos  vt.  .3.23) 


Then  Lq.  (17)  is  reduced  to 


(I  —  v1)  4  —  -£  vM1  -  -if  -  /!’  +  >|'8.4S  -  a„ 


(3.24) 
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We  have  obtained  the  amplitude- frequency  characteristic  A(ft)  of  forced  vibrations,  which 
is  dependent  on  the  amplitude  of  the  disturbing  load  G  .  When  Gmn  =  0,  we  arrive  at 
the  relation  A(v),  corresponding  to  natural  vibrations.  In  §29,  we  obt  Ined  a  similar 
equation  by  examining  the  problem  in  a  di fferent  formulation.  We  then  considered  two 
independent  parameters  in  the  expression  for  the  deflection,  reflecting  the  character 
of  buckling  of  the  shell  in  the  large;  one  of  these  parameters  was  determined  from 
the  static  variant  of  the  corresponding  equation  of  motion. 
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Figure  3.9.  Soft-type 
amp  I i tude-f requency 
curves  in  the  case  of 
a  closed  cyi indrical 
she  1 1 . 

? 

Figure  3.9  shows  the  curves  corresponding  to  (24)  for  =  0.1,  n  =  0.01, 

G  -  0.!.  Dashes  represent  the  skeletal  line  corresponding  to  G mn  =  0.  We  see  that 
for  the  selected  shell  parameters,  the  natural  vibration  amplitudes  increase  with 
decreasing  frequency,  In  contrast  to  the  case  of  a  flat  plate.  Consequently,  the 
nonlinearity  involved  here  Is  of  a  different  type  than  for  a  plate;  the  entire  curve 
obtained  is  falling",  as  on  one  of  the  portions  of  the  curve  in  Figure  3.1b.  The 
slight  nonlinearity  character! st Ic  of  Figure  3.9  pertains  to  relatively  iong  cylin¬ 
ders  with  thin  walls.  In  other  cases,  the  nonlinearity  may  be  manifested  more  clearly. 

Figures  3.10  and  3.11  show  the  character  of  the  skeletal  curves  as  a  function  of 
the  parameters  n  and  0.  These  graphs  attest  to  a  significant  influence  of  n  on  the 
behavior  of  the  system. 
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Figure  3.10.  Influence  o 
wave  formation  parameters 
on  amp  I i rude- frequency 
curves  in  the  case  of  a 
closed  cylindrical  shell. 
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Figure  3.12.  The  "deflec¬ 
tion  arnplituoe  vs.  fre¬ 
quency"  curve  for  a  cir¬ 
cular  cyl indrical  shel I 
in  comparison  with  ex¬ 
perimental  data. 


b) 


Figure  3.13.  Amplitude-frequency  curves  for  circular 
cylindrical  panels  of  different  curvatures:  a)  ideal 
panel,  b)  shell  with  initial  camber. 


Finally,  Figure  3.12  illustrates  the  experimental  data  obtained  by  Olson  [3.22] 
for  forced  vibrations.  The  solid  line  corresponds  to  the  skeletal  curve  according 
to  (24)  for  the  parameter  values  taken  for  Olson’s  models.  We  see  tnat  the  charactei 
of  the  relations  for  forced  vibrations,  shown  In  Figure  3.9,  is  confirmed. 


It  should  be  noted,  however,  that  for  shells  of  a  different  type,  the  solution 
of  the  problem  can  lead  to  graphs  of  the  type  of  Figures  3.1b  and  3.13. 

§40.  Case  of  a  Cylindrical  Panel* 

Let  us  now  examine  the  case  of  a  slightly  curved  cylindrical  panel;  the  natural 
vibrations  of  such  a  system  were  discussed  in  §32.  It  will  again  be  assumed  that 
the  panel  is  compressed  by  static  forces  p  along  the  generatrix. 

The  ordinary  equations  (1.40),  (1.41)  will  be  used;  for  the  load  intensity  q 
we  will  choose  expression  (I),  which  tukes  account  of  the  damping  effect.  We  will 
approximate  the  complete  and  initial  deflection  in  the  form  of  (2)  and  (3),  assum¬ 
ing  that  buckling  of  the  panel  takes  place  with  the  same  half-wave  in  the  direction 
of  the  generatrix  and  along  the  arc  (m  =  n  I). 

The  supplemented  expression  for  takes  the  form  A  =  a/b 


®  i  r -  n>  (** «»  cos  ^ ) + 


(3.25) 


After  applying  the  Qubnov-Galerkln  method  to  Eq.  (1.40),  we  again  arrive  at  re¬ 
lation  (5).  However,  pj  should  be  replaced  by  the  upper  critical  stress  parameter 
pj,  which  according  to  (2.210) 

nMI +*»)»  , _ W 

P"  I  "A*  { I  -  n1)  +  jiM  I  + VW  * 

(3.26) 


196  - 


«.****?**  sa  ' 


By  (2.214),  the  expression  for  ^  will  be 


l  —  n1 

rjggTj 

n4  ( i  •f'x2)2 


(3.28) 


The  frequency  of  natural  vibrations  Wq  is  defined  by  expression  (2.211). 

The  second  stage  of  the  solution  of  the  problem  will  conform  to  the  scheme 
employed  in  The  case  of  a  plate  (§38).  Taking  Ctt)  from  (12),  we  write  the  condi¬ 
tion  of  orthogonal ity  by  analogy  with  c  §32  and  for  e  =  0  arrive  at  the  amplitude- 
frequency  character istic 


v2*=a 


(3.29) 


The  value  of  q*  is  calculated  as  in  (II). 

Figure  3.13  shows  curves  of  A(v)  plotted  from  (29)  for  cylindrical  panels  of 
different  curvature.  Figure  3.13  a  pertains  to  cases  of  ideal  panels  for  two  values 
of  the  curvature  parameter;  we  took  q*  =  0.3.  For  the  panel  with  parameter  k  =  24, 
we  consider  two  cases:  absence  of  axial  compression,  and  parameter  of  axial  forces 
p*  amounting  to  ene-half  of  the  upper  critical  value.  In  the  latter  case,  the  ampli¬ 
tude-frequency  characteristics  consist  of  several  isolated  segments,  refledting  the 
presence  of  a  second  stable  equilibrium  position  fn  the  system.  The  cmd  branch  cor¬ 
responds  to  vibrations  about  the  main  equilibrium  position,  and  the  upper  branches 
correspond  to  vibrations  with  considerable  amplitudes. 

The  data  of  Figure  3.13b  demonstrate  the  influence  of  the  initial  deflection  on 
the  amp  I i tude-frequency  curves  for  curvature  parameter  k  =  24  in  the  case  of  p*  =  0; 
for  comparison,  dot-dash  lines  in  this  figure  indicate  curves  for  an  Ideal  panel. 
Initial  irregularities  directed  toward  the  center  of  curvature  seem  to  ’’rectify"  the 
amplitude-frequency  curves;  initial  camber  directed  away  from  the  center  of  curvature 
causes  a  reinforcement  of  nonlinear  effects. 
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§41.  Experimental  Data  on  Nonlinear  Vibrations  and  Stability  of  Reinforced 
Panels  in  an  Acoustic  Field. 

The  results  cited  In  the  preceding  section  reflect  the  characteristic  features 
of  the  behavior  of  structural  elements  undergoing  vibrations  under  the  action  of 
pressures  in  a  field  of  acoustic  radiation.* 

As  experimental  data  show,  deformations  of  shells  under  intensive  acoustic 
loading  are  essentially  nonlinear  in  character.  This  refers  particularly  to  struc¬ 
tural  elements  which.  In  addition  to  acoustic  loads,  are  simultaneously  subjected 
to  forces  of  the  type  of  axial  compression  or  external  pressure,  whose  influence 
may  lead  to  buckling  of  the  structure.  In  such  cases  of  loading,  in  addition  to 
the  problem  of  fatigue  failure,  a  no  less  Important  problem  Is  that  of  the  Influ¬ 
ence  of  acoustic  loads  on  the  bearing  capacity  of  a  reinforced  structure. 

Let  us  turn  to  the  results  of  experimental  studies  of  acoustic  strength  and 
bearing  capacity  of  reinforced  cylindrical  Duralumin  panels.  We  will  examine  data 
on  fatigue  strengxh,  stress  state  characteristics,  and  the  nature  of  failure  of 
panels  under  conditions  of  acoustic  loading  at  different  levels  of  static  axial 
compression.** 

The  specimens  were  cylindrical  panels  reinforced  in  the  longitudinal  direction 
with  three  ribs  (two  along  the  edges  and  one  at  the  center).  The  ratio  of  the  sides 
tor  cells  of  the  smooth  part  after  fastening  along  the  curved  edges  X  =  2  for  a 
curvature  parameter  k  =  b^/Rh  =10  (see  §30). 

At  first,  static  tests  involving  the  action  of  only  axial  compression  forces 
were  performed.  The  results  of  experiments  on  three  samples  were  used  to  establish 
the  average  critical  loads  of  local  stability  loss  of  the  skin  and  to  determine  the 


* These  problems  are  Investigated  in  a  statistical  formulation  In  Chapter  X. 

*wThe  experimental  data  cited  were  obtained  by  I  .G.  KiMdlbekov  In  collaboration 
with  A. A.  Mitsyuk  [3.11a]. 
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static  bearing  capacity. 


Dynamic  tests  were  performed  by  using  a  siren  and  acoustic  camera,  which  gener¬ 
ated  a  pressure  field  having  a  well-defined  narrow-Dand  energy  spectrum  with  a  marked 
predominance  of  the  fluctuation  level  of  the  first  harmonic.  Resonance  tests  were 
carried  out  first.  By  changing  the  frequency  smoothly  at  a  low  sound-pressure  level, 
the  frequency  of  the  fundamental  tone  of  natural  vibrations  fQ  -  370  Hz  was  estab¬ 
lished.  This  frequency  was  determined  from  a  sharp  increase  in  the  readings  of  strain 
gauges. 


Figure  3.14.  Shel I 
after  loss  of  bear¬ 
ing  capacity  in 
axial  compress i  *>n 
in  an  acoustic  field: 
a)  view  of  smooth 
part  of  skin;  b) 
view  of  sti f fening 
ribs. 


The  bearing  capacity  of  the  panels  acted  on  by  the  acoustic  'oad  was  determined 
as  follows.  The  panels  were  first  loaded  with  an  axial  compression  force  corresponding 


b)  c)  d)  e) 

Figure  3.15.  Character  of  the  faflgue 
failure  of  a  specimen  following  an 
acoustic  load,  simultaneously  acted 
on  by  axial  compressive  forces:  a) 
view  of  skin  side,  b)-e)  zones  of 
fai lure. 

to  0.7  of  the  average  value  of  the  static  bearing  capacity,  then  the  axial  force 
was  slowly  Increased  further  in  the  course  of  the  acoustic  loading  up  to  the  Instant 
of  loss  of  bearing  capacity.  The  character  of  the  axial  load  Increase  corresponded 
to  Ihe  st?;ic  tests.  The  instant  of  loss  of  bearing  capacity  was  recorded  by 
analogy  with  static  tests.  The  critical  loads  were  determined  at  a  sound  pressure 
level  of  164-166  dB  and  for  a  fluctuation  spectrum  concentrated  around  the  300  Hz 
frequency.  The  decrease  in  bearing  capacity  in  relation  to  the  results  of  static 
tests  amounted  to  an  average  of  1%, 

A  photograph  of  one  of  the  specimens  at  the  time  of  loss  of  bearing  capacity 
under  acoustic  loading  is  shown  in  Figure  3.14.  The  difference  of  these  cases  of 
loading  from  static  tests  was  manifested  in  greater  buckling  of  the  skin  and  a  weak¬ 
ening  of  the  rivet  Joints. 


* 


Mg 


...  ,  *PeCime"  °f  an°+her  S6rieS  WaS  sub-iect6d  t0  ac°“-+ic  loading  at  a  level  of 
-168  dB  with  a  predominant  frequency  of  370  Ihr  and  the  simultaneous  action  of 

a  stat.c  axial  compression  force  P;  the  chosen  value  of  P  cor-esponded  to  the  criti 
ca.  load  of  local  stability  loss.  The  resource,  i.e..  the  vlme  preceding  the  ap- 
pocrance  of  the  first  crack,  was  7  min.  Subsequent  4-min  loading  of  the  panel 
cau.-ed  fatigue  failure  with  an  appreciable  propagation  of  cracks  along  the  riveT 
joints  and  damage  to  the  part  of  the  skin  that  included  the  stress  raisers.  A  view 
of  the  specimen  after  a  total  acoustic  action  lasting  II  min  is  presented  in  Figure 
-.15,  which  also  shows  the  zones  of  fatigue  failure. 


Figure  3.16.  View  of 
the  specimen  after  a 
test  with  acoustic 
leading  In  another 
regime  under  the  sim¬ 
ultaneous  action  of 
axial  compressive 
forces:  a)  photograph 
of  specimen  cn  the 
skin  side;  b),  c) 
zones  of  fatigue  fail- 


Figure  3. 16  shows  a  photograph  of  the  specimen  after  acoustic  loading  tests 
under  floating  frequency  conditions  in  the  10  to  500  Hz  range  for  8  min  at  the  same 
sound  pressure  level.  The  axial  compression  force  in  This  case  was  also  equal  to 
the  critical  skin-buckling  load.  A  considerable  damage  to  the  skin  (Figure  3.16, 
zone  A)  occurred  in  the  zone  of  a  raiser;  a  second  failure  zone  is  concentrated 
along  a  rivet  joint. 

Analysis  of  the  oscillograms  corresponding  to  stresses  in  the  specimens  shows 
that  acoustic  stress  of  the  panels  in  the  absence  of  axial  compression  leads  to  the 
formation  in  the  structure  of  variable  stresses  with  a  peak  cycle  value  in  the  range 
a  -  200  to  400  kg/cm  ;  the  highest  value  of  cr  in  the  tests  performed  was  found  to 

a  a 

9 

be  765  kg/crr.4*. 

A  significant  increase  in  stresses  takes  place  during  acoustic  loading  and  the 
simultaneous  action  of  an  axial  compression  force  equal  to  the  critical  value  of 
local  stability  loss.  For  one  of  the  specimens  (Figure  3.15),  the  value  of  o 

7  7  ® 

reached  1000  kg/cm"  for  an  average  cycle  value  =  250  kg/cm*-.  This  increase  in 

stress  level  is  apparently  related  to  the  snapping  of  the  panel  from  one  position 

of  stable  equilibrium  to  another,  and  also  to  vibrations  around  a  second  position 

of  stable  equilibrium.  In  one  of  the  experiments,  the  maximum  value  of  the  stresses 

2 

was  close  to  the  yield  poir.-,  of  the  material  and  amounted  to  o  -  2500  kg/cm  ,  for 

max 

a  peak  cycle  value  c  =  1050  kg/crr.  . 

On  the  basis  of  results  of  frequency  analysis  of  the  oscillograms,  stress  change 
frequencies  twice  as  nigh  as  the  frequency  of  acoustic  action  were  reco-ued.  This  is 
explained  by  a  characteristic  of  nonlinear  vibrations  related  to  the  development  of 
deflections  amounting  to  five  shell  thicknesses. 

§42.  Spherical  Panel 

Let  us  return  to  the  case  of  a  spherical  panel,  whose  natural  vibrations  were 
discussed  in  §35  and  36.  We  are  dealing  with  a  panel  circular  in  the  plane  with  a 
rigidly  clamped  reference  contour.  Axfsymmetric  forced  vibrations  of  the  panel 
will  be  studied.  It  will  be  assumed  that  the  intensity  of  the  external  pressure, 
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constant  along  the  radius,  changes  according  to  one  o*  the  following  laws  (in 
dimensionless  parameters,  §35): 

I .  q  «  0, 1  sin  0,5/;  2.  q  =  0,4  sin  0,t»/;  \ 

3.  q* « 0,1  sin  2/;  4.  ^*  =  0,4  sin  2/.  I  (3.30) 

In  tnese  expressions,  the  peak  load  values  were  assumed,  on  the  one  hand,  to  b 
lying  appreciably  below  the  upper  critical  load  (q*  *  0.56),  and  on  the  other 
h^nd,  close  to  it.  The  period  of  the  external  action  in  the  first  two  cases 
exceeds  the  period  of  free  linear  vibrations  of  the  shell,  and  in  the  third  and 
fourth  cases  is  below  this  value. 

Figure  3.17  and  3.18  give  the  results  of  calculations*  for  a  shell  of  curva¬ 
ture  parameter  k  =  4  (see  §35).  In  a  numerical  solution  of  the  problem  carried 
out  by  using  the  algorithm  described  in  §35,  the  initial  values  of  the  displacements 
and  velocities  were  considered  to  be  zero.  Damping  was  not  considered;  it  was 
assumed  that  b  =  0. 


Figure  3.17.  Motion  of  the  pole  of  a  shallow 
spherical  shell  for  different  laws  of  change  in 
external  load  intensity. 


Figure  3.(7  shows  graphs  of  the  motion  of  a  shell  apex  in  time.  The  numbers 


*These  data  are  due  to  N.V.  Valishvili  and  V.B.  Si  I  kin. 
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Figure  3.18.  Laws  of  motion  of  different  points 
of  a  shallow  spherical  shell. 


of  the  curves  on  the  graphs  correspond  to  the  number  of  the  law  governing  the 
change  of  load  according  to  (30), 

The  results  given  in  Figure  3.17  indicate  that  the  solution  is  periodic  in 
character  only  for  the  first  problem,  and  that  the  vibration  period  of  the  shell 
apex  is  close  to  the  period  of  change  of  the  disturbing  load  4u.  For  the  remaining 
laws  of  load  change,  the  solutions  obtained  are  not  strictly  periodic,  i.e.,  it  is 
difficult  to  establish  de.inite  values  of  tie  vibration  period  and  amplitude.  The 
determination  cf  periodic  solutions  of  the  problems  under  consideration  is  possible 
in  different  ways.  First  of  all,  one  can  appropriately  select  the  Initial  values 
of  the  displacements  and  velocities.  However,  this  method  Is  complex.  Apparently, 
it  is  advisable  to  determine  periodic  solutions  by  considering  the  damping  effect 
in  the  equations  of  motion. 

Judging  from  the  solution  obtained,  individual  points  of  the  middle  surface 
of  the  shall  execute  a  motion  that  Is  not  synchronous  with  the  motion  of  the  apex. 
Figure  3.18  shows  graphs  of  motions  of  characteristic  points  of  the  shell  for  the 
fourth  problem.  We  can  see  that  the  points  considered  execute  a  complex  motion, 
and  that  at  certain  times  they  are  In  antiphase.  This  indicates  that  for  finite 
displacements,  treatment  of  shallow  shells  as  systems  with  one  degree  of  freedom 
may  lead  to  appreciable  errors. 
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Chapter  IV 


Parametric  Vibrations 

§43.  Characteristics  of  Parametric  Vibrations 

As  we  already  know  from  Chapter  III,  parametric  vibrations  an^e  from  a  periodic 
change  of  "particular”  loads.  The  quantities  characterizing  such  loads  enter  as 
parameters  into  the  tasic  differential  equations  of  the  problem. 

Let  us  consider  as  an  example  a  plate  fixed  along  the  edges  in  some  manner. 

Let  this  plate  be  subjected  along  one  of  the  sides  to  the  action  of  compressive 
forces  that  changes  periodically  with  time;  parametric  vibrations  can  then  take 
place.  The  principal  state  of  a  structure  in  the  presence  of  such  vibrations  is 
characterized  by  displacements  of  middle-surface  points  in  this  surface  alone. 

For  certain  ratios  of  the  frequency  of  load  fluctuations  to  the  frequency  of  natural 
vibrations,  such  a  principal  state  becomes  unstable,  and  increasing  normal  dis¬ 
placements  take  place. 

When  the  problem  is  solved  in  the  linear  formulation,  it  turns  out  -that  such 
unstable  zones  of  the  principal  state  are  associated  with  defied  Ions  Increasing 
from  one  cycle  to  the  next.  It  is  Important  to  note  that  the  first  zone  of  such 
a  dynamic  instability  lies  near  the  fluctuation  frequency  of  the  load,  which  is 
twice  the  frequency  of  natural  vibrations  of  the  structure;  we  are  concerned  here 
with  a  system  with  one  degree  of  freedom. 

Figure  4.1  a  show  ;  approximate  boundaries  of  dynamic  instability  zones.  The 
ratio  of  twice  the  frequency  of  natural  vibrations  2ft  to  the  frequency  of  load  fluc¬ 
tuations  0  is  laid  off  along  the  abscissa  axis,  a  system  with  one  deyree  of  freedom 
being  considered.  The  quantity  k,  dependent  on  the  character  of  load  fluctuations, 
is  laid  off  along  the  ordinate  axis;  it  represents  the  ratio  of  the  amplitude  of 
the  variable  part  of  the  load  to  Its  average  value.  The  first  region  of  dynamic 
instability,  corresponding  to  the  point  on  the  abscissa  axis  with  coordinate  2ft/0--l, 
and  the  second  and  third  zone,  at  2ft/0  ~  »,  3,  are  shaded.  This  graph  refers  to 
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the  case  In  which  damping  factors  are  not  considered. 


The  next  figure,  4.1b,  was  plotted  by  taking  damping  into  account.  For  the 
second  and  the  subsequent  zones,  the  instability  region  moves  far  from  the  abscissa 
axis,  so  that  the  instability  phenomenon  in  this  case  is  manifested  only  for  very 
sharp  load  changes.  Practically  for  this  reason,  the  highest  value  is  in  the  first 
zone;  we  wi I  I  be  dealing  with  this  zone  in  the  discussion  below. 


Figure  4.1.  Zones  of  d /namic  instability 
for  small  deflections:  a)  without  consid¬ 
eration  of  damp! no,  b)  with  consideration 
of  damping. 


All  these  considerations  pertain  to  small  deflections.  For  appreciable  de¬ 
flections,  the  rigidity  of  a  she i i  or  plate  changes  according  to  a  very  complex 
law  in  many  cases.  We  thus  come  to  the  problem  of  non  I  inear  parametric  vibrations 
of  a  system.  Like  the  cases  of  natural  and  forced  vibrations,  they  are  character¬ 
ized  by  a  change  in  vibration  amplitude  as  a  function  of  frequency.  If  the  problem 
is  solved  in  the  linearized  formulation,  we  can  find  the  outlines  of  dynamic  insta¬ 
bility  zones;  concerning  the  process  itself.  It  can  be  stated  only  that  the  vibra¬ 
tion  amplitudes  steadily  Increase.  On  the  contrary,  the  solution  of  the  problem 
from  nonlinear  points  of  view  makes  It  possible  to  determine  the  vibration  ampli¬ 
tude  for  a  given  frequency  of  fluctuations  of  the  parameter. 


Practical  applications  of  the  theory  of  parametric  vibrations  of 
shells  pertain  to  the  most  diverse  areas  of  engineering.  For  example, 
a  vehicle  may  undergo  parametric  vibrations  during  fluctuations  of  the 
force  transmitted  by  the  engines. 


plates  and 
the  body  of 
tractive 
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§44.  Parametric  Vibrations  of  Plates 

Let  us  turn  to  certain  specific  problems  involving  parametric  vibrations. 

In  accordance  with  the  general  scheme  adopted  in  this  book,  we  will  begin  with  the 
case  of  a  rectangular  plate*. 

Let  the  compressive  forces  px,  changing  with  time  according  to  fhe  law 


Px^Po  \Pt f«sW.  (4.|) 

be  applied  to  the  plate  along  sides  b.  Here  p0  stands  for  the  constant  part  of  the 
load,  and  pt,  for  the  amplitude  of  the  variable  part.  Thus,  those  forces  p  which 
according  to  Figure  3.3  were  passive  and  only  promoted  the  deformation  of  the  plate 
acted  on  by  a  periodic  transverse  load,  now  in  turn  independently  set  the  system 
vibrating. 

We  wi 1 1  consider  the  plate  to  be  hinged  along  the  edges  and  will  assume  that 
sides  a  remain  fixed.  As  for  sides  b,  we  will  assume  that  one  of  the  sides  (x  =  a) 
moves  freely  relative  to  the  other  side  (x  =  0),  which  is  fixeo  in  plane  xy;  both 
of  these  sides  continue  to  be  rectilinear  during  the  motion  of  the  plate. 

If  the  plate  is  considered  to  be  a  system  i th  one  degree  of  freedom,  and 
the  curved  surface  is  approximated  by  the  expression 


»  =  /!/)  sin  ~~sin-£2- , 

o  h 


(4.2) 


we  can  use  a!i  the  operations  of  Chapter  II  to  solve  the  problem.  Considering  the 
natural  vibrations  of  a  rectangular  plate,  we  used  the  Bubnov-Galerkin  method, 
and  finally,  taking  into  consideration  the  forces  in  the  middle  surface,  arrived 
at  Lq.  (2. 1 10) 


*The  solution  of  this  problem  was  given  by  V.V.  Bolotin  L4.2,  1 954 j . 
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.  n'/7j'  /  |  % 

W'A'‘(p' ^  +  ^)CS*=0; 


(4.3) 


where  C  stands  for  the  ratio  f/h  as  before,  and  A  =  a/b.  Cons1 dering  that  the  long¬ 
itudinal  edges  remain  fixed  (Ay  =0),  for  py  we  obtain  the  expression  (2.117) 


P,~--w,~F.-niL(LJ. 


(4.4) 


Equation  (3)  for  the  case  under  consideration  will  take  the  form 


TF+tv  ~z;Jc+ — ittw — “s“°- 


3y  (2.31) 


«m+w 


(4.5) 


(4.6) 


c  being  the  sound  velocity  in  the  plate  material,  as  before.  Denoting  the  coeffi¬ 
cient  of  t?  by  r) 


r\wm  '(, +X*)»  O’ 


(4.6a) 


we  arrive  at  the  equation 


(4.7) 


As  usual,  p*  in  (5)  and  (7)  stands  for  the  dimensionless  load  parameter 


(4.8) 
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The  critical  stress  |>cr  is  determined  from  (3),  neglecting  the  inertial  and  nonlinear 
terms;  then,  assuming  p  -  pp  ,  we  find 

y  *• 


jiU)  (I  +  *>)» 

^cr**  b'tif  I  -f  i»X'  * 


(4.9) 


» 

By  (.'•:.  118),  the  parameter  p*  will  be 


? 

i 


cr 


n*  (ItX1)1 

~V)  I  *4  siX1  * 


Switching  to  dimensionless  parameters  in  (I),  we  get 


p;=/»;+p;c°so/. 


(4.10) 


(4.11) 


Thus,  To.  (7)  should  contain  compressive  forces  changing  with  time  according  to  law 
(II),  We  finally  arrive  at  the  equation 


d 

dt 


Pn  +  />|  co»  0* 

pcr 


)t  +  nt3= 


>0. 


(4.12) 


W<;  introduce  the  symbol  ft  for  the  frequency  of  natural  vibrations  of  the  plate 
as  a  system  with  one  degree  of  freedom  subjected  to  the  static  action  of  the  constant 
componon!  p^: 


Q*»=co‘^l  — 


(4.13) 


Further,  we  will  refer  to  the  quantity 


Pi 


Pcr  (4.14) 
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as  the  excitation  coefficient,  which  represents  the  ratio  of  the  variable  component 
of  the  load  to  the  average  value  (more  accurately,  the  difference  between  the  Euler 
and  the  average  value,  cf.  Figure  4.2).  Using  this  notation,  we  represent  (12)  In 
the  form 


•£7  +  a!(i  —  fti-MOoc  +  nP-o. 


(4.15) 


We  have  thus  arrived  at  a  classical  equation  describing  the  parametric  vibrations 
of  a  system  with  one  degree  of  freedom  with  a  single  nonlinearity  parameter  ri.  Dis¬ 
carding  the  term  containing  r\,  we  obtain  the  usual  Math  leu  equation  corresponding 
to  a  1 1  near  system.  The  properties  of  this  equation  are  well  known.  As  already 
noted  in  §43,  for  a  linear  system,  a  gradual  Increase  In  amplitude  will  lake  place 
in  the  region  of  instability.  We  wi 1 1  be  Interested  In  the  f I rst  I nstab 1 1 1 ty  zone 
near  0  =  28.  For  such  a  region,  like  those  shaded  In  Figure  4.1a,  the  vibration 
amp  I itudes  wi 1 1  Increase  indefinitely. 


Figure  4.2.  In  reference 
to  the  determination  of 
the  excitation  coeffi¬ 
cient  of  the  system. 


If  however  we  are  dealing  with  a  nonlinear  system,  the  amplitudes  prove  to  be 
limited.  They  can  be  determined  In  the  following  manner.  We  Introduce  a  new  time 
parameter 


t\  *»«o 


\ 


1  Per 


(4.16) 


* 


i 


\ 
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and  write 


3r. 


(4.17) 


Then  by  (15),  the  equation  will  take  the  form 


dK 

dt 


(4.18) 


We  take  the  function  C  for  frequencies  near  0/C  =  1/2  in  the  form 


►  *  6/,  ,  n  .  0/, 

C -ill cos f  0,sm^. 


2U 


(4.19) 


We  use  the  formulas 

sin1  x  -  (3  sin  *  -  sin  3*),  cos* x  « |  (3  cos  x  +  cos  3x) , 

sin  x  cos* x  « 1  (sin  x  -f  sin  3x),  sin*  x  cos  x  - 1  (cos  x  -  cos  3x). 


Then,  discarding  the  terms  with  triple  frequency,  we  get 


where 


(/l,  cos x  +  Di  sin  t)3  ***  A9 (4,  cos x  -f  0,  sin  x), 


Consequently, 


j 
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On  the  other  hand,  we  use  the  relations 


cos  2x  cos  x  «  J  (cos  x  -f  cos  3x); 
cos  JUsIn  x  =~  ~  (—  sin  x  +  sia  34 


Here  again  we  keep  only  the  first  terns.  Then  Eq.  (18)  may  be  rewritten  In  the  form 


I  nstabl 1 1 ty 


#  9  V 
9/1* 

Figure  4.3. 


Boundaries  of 
the  first  in¬ 
stability 
zone  for 
I  Inear  para¬ 
metric  vi¬ 
brations  of 
a*  rectangular 
p I  ate . 


Taking  Aj  t  0  and  B|  t  0,  we  equate  the  expressions  In  parentheses  to  zero;  we  thus 
have 


1  ~£*-7  +  4m’-0, 
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If  the  nonlinear  term  in  (18)  Is  absent  (a  -  0),  from  ( 2 1 )  we  obtain  the  boun¬ 
daries  of  the  first  Instability  zone 


or 


JL 

2Q 


(4.22) 

(4.22a) 


For  all  0/2Q,  values  located  within  these  limits,  the  vibration  amplitudes  Increase 
Indefinitely;  the  corresponding  lines  are  represented  In  Figure  4.3,  solid  lines 
correspond  to  (22),  and  dashed  lines,  to  (22a). 

However,  In  the  case  at  hand,  a  i  0.  Hence,  we  find  for  A  the  definite  values 


M  f  0» 

l± t)J  • 

(4.23) 

dependent  on  the  nonlinearity  parameter  a  and  the  excitation  coefficient.  The  graph 
of  A2(02/4J)2),  corresponding  to  (23),  Is  shown  in  Figure  4.4;  we  obtain  straight 
lines  forming  an  angle  of  45°  wltn  the  abscissa  axis,  and  the  ’’corridor”  between  them 
has  width  k. 


Figure  4,4.  ”Amp 1 1 tude- fre¬ 
quency”  curves  for  parametric 
vibrations  of  a  plate. 
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Solvlnq  the  problem  In  the  linear  formulation,  we  obtain  a  band  of  width  k,  shown 
by  dashed  lines:  here  the  amplitudes  Increase  Indefinitely. 

We  will  now  determine  the  effect  of  linear  damping.  Introducing  the  corresponding 
term  in  (15),  we  arrive  at  the  equation 


-$• + 2e  •§  + Q-'  ( 1  -  * cos  °o  t + -  o  • 


(4.24) 


Introducing  the  variable  t(  from  (16)/  we  obtain 

?+2if-+(|-tCM^'s)c+4;s-o. 

(4.25) 

where  a  is  determined  from  (17).  Expressing  c  In  the  form  of  (19)  as  before,  we 
arrive  at  the  equations  (for  A  =  A|  +  B^) 


~  Ttf  “  ;  +  l 4-  ~r]cos  ||-  + 


(4.26) 


Conditions  A|  ?  0,  B  ?  0  now  lead  to  the  equation 


,  _  0*  *  ,  3  AM 

Ob 
“  U» 


0t 

Qr 

1  **  *  .  3  AA2 


I 


-0. 


(4.27) 


In  the  absence  of  the  nonlinear  term  In  (24),  when  o  -  0,  the  boundaries  of  the 
first  Instability  zone  would  now  be  determined  by  the  equation 

7SF~‘2w(1  “fr)  +  l  "Tu° 


! 


i 


or  approximately 


5 


(4.28) 


The  curve  found  from  (28)  for  some  value  of  e  is  represented  by  a  dashed  line  in 
Figure  4.3. 


0 


bW 


Figure  4.5.  Influence 
of  damping  on  parametric 
vibrations  of  a  plate. 


Let  us  return  to  the  nonlinear  problem.  On  the  basis  of  the  complete  equation  (27), 
A  is  determined  as  follows: 


A  ~ 


—  1  ± 


(4.29)- 


o 

The  new  graph  for  A  is  shown  in  Figure  4.5.  Assuming  A  =  0,  we  flrd  the  width  of 
the  band  along  the  abscissa;  it  is  now  equal  to  2  Y *74  —  4e?/U2.  ,  As  we  see,  the  in¬ 
stability  boundaries  come  closer  together  In  the  presence  of  damping.  Instead  of  a 
continuous  corridor  as  in  Figure  4.4,  a  loop  is  obtained.  The  right-hand  boundary 
k  of  the  zone  of  stable  vibrations  Is  determined  by  the  abscissa  (dashed  line): 


ol 

W 
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§45.  Closed  Cylindrical  Shell  under  Fluctuating  External  Pressure 
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Let  us  turn  to  the  problem  of  the  behavior  of  a  closed  cylindrical  shell  subject 
to  a  fluctuating  nonnal  pressure.  This  problam  has  important  applications  in  modem 
engineering.* 


Ihe  general  plane  of  the  solution  of  the  problem  will  remain  the  same  as  in  the 
discussion  of  forced  vibrations.  The  deflection  will  be  approximated  by  the  expres¬ 
sion  kql  =  tt/L,  3  =  n/R): 


w — f  (0  (sin  oxsin  fry  4*  t  sin* «  4*  $)• 


(4.30) 


Repeating  the  operations  given  in  the  book  [0.6],  p.  764,  we  arrive  at  the  following 
equation  analogous  to  (12): 


c,  +  [C„  -  <7  (/)]  C  -  + (C, + C,^);' = 0 . 


(4.31) 


Here 


C0* 


C, 


_ I! _ . _ *i_ 

n*( I  +42)**  T  12(1—  n*) 

1  1  _L  I _ 

I  (I  +£*)»  ^  (I 

jRl 

8& \  * 


s,  C|  1 


_»*  I  4-  V 
hi  s* 


s, 


1 

(« t-m* 


we  further  introduce  the  parameters 


a*  ?  «/.  • 


*The  results  given  here  are  due  to  V.  Ts.  Gnuni  [4.3], 


The  quantity  ^  can  be  found  with  a  certain  approximation  from  the  solution  of  the 
nonlinear  static  problem  (see  [O.oj#  p.  790).  We  then  let  q(t)  =  q^cos  6t.  Then 
tq.  (31)  can  be  rewritten  In  the  form 


where 


+ 2e  & + &  o  —  *  c°s  «<)  t  -  «;J + k5  =>  o. 


(4.32) 


For  the  case  TrR/nL  <  2.66,  we  find  a  relationship  between  the  square  of  the  amp¬ 
litude  of  steady  vibrations  and  the  square  of  the  ratio  ,  shown  in  Figure 

4.6.  The  loop  on  this  graph  is  similar  to  the  one  we  obtained  for  a  plate  (Figure 
4.5),  but  has  a  "falling  portion".  Obviously,  snaps  of  the  shell  from  some  stable 
steady-state  positions  to  others  are  possible  in  this  case.  For  example,  in  going 
from  the  region  of  low  frequencies  to  higher  ones,  one  can  observe  the  jumps  shown 
by  arrows  in  Figure  4.7a.  On  the  contrary,  when  the  frequency  decreases,  we  obtain 
the  jumps  shown  in  Figure  4.7b. 

4* 


Figure  4.6.  The  "amp¬ 
litude-frequency"  curve 
for  parametric  vibra¬ 
tions  of  a  ci rcular 
cy 1 1 ndrical  she! I . 

Of  interest  is  the  study  of  parametric  vibrations  of  cylindrical  shells  filled 
with  liquid.  Such  a  problem  is  discussed  In  [4.6]]  from  points  of  view  close  to  the 
ones  described  above;  this  work  also  cites  data  on  some  experiments. 
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Figure  4.7.  Concerning  the  behavior  of  a  cir¬ 
cular  cylindrical  shell  for  parametric  vibra¬ 
tions  related  to  the  stall  effect:  a)  as  the 
frequency  Increases,  b)  as  the  frequency  de¬ 
creases. 


§46.  Behavior  of  a  Cylindrical  Panel  under  a  Fluctuating  Compressive  Load 


In  conclusion,  we  wi 1 1  extend  the  results  obtained  In  §44  for  a  plate  to  the  case 
of  a  cylindrical  panel  compressed  along  the  generatrix.* 


We  will  assume  that  the  edges  of  the  panel  are  hinged,  and  that  uniformly  dlstrl- 
buted  compressive  forces  p  =  p0  +  P+cos0t  are  acting  along  the  curved  edge..  We  will 
also  assume  that  on  the  average,  the  normal  and  tangential  forces  acting  along  the 
longitudinal  edges  become  zero. 


We  write  the  basic  equations  in  the  usual  form,  (1.40),  (1.41), 
is  approximated  by  the  expression 


The  deflection 


n:/ 


= /{Osin  —  sin  b 


(4.33) 


assuming  as  a  first  approximation  that  for  a  slightly  curved  panel,  one  half-wave 
is  formed  in  the  directions  of  each  of  the  sides  a,  b.  Substituting  (33)  into  Eq. 
(1.41),  we  find  the  function  t.  Then,  applying  the  procedure  of  the  Bubnov-Galorkin 
method  to  Eq.  (1.40),  we  obtain  the  following  equation  (w0  *  o,  X  =  a/b): 


« 


*This  problem  was  discussed  by  G.V.  MKhchenkov  [4.4], 


# 
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4fr  +  24  '3«'  +  “of  ~  y  { -p-  (Po  +  Pi  cos  0/)  f  — 

-^[T  +  7TFjP5r]^+‘§''Sr(l+^)/3},“0.  (4.34) 

As  before,  Wq  denotes  the  frequency  of  natural  vibrations,  which  according  to  (2.211) 
Is  equal  to 


I 

/ 

i 


ol-^Z-FiKK). 

Here  K  and  F  stand  for  the  quantities 

t/  _  W  n  „  ,  ,  12(1  —  H?)  A'1 

K  F“<*  +  x)  +-«Mi+XT" 

We  then  introduce  the  notation 


P'^i/iKK),  QF-njfi-a)  j-— * . 

,  i  ILz.  H  l«i  (I  -  |l2] 

4  '•  TZa'  ho=^-~V- 

P . 


/»/ 


P» 


(4.35) 


(4.36) 


P 0 

(4.37) 

p • 

(4.38) 

The  quantities  appearing  here  were  dealt  with  In  §32  In  connection  with  the  discussion 
of  natural  vibrations.  When  £  =  f/h,  we  arrive  at  the  equation 


7tF  +  2e  -;?f  +  ( I  -  it  COS  0/)  5  -  +  n,f  iJf-i  ,=  0. 


(4.39) 


In  the  case  K  =  0,  we  obtain  the  case  of  a  plate;  the  coefficient  3q  will  be  equal 
to  zero. 

If  the  dynamic  terms  are  eliminated  from  (39),  we  have  the  equation 


(4.40) 


The  roots  of  this  equation  correspond  to  three  possible  equilibrium  positions.  When 
I  *2 

0q  >  2t1q  ,  vibrations  are  possible  around  the  initial  state  of  equilibrium,  relative 
to  the  snapped  state,  and  covering  these  two  states  (see  132). 

Let  us  now  turn  to  the  dynamic  problem.  As  before,  we  will  be  interested  in 
the  main  instability  zone  and  will  take  the  expression  for  C  In  the  form 

C  *=  2l0  cos  -f  5(  sin  , 


In  the  usual  manner,  we  arrive  at  the  equations 


4>+ nAK +  f *')■ -  *(*• +  t  *)- »• 

’4^- 9+ *4- o- 


(4.41) 


where  n  -  0/ft,  A  =  2e/ft,  and  is  the  dimensionless  frequency  of  natural  vibrations, 
determined  from  the  equation 


as  before,  A  stands  *or  the  amplitude  of  steady  state  vibrations.  From  the  first 
equation  of  (41)  we  rind 


...  Me”"  * 

A-2A>  — 


The  other  two  equations  for  Aj  ?  0,  Bj  /  0  give 


M*  -  ll6 

v~*  * 

—  nA 


(4.42) 


(4.43) 
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Hence 


W  ~  2Af)  ±  2  VT^njA*  +  \\ 


In  the  absence  of  damping 

2  » 


which  agrees  with  (22). 


Figure  4.8.  Amplitude-fre¬ 
quency  curves  In  the  case  of 
parametric  vibrations  of  a 
cylindrical  panel. 


Figure  4.9.  Behavior 
of  a  she  1 1  In  para¬ 
metric  vibrations  In 
the  case  of  apprecl- 


Figure  4.8  shows  amp  I itude- frequency  curves  plotted  on  the  basis  of  the  above 
relations  for  a  square  panel  with  K  =  13  and  p^/p  =  0.45;  the  coefficient  rig  and  8g 
calculated  from  (38),  will  then  be  nQ  =  0.26,  Bg  =  0.8.  in  this  case,  vibrations 
around  only  one  equilibrium  position  take  place.  Figure  4.8  contains  curves  plotted 
by  assuming  the  absence  of  damplrg  (A  =  0)  and  Its  presence  (A  -  0.15,  0.2,  0.22). 
Solid  linen  show  stable  branches  of  the  curves,  and  dashed  lines,  unstable  ones.  At 
small  damping  ratios,  graphs  whose  general  form  was  given  in  Figure  4.7  are  obtained 
In  the  case  of  considerable  damping,  a  different  response  Is  possible,  as  in  Figure 
4.9.  Here  the  jumps  can  take  place  only  in  the  presence  of  sufficiently  low  distur¬ 
bances,  which  throw  the  system  over  to  the  cd  branch. 


n/z*-e/::z 

Figure  4.10.  "Deflection  amplitude- 
frequency"  curves  for  parametric  vi¬ 
brations  of  a  panel  having  three 
equi I ibri urn  positions. 

Figure  4.10  shows  a  case  In  which  there  are  three  equilibrium  positions;  the 
following  values  were  taken:  \  -  0.85,  K  =  13,  pg/p#  -  0.5.  The  calculations  give 
t\q  -  0.26;  0q  =  I .  I ,  so  that  3o>2>^Tq.  In  this  case,  some  of  the  curves  have  differ¬ 
ent  branches  separated  along  the  ordinate  axis.  We  have  already  encountered  a  simi¬ 
lar  example  in  the  discussion  of  forced  vibrations  of  cylindrical  panels. 

§47.  Resonances  in  Nonlinear  Systems 

To  conclude  the  chapter  of  the  book  dealing  with  periodic  actions  of  loads  on 
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shells  or  plates,  let  us  recall  certain  definitions  pertaining  to  the  phenomenon  of 
resonance  in  nonlinear  systems. 

In  analyzing  a  vibratory  process,  we  are  interested  In  the  zones  where  the  vibra¬ 
tion  amp'itudes  increase,  and  do  so  In  such  a  way  that  this  phenomenon  affects  the  way 
In  which  the  structure  Is  used.  The  phenomenon  of  Increase  In  vibration  amplitudes  is 
related  to  the  concept  of  resonance. 

When  the  nonlinear  components  In  the  equations  of  vibrations  are  expanded  In  a 
Fourier  series,  and  the  equations  are  reduced  to  the  solving  form,  terms  with  combina¬ 
tion  frequencies  of  the  type  n0  +  mft  appear,  where  0  Is  the  load  change  frequency  (ex¬ 
ternal  frequency),  ft  is  the  fundamental  frequency  of  natural  vibrations,  and  n  and  m 
are  certain  Integers.  Therefore,  in  contrast  to  linear  systems.  In  nonlinear  problems 
resonances  are  set  up  at  different  combinations  of  frequencies:  ft,  where  r  and  q  are 
coprime  integers  CO . 2 1 J;  these  combinations  depend  on  the  characteristics  of  the  system. 

The  case  rft  -  qO  is  known  as  main  or  ordinary  resonance;  we  were  Interested  In  it 
for  forced  vibrations. 

On  the  contrary,  for  parametric  vibrations,  of  greatest  Importance  is  the  case  In 
which  the  frequency  of  natural  vibrations  is  equal  to  a  fraction  of  the  external  fre¬ 
quency  (ft  *  0/2);  such  resonance  is  called  parametric. 

Vibrations  with  the  frequency  relation  ft  *  q0  may  also  be  of  practical  importance. 
These  vibrations  pertain  to  overtones  of  the  external  frequency. 

Complex  problems  of  various  resonances  In  nonlinear  systems  pertaining  to  plates 
and  shells  have  been  inadequately  treated  and  are  of  considerable  theoretical  and  prac¬ 
tical  interest. 
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Chapter  V 


Self-Excited  Vibrations 

§48.  Basic  Concepts 

The  next  Important  type  of  vibrations  which  we  will  now  consider  are  self-excited 
vibrations.  These  are  undamped  vibrations  excited  by  forces  dependent  on  the  deforma¬ 
tion  of  the  vibrating  system  Itself:  hence  the  term  set f-exclted.  The  energy  to  susta 
such  vibrations  is  supplied  by  some  external  source. 

One  of  the  most  Important  types  of  self-excited  vibrations  In  engineering  are 
flutter  type  vibrations.  They  are  set  up  as  a  result  of  the  action  of  a  gas  flow  on 
a  deformed  system.  As  it  moves  past  the  structure,  the  flow  exerts  different  forces 
on  it,  depending  on  the  position  of  the  system.  For  example,  the  wing  of  an  aircraft 
undergoing  deformation  In  certain  given  flight  regimes  is  subjected  to  different  pres¬ 
sures  from  the  incident  gas  flow.  The  change  In  wing  geometry  due  to  the  deformation 
leads  in  turn  to  an  increase  or  decrease  of  the  pressure  at  various  points  of  the  wing. 
Thus,  a  coupled  "elastic  structure  -  gas  flow"  system  Is  obtained  whose  characteristics 
change  continuously.  For  certain  parameters  of  this  system,  the  amplitudes  of  wing 
disp lace-^nts  that  are  vibratory  In  character  Increase  sharply.  The  deformations  aris¬ 
ing  from  i  '  er  are  very  dangerous  tor  the  structure,  since  they  quickly  lead  to  a 
loss  of  stabiuty  and  to  the  development  of  fatigue  cracks. 

It  is  necessary  to  distinguish  the  so-called  "classical"  flutter,  associated  with 
a  general  flexural -tors  Iona  I  deformation  of  the  wing  or  combined  displacements  of  the 
wing  and  ailerons,  and  deformation  of  the  fuselage  and  tall  assembly,  from  "panel" 
flutter,  characterized  by  local  buckling  of  parts  of  the  skin  of  the  wing  or  fuselage 
between  the  stiffeners.  Panel  flutter  may  Involve  the  skin  of  various  types  of  air¬ 
craft  structures.  This  type  of  flutter  assumes  a  particular  Importance  at  supersonic 
and  hypersonic  flying  speeds. 

At  the  present  time,  the  problem  of  flutter  Is  particularly  pressing  In  aircraft 
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construction  In  connection  with  the  Increased  dimensions  of  aircraft  and  higher  flying 
speeds. 

§49.  Nonlinear  Flutter  of  a  Plate 


Let  us  first  consider  the  problem  of  flutter  of  a  flat  rectangular  plate  with 
length  a  along  the  flow  and  width  b,  hinged  along  all  the  edges.  It  will  be  assumed 
that  a  supersonic  gas  flow  characterized  by  velocity  U  flows  past  the  plate  on  one 
side  (Figure  5.1).  The  coordinate  lines  x,  y,  z  will  be  placed,  respectively,  along 
sides  a,  b  and  a  normal  to  the  surface  of  the  plate.* 


The  equations  describing  the  behavior  of  the  plate  will  be  written  In  the  form 
of  (1.42a),  (1.43a),  assuming  =  0: 


L(Q),  w) 

L™>s 


Vo  0*1* 

L±( 

a  of 

■yMw,  w)S 


(5.1) 


where  y^  denotes  the  specific  gravity  of  the  plate  material.  The  first  equation  con¬ 
tains  a  term  characterlz Ing  the  pressure  exerted  on  the  plate  by  the  gas  flow;  y  Is 
the  specific  gravity  of  the  gas,  and  <J>  Is  the  velocity  potential.  Equations  (I)  were 
set  up  by  using  the  linearized  theory  of  nonvlscous  potential  flow.  The  function  <p 
must  satisfy  the  equation 


and  the  solution  must  conform  to  the  boundary  condition 


(5.3a) 


*See  E.N.  Dowell,  Nonlinear  Oscillations  of  a  Fluttering  Plate,  AIM  Paper  No. 
67-13,  1967. 


at  the  plate  surface  and  to  the  condition 


(5.3b) 

outside  the  plate;  c  denotes  the  sound  velocity  In  the  undisturbed  gas  flow. 


Figure  5. I .  Plate 
In  a  flow. 

We  will  now  use  the  Bubnov-Galerkln  method.  The  deflection  function  Is  approxl- 
mated  by  the  series 

(5.4) 

It  is  assumed  that  In  the  direction  of  the  width  of  the  plate,  one  half-wave  Is  always 
formed;  the  number  of  half-waves  along  the  length  Is  m.  Substituting  (4)  Into  Eqs. 

(I)  and  Taking  (2)  and  (3)  into  account,  we  arrive  at  the  following  system  of  equations, 
which  here  are  written  In  the  dimensionless  form: 

& — -  iv,)|  -if  (mm + Vo) + a«] + 

+  4 2  a..  «-|.  2,...  <5-5) 

T 

fm  denotes  the  dimensionless  amplitude  of  the  m-th  component  of  the  deflection,  and 
t  Is  the  dimensionless  time;  \  =  a/b.  The  coefficients  A,...  C  depend  on  the  parameters 
of  the  plate  and  characteristics  of  the  material.  stands  for  expressions  of  the 
type 


* 
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where  pr  is  the  pressure  arising  from  the  appearance  of  the  deflection  component 


w,  =»  At  sin  sin  , 


p^  is  the  pressure  in  the  incident  flow,  p  -  y/g« 


The  coefficients  <D  are 
rm 


where 


Qrn  Srm  “  Dm  4  J  fr  (*’)  H tn  —  *v)  «f 

0 

* 

ll 


(5.6) 


S  ,  D  ,  H  ,  I _  are  some  functions  of  M  and  X.  If  the  integrals  enterinq  into  Eq. 

rm  rm  rm  rm  3  s  ^ 

(6)  are  omitted,  the  remaining  terms  give  values  of  corresponding  +o  the  piston 
theory. 

Thus,  the  problem  redices  to  solving  the  system  of  equations  (5),  which  determine 
the  change  in  deflection  amplitude  wi+h  time.  These  liquations  were  solved  by  a  numeri¬ 
cal  method  with  the  aid  of  a  computer.  The  character  of  change  In  the  amplitudes  of 
the  limiting  cycle  as  a  function  of  the  velocity  head  is  illustrated  by  the  graph  of 
Figure  5.2.  It  was  assumed  that  X  *  1 .  Amplitudes  of  d!me"e Ion  less  deflection  w/h 
are  laid  off  along  the  ordinate  axis,  and  the  velocity  heaa  parameter  q*  »  pU^a^/D 
along  the  abscissa  axis.  The  different  curves  correspond  to  a  series  of  Mach  numbers 
M  from  I  to  i.6. 


-  227  - 


*Jh 

V 

V 

Qfi 


Figure  5.2.  Change  In 
the  amp  1 1 tudes  of  the 
I i ml  ting  cycle  as  a 
function  of  the  velo¬ 
city  head. 

§50.  Experimental  Studies  of  Plate  Flutter 

We  will  describe  some  experimental  studies  of  flutter  pertaining  to  flat  panels. 

In  the  majority  of  experiments  conducted  by  various  authors,  the  plates  tested 
were  fixed  on  a  rigid  model  with  a  sharp  leading  edge;  the  gas  Jet  flowed  past  the 
plate  at  a  zero  angle  of  Incidence.  In  this  case.  It  may  be  assumed  that  the  super¬ 
sonic  flow  past  the  panel  Is  undisturbed.  The  cavity  under  the  panel  is  usually  con¬ 
nected  with  the  atmosphere  of  the  wind  tunnel.  In  other  variants,  the  cavity  Is 
sealed,  and  a  given  pressure  may  be  maintained  In  It  [5.30,  5.23,  5.35,  5,13,  5.24U. 

In  addition.  In  a  series  of  experiments,  the  plates  were  loaded  with  longltudlan! 
compressive  forces  in  the  plane  of  the  plate  [5.35,  5,24],  In  some  experiments,  the 
temperature  of  the  incident  flow  was  varied;  thermal  stresses  causing  buckling  were 
set  up  In  the  plate. 

Figure  5.3  shows  computed  flutter  limits  for  a  freely  supported  square  plate  in 

a  supersonic  flow  under  conditions  of  uniform  temperature  rise  by  an  amount  AT. 

Here  AT  denotes  the  temperature  at  which  static  buckling  of  the  plate  takes  place, 

and  „  h  v  L>/:' *  *  ^t  is  evident  from  Figure  5.3  that  self-excited  vibrations 

^  T'  pi/* 

are  absent  for  a  plate  In  n  flat  or  buckled  state  (regions  K  and  N  respectively)  for 
high  values  of  the  aerodynamic  parameter  and  a  uniform  temperature  Increase;  however, 
at  lower  values  of  the  aerodynamic  parameter,  the  representative  point  will  move  from 
the  region  of  static  stability  (point  A)  into  the  flutter  region  S  (point  B),  where 


206  40$  BU  808  q 
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Figure  5.3.  Sfabll- 
ity  limits  of  a 
plate. 


self-excited  vibrations  will  bo  sot  up.  As  tho  temperature  rises  further,  the  "plate- 
flow"  system  will  loavo  tho  flutter  region  (point  C),  and  a  static  loss  of  stability 
will  take  place  (point  D);  tho  buckled  panel  will  tnen  by  dynamically  stable. 

551.  Quasl-Sfolic  Problem  for  a  Closod  Cylindrical  Shell 

Lot  us  consider  the  behavior  of  a  closed  circular  cylindrical  shell  In  a  super¬ 
sonic  gas  flow  moving  on  tno  outsldo  of  tho  shell;  tho  undisturbed  Jet  velocity  U 
will  bo  considered  directed  along  tho  generatrix.  In  addition.  It  will  bo  assumed 
that  tho  shell  Is  subjected  to  the  static  action  of  uniform  compressive  stresses  Og 
along  Its  length  (Figure  5.4.*). 

The  phenomenon  of  panol  flutter,  which  Is  tho  subjoct  of  this  chapter,  Is  fre¬ 
quently  nun  If os tod  togofhor  with  monoton  I e  shell  buckling,  which  has  no  vibratory 
character  and  may  be  treated  as  a  quasi-static  process.  In  aviation  litorature. 


•This  problem  was  solved  by  E.D.  Skurlatov  C?. 16}.  He  also  obtained  the  theoreti¬ 
cal  and  experimental  results  presented  below  In  §§52-55,  57,  60;  see  tho  collection 
Transitional  Processes  of  Deformation  of  She) I s  and  Plates,  Tartu,  1967. 
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such  a  process  is  known  as  dl vergence.  in  certain  cases,  the  phenomena  of  divergence 
and  flutter  may  alternate  as  the  velocity  of  the  gas  jet  or  the  magnitude  of  the  com¬ 
pressive  stresses  changes.  For  this  reason,  we  will  first  study  the  phenomenon  of 
divergence.  The  aerodynamic  forces  will  be  determined  In  accordance  with  the  piston 
theory  (see  the  book  C0.6]  §225). 

we  will  first  treat  this  problem  as  a  geometrically  I  Inear  one;  considering  the 
shell  deflections  to  be  small  in  compariso:i  with  the  thickness.  The  basic  equations 
will  be  taken  in  the  form  (see  [0.6],  p.  858): 


Figure  5.4.  Cy 1 1 ndrical 
shell  acted  on  by  a  gas 
flow  and  axial  stresses. 


It  is  easy  to  see  that  these  equations  constitute  a  linearized  variant  of  Eqs.  (1.40), 
(1.41)  for  Oq  =  -3z$/3y2;  the  quantity  q  will  be  taken  according  to  the  formula  of  the 
piston  theory  (also  in  linearized  form)  as 


The  solution  will  be  sought  in  the  form  [0.6]: 


w(x,  yt  I)  ma  „  (/)  sin  ax  sin  fly  +  h,  n  sin  \x  sin  p//. 


(5.8) 
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where  oi  =  rmr/L,  y  =  <m  +  I  )tt/L,  3  =  n/R;  m  is  the  number  of  half-waves  along  the 
generatrix,  and  n  is  the  number  of  waves  in  the  circumferential  .irection*.  Substi¬ 
tuting  (8)  Into  tne  second  of  Eqs.  (7),  we  find  an  expression  for  the  stress  func- 
tion  in  the  middle  surface: 


y .  /)  ==  /|  sin  dx sin p#/  -f-  /2sin  v*sinfty, 


where 


/  *=  &*£  t  I _  _y‘JL  t 

‘  N  («* + p1)* ,w* ** 


Using  (8)  and  (9)  in  the  first  equation  of  system  (7)  and  applying  the  Bubnov-Galerkin 
method,  we  arrive  at  a  syst^  ;  +wo  algebraic  equations  in  f  and  f  ...  We 
introduce  the  dimensionless  quantities  under 


r  _  ff»- *  r  _  n —  M 

fem.  n  **  •  tffi  M.  'i  I,  •  u  ~  l,  * 

v  m(w-H)  wJ}  (I  -  nJ)  r-  12(1  -  |i»)  l% 

***  1  +  2m  Lh*  n4  '  A 1  **"  n*  Rh 


12  (I  —  |i*>  L*  m2 


,,  12(1 -fiM  U  A  _ 

a2 — — ii - sir  +  1  “»  °o—  /•/.  • 


~1 - "TjyT  v  •  * '  *  -  Eh- 

r  ,  ,  (n!.\*V  I  12(1  -|*J)  m'L* 

<.“K+U)I+— 


Then  the  system  of  equations  takes  the  form 


U|",  n^,  (i 

f  I,  n^m  +  1,  n  +  1,  n  ^a£m.  n  ~ 


Setting  to  zero  the  determinant  of  the  system  o.  equations  (9a),  we  find  the  upper 
critical  compressive  stress  as  the  minimum  root  of  the  following  equation: 


*The  quantity  a  must  not  be  confused  with  the  parameter  a  wh'ch  occurs  below. 
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. 


(5.10) 


‘M'.K,  l(w«+i,«^i  +wi.A-)± 

±  ^Kti.  n*i  —  K.  «*»)*  -  4K J. 

If  no  flow  Is  present  (a  =  0),  relation  (10)  Is  the  same  as  the  expression  for  the 
upper  critical  value  of  the  parameter  of  axial  compressive  stresses.  Analysis  of 
relation  (10)  leads  to  the  conclusion  that  a  gas  flow  may  stabilize  a  shell  compressed 
in  the  longitudinal  direction  (Figure  5.5). 


a 


Figure  5.5.  Axial  com¬ 
pressive  stress  para¬ 
meter  vs.  flow  velocity. 

We  will  examine  the  same  problem  In  the  nonlinear  formulation,  for  which  we  will 
use  general  equations  of  type  (1.40),  (1.41).  Since  both  the  deflections  and  their 
derivatives  enter  into  these  equations  in  a  degree  no  higher  than  third,  the  aero¬ 
dynamic  forces  will  be  determined  from  the  third  approximation  formula  (see  [0.6 j, 
p.  835).  The  expression  for  the  deflection  will  be  given  in  the  form  of  the  series 

u'Cv, //,  0-/i  (Osin  fa  sin  p//H-  (5 

H*  U  (Osin  yx  sin  Ity+MOsiir’u.r. 
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Further  calculations  are  similar  to  those  made  for  the  linear  problem,  but  are 
very  cumbersome.  Omitting  the  intermediate  operations,  we  finally  write  the  equations 
In  the  dimensionless  form 

-f  h,,,,;;  +  4-  I 

+  aiMl  +  =  0, 

*'**'  +  +  Kdi  +  Mi1;,  +  + 

+  *«C,C  +  V«5“0,  (5.12) 

+  C«o£5  +  'mf\  +  J 

+  e«|tSj »o. 

The  coefficients  a.^,.  ,  b^,  c^  depend  on  the  parameters  L,  R,  h,  m,  n,  K,  a 
[5.16].  On  the  basis  of  Eqs.  (12),  one  can  determine  the  equilibrium  shape  of  a  shell 

A 

for  different  values  of  the  axial  load  parameter  Oq  and  different  flow  velocities.  For 
a  steel  shell  having  the  dimensions  L/R  =  6,  R/h  =  500,  Figure  5.6  shows  the  envelopes 
of  branches  of  equilibrium  shapes  In  stationary  air  (a  =  0)  and  In  a  flow  at  a  velocity 
equal  to  one-half  of  this  critical  value  a*,  which  Is  determined  from  the  solution  of 

C I 

the  linear  problem  (see  formula  (24)  below).  The  critical  compressive  stress  for  a 
shell  in  a  flow  turns  out  to  be  higher  In  this  case  than" in  a  stationary  medium*.  The 
form  of  wave  formation  also  changes:  numbers  m  and  n  for  a  compressed  shell  In  a  gas 
flow  are  higher  than  for  the  same  shell  In  a  stationary  medium. 

§52.  Dynamic  Linear  Problem  for  a  Closed  Cylindrical  Shell 

Let  us  consider  the  dynamic  problem  of  flutter  of  a  closed  circular  cylindrical 
shell.  As  before,  a  gas  will  be  assumed  to  flow  outside  the  shell.  In  addition,  it 
will  be  assumed  that  the  shell  contains  an  incompressible  liquid  of  density  p^.  We 
will  consider  a  linearized  problem  as  the  introductory  one. 

The  expression  for  the  norma!  component  of  the  load  q  wl 1 1  be  made  to  include  the 

*This  phenomenon  was  observed  in  experiments  conducted  by  E.i.  Grigolyuk,  R.  Ye. 
Lamper,  and  L.G.  Shandarov  (Theory  of  Shells  and  Plates,  Yerevan,  1964,  pp.  407-411) 
and  in  the  experiments  of  E.D.  Skurlatov  [5.I6J. 
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Figure  5.6.  Equilibrium  shapes  of  a 
she!*  witn  and  without  consideration 
of  flow. 


inertia  forces,  dissipative  forces,  gas  pressure  and  pressure  of  the  liquid  filling 
the  she  1 1 : 


Y„  . 


< It 


(5.13) 


where  e  is  the  damping  coefficient,  pj  Is  the  external  gas  pressure,  <f>L  is  the  velo¬ 
city  potential,  y^  is  the  specific  gravity  of  the  liquid  filling  the  shell,  and  and 
y  are,  as  before,  the  specific  gravities  of  the  shell  material  and  gas. 

We  will  switch  to  cylindrical  coordinates  x,  6,  r. 

The  velocity  potential  <|>L  of  the  liquid  contained  in  the  shell  must  satisfy  the 
equation 


0 


7 


"d?  +T7i 7*  "  +  -• 


dx * 


dU* 


(5.14) 


One  of  the  boundary  conditions  is 


»ir 


~)T 


for  '”fi: 


(5.15) 


-  234  - 


the  other  conditions  refer  to  the  edges  x  =  0,  x  =  L;  In  addition,  the  function  <J>^ 
must  be  finite  when  r  =  0. 


Substituting  the  function  w,  characterizing  the  vibration  mode  of  the  shell.  In 
the  form 


®  f  rn.  ii  ll)  sill  |  —  COS  /|0, 


(5.16) 


we  find  the  following  solution  of  Eq.  (14): 


a  n\  e  l  l,l^r  \  •  «»<TV  ~ 

”  Am,  n  (0  ln  \-/T~  j  sl"  ~  cos  /t0‘ 


(5.17) 


Here  ln  is  a  modified  Bessel  function  of  the  first  kind  with  index  n,  and  f  and 
n  m,  n 

Am  ^  are  the  desired  time  functions.  Using  condition  (15),  we  determine  A  : 
m,  n  3  ’  m,  n 


_ /' _ dl,lLn 

"ixl'n  (f tR)  dt 


(5, ,8) 


Substituting  (18)  into  (17),  we  find  the  expression  for  the  velocity  potential 


Ri„a,n) 


A.  f|/«  p./n)  0t 


(5.19) 


where  A  =  rmrR/'_.  The  transient  pressure  of  the  liquid  on  the  wall  of  the  shell  wil 
be  defined  by  the  formula 


PL  iL  01  km  Ih  (km)  on  L  on 


(5.20) 


where  mL  is  the  apparent  mass  of  the  liquid,  corresponding  to  vibrations  of  the  shell 
with  the  formation  of  n  waves  In  the  c! rcumferential  direction  and  m  half-waves  along 
the  generatrix.  Thus,  the  Inertial  term  of  the  type  (yQ/g)hQ2w/3t2)  will  be  replaced 
by 
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where 


f«c, 


d*w 


Km.n” 


t  + 


mLn 

h\0 


Following  the  same  procedure  as  In  §51,  we  obtain  the  following  equations  of  motion: 


where 


Cm.  4  4’  Snt.  «tm.  n  4*  K  1  Cm,  n  ~  QCm+l.  «il  **  0, 

Cm-fl.R  4"  tfm+l.nCm+l.n  4" 

+Tcb-Il<^» -*«(m  +  +  “°’ 

48kp<x1M  JJ  I  m(m+  I) 

*<»  A1  n<  1+2 m  ’ 

_  12(1—  nJ)  I  f»  ^  •«♦!.«* 


<  n 


(5.21) 


where  the  dots  denote  derivatives  with  respect  to  time.  Damping  coefficients  corres¬ 
ponding  to  the  different  vibration  modes  are  denoted  by  q  and  q  .  .  We 

m,  n  +  I ,  n 

further  assume  g^  n  =  n  *  g.  Representing  the  solution  of  (21)  In  the  form 


im.  n  *—  Cm+I.  n  1=8  ^m+\ n£X,» 


(5.22) 


we  obtain  a  system  of  homogeneous  linear  algebraic  equations  in  F  and  F  , 

m,  n  mt I ,  n 

Setting  to  zero  the  determinant  of  the  system,  we  find  the  characteristic  equation 


V  +  +  (ft, +  1, +  e*)X! +  «((,.  + <>, -4j-  ft,)J,+ 

+  ft|ftj  —  ft.ft3  —  ftjft.  4*  ft.ift.  +  ft(— 0;  { 5 . 23) 


where 


bi 

b< 


Mm+l)»o 

Km+i,  n  * 


wm4-l,  n 
1,  n 


b3' 

Q' 


6</n  7a 


(I  +  w)*  m* 


sff=  WU7  (t+2w)* 
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The  undisturbed  equilibrium  form  of  the  shell  will  be  stable  If  all  the  real  parts  of 
the  characteristic  indices  are  negative,  and  will  become  unstable  If  among  the  char¬ 
acteristic  indices  there  will  be  at  least  one  with  a  positive  real  part.  Using  the 
Routh-Hurwitz  criterion,  we  determine  the  parameter  a*  corresponding  to  the  critical 
flutter  velocity: 


a  — 


1  ±  2m 
'  2m  (I  +  m) 


m+|,« 


+eU. 


(5.24) 


where 


s— V?"- rrC-M8).  0’ 

n't-iai,  _  h*  ’  m  n  v  1 


A2  __  «  —  ("*  +  l)3d(,a 
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Figure  5.7.  Graph  for  critical  flow 
velocities  in  the  course  of  a  cylindri¬ 
cal  shell,  with  consideration  of  damping 
and  apparent  mass  of  the  liquid. 


We  then  minimize  a*  with  respect  to  the  number  of  waves  In  the  circumferential  direction 
n,  considering  n  to  be  sufficiently  large.  Results  of  the  calculations  are  presented 
in  Figure  5.7.  The  latter  gives  the  critical  numbers  a*  for  different  values  of  com- 
pressive  (oQ  >  0)  and  tensile  (a  <  0)  stresses,  and  also  with  (dashed  lines)  and  without 
(solid  lines)  consideration  of  the  effects  of  apparent  mass  of  the  liquid  and  vibration 
damping.  Figure  5.8  shows  the  stability  limits  for  shells  having  different  L/R  and 
h/R  values,  either  hollow  (dashed  lines)  or  filled  with  liquid  (solid  lines).  It 
follows  from  Figures  5.7  and  5.8  that  damping  stabilizes  the  shell  In  this  case.  In 
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the  presence  of  axial  and  compressive  stresses  changing  within  the  limits  considered, 
the  critical  flutter  velocity  Is  sharply  reduced,  while  In  tension,  on  the  contrary. 
It  Increases.  Consideration  of  the  apparent  mass  of  the  liquid  leads  here  to  a  cer¬ 
tain  increase  In  critical  velocity;  let  us  note  that  the  vibration  mode  also  changes. 
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Figure  5.8.  Stability  limits  of  hollow  and 
I  lquid-f II  led  cylindrical  shells. 


Examination  of  the  function  a*r<n)  reveals  that  It  has  two  minima,  the  first 
minima  being  characteristic  of  long  shells,  and  the  second,  of  short  ones.  As  the 
shell  length  decreases,  the  number  of  waves  along  the  generatrix  decreases;  at  the 
same  time,  the  number  of  waves  In  the  circumferential  direction  Increases.  On  the 
basis  of  the  assumption  that  n  »  m.  from  relation  (24)  one  can  obtain  an  approxi¬ 
mate  dependence  for  determining  the  number  of  waves  In  the  circumferential  direction 
corresponding  to  the  minimum  critical  flutter  velocity: 

■). 

(5.25) 


the  minimum  critical  velocity  being  described  by  the  relation 
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(5.26) 
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Example.  Determine  the  critical  parameters  for  a  copper  shell  with  a  radius  of 
204  mm,  a  length  of  408  mm,  and  wall  thickness  of  0.1  mm.  Using  relations  (25)  and 
(26),  we  obtain 
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7,1. 


In  experiments  with  such  shells  [5.24],  fairly  close  values  were  obtained: 


"^^and 
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It  should  be  recalled  that  relations  (25)  and  (26)  were  obtained  on  the  basis 

of  a  two-term  approximation  of  the  shell  deflection.  Considering  the  data  obtained 

from  calculations  with  a  large  number  of  degrees  of  freedom,  one  can  find  the  fol- 

I  /2 

lowing  estimates  of  critical  velocity  valid  for  L/R  >  3 (h/R)  and  a  slight  com¬ 
pression  of  the  shell  along  Its  axis.*  For  the  first  minimum 


and  for  the  second  minimum 


7. 


—  8,0 
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where  a  is  the  axial  stress, 
x 


§53.  Refined  Solution  of  the  Linear  Dynamic  Problem 


(5.27) 

(5.28) 


For  a  refined  solution  of  the  linear  problem,  it  is  necessary  to  consider  a  larger 
number  of  terms  of  the  series  in  expansion  (4).  Because  of  the  cumbersomeness  of  the 


*These  data  are  due  to  E.l.  Grlgolyuk,  R.  Ye.  Lamper  and  L.G.  Shandarov  [5.10, 
1969]. 
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calculations,  It  becomes  necessary  to  use  a  computer  In  determining  the  stability 
Hml+s.  We  will  consider  an  algorithm  permitting  the  determination  of  the  stability 
limit  in  the  plane  of  the  two  parameters  h/R  and  M  when  many  terms  are  considered  In 
series  (4),  which  approximates  the  deflection,  and  when  the  damping  Is  different 
from  zero  [5.16]*.  The  solution  of  a  system  of  equations  of  the  type  of  (21),  de¬ 
terminable  In  the  form  of  (22),  leads  to  the  characteristic  determinant  (the  values 
of  R  and  C  are  given  on  p.  243): 


Kac 


m.  n.  /,  / 


n 


*  0,  m  **  1 » 2, 3,  . . . , 
"=*0,1,2 . 


(5.29) 


which  is  associated  with  the  characteristic  polynomial 


*t  7  4*  ^  1 4“  ...  bb  0. 


(5.30) 


We  will  now  adopt  the  Routh  criterion,  which  Is  very  convenient  for  use  on  a  computer, 
since  it  calls  for  operations  of  the  same  type.  The  following  sequence  of  operations 
was  adopted.  Polynomial  (30)  is  used  to  construct  the  Routh  scheme 
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Here  the  elements  of  the  first  and  second  rows  are  the  coefficients  of  the  polynomial. 
The  elements  of  the  subsequent  rows  are  computed  from  the  formula 
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*See  also  the  papers  [5.16],  1967. 
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In  order  that  all  the  roots  of  polynomial  (30)  have  negative  real  part;.  It  Is  neces¬ 
sary  and  sufficient  that  all  b}j  (5)  in  the  Routh  scheme  be  different  from  zero  and 
hav  e  the  same  sign. 


of  cylindrical  shells  deter¬ 
mined  by  considering  differ¬ 
ent  numbers  of  terms  of  the 
series  approximating  the  de- 
f I ect i on . 

An  example  of  the  determination  of  the  stability  regions,  carried  out  by  cons  d- 
ering  2,  4,  8,  and  10  terms  of  the  series  approximating  the  deflection,  is  shown  in 
Figure  5.9;  fhe  corresponding  number  of  terms  of  the  series  Is  indicated  for  each  curve. 
A  dashed  line  indicates  the  data  of  an  experimental  study  described  by  Fung  [5.24]. 

A  certain  divergence  of  the  calculated  and  experimental  data  Is  explained  by  the  fact 
that  the  analysis  takes  no  account  of  various  factors,  the  most  Important  of  which  Is 
the  influence  of  the  boundary  layer. 

§54.  Transient  Flutter  of  a  Cylindrical  Shell 

The  motion  of  aircraft  under  actual  conditions  involves  a  simultaneous  change  in 
flying  speed,  density  of  the  ambient  medium,  temperature,  stresses  in  the  middle  sur¬ 
face  of  the  skin  elements,  etc.  Depending  on  the  relative  magnituJes  c.  these  para¬ 
meters,  the  skin  elements  may  experience  flutter  or  divergence;  also  possible  is  fhe 
alternation  of  seif-excited  vibrations  of  different  modes  with  states  of  dynamic 


stability.*  To  study  the  behavior  of  shells  under  such  conditions.  It  Is  convenient 
fo  use  the  concept  of  the  representative  point.  We  will  consider  the  plane  of  two 
parameters  characterizing  the  axial  load  (0)  and  flow  velocity  (a).  The  representa¬ 
tive  point  with  coordinates  0  and  a  will  move  In  the  plane  a,  a  as  the  axial  longi¬ 
tudinal  stresses  and  the  flow  velocity  change.  Some  Idea  of  the  behavior  of  a  shell 
for  a  sufficiently  slow  change  of  any  given  parameter  can  be  obtained  by  analyzing 
the  relative  positions  of  the  limits  of  steady  flutter  and  divergence,  shown  in 
Figure  5.10.  Let  us  suppose  that  the  compressive  stresses  are  small  and  below  the 

A  A 

critical  value  a  =  0.6.  As  the  velocity  parameter  u  increases  and  o  =  const,  the 
representative  point  moves  in  the  plane  of  the  graph  on  the  level  of  line  ab.  The 
shell  will  remain  stable  up  to  the  value  of  a  corresponding  to  point  b,  where  flut¬ 
ter  is  set  up.  Let  a  now  remain  constant,  and  compressive  stresses  be  set  up  in 
the  shell.  Then,  following  line  cd,  we  come  to  the  point  corresponding  to  the  di¬ 
vergence  of  the  shell.  For  a  higher  value  of  a  =  const  and  Increasing  compression, 
the  representati ve  point  moves  along  line  fe,  which  successively  Intersects  the  re¬ 
gions  of  flutter  corresponding  fo  vibrations  with  different  modes  and  regions  of  dy¬ 
namic  stability. 

In  real  systems  possessing  structural  damping,  a  certain  tine  Is  necessary  to 
establish  the  vibration  amplitudes  corresponding  to  flutter.  For  instance.  If  the 
time  during  which  the  critical  value  0 Is  reached  (motion  along  line  Ik)  is  compara 
ble  with  several  periods  of  natural  vibrations  of  the  shell,  flutter  motions  may  be 
unable  to  develop,  and  a  quasi -static  stability  loss  v 1 1 1  occur.  Fcr  this  reason, 
in  studying  transient  flutter,  it  is  necessary  to  consider  the  time  spent  by  the  rep 
resentative  point  in  the  flutter  region.  Let  us  note  that  we  are  considering  load¬ 
ing  during  a  time  longer  than  the  period  of  several  natural  vibrations  (or  several 
fens  of  natural  vibrations)  of  the  unloaded  shell,  so  that  the  process  differs  only 
slightly  from  a  static  one  and  does  not  result  In  an  increase  of  the  upper  critical 
load  parameter  a^. 

*This  problem  was  discussed  in  the  paper  [5.163;  see  Strength  Calculations  J_5, 
Mashi  nostroyenlye,  Moscow,  1 97 1 ;  a  iso  E.D.  Skurlatov  and  A.S.  VoMmlr,  Theory  of 
Plates  and  Shells,  Nauka,  Moscow,  1971,  pp.  29-33. 
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Figure  5.10.  Limits  of  steady 
flutter  and  divergence  for  a 
cylindrical  shell. 


The  transient  flutter  of  a  cylindrical  shell  in  the  linear  formulation  will  be 
described  by  equations  of  the  type  of  (21)  with  variable  coefficients: 


where 
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To  study  Eqs.  (31),  use  Is  made  of  the  method  of  numerical  Integration,  principal 
attention  being  given  to  various  laws  of  change  with  time  of  the  longitudinal  load  para¬ 
meter  o  for  fixed  values  of  the  flow  velocity  a.  The  prepared  computer  program  ap¬ 
plied  the  Runge-Kutta  method  with  a  variable,  automatically  selectable  integration 
step.  Some  results  of  the  computations  are  shown  in  Figure  5.11.  We  considered  a 
shell  with  parameters  L/R  =  6,  R/h  =  ICO,  n  =  6  for  g  =  0.001  and  initial  conditions 

=  t.={*==0  for  ,  =  0 

Envelopes  of  the  vibration  amplitudes  and  lines  corresponding  to  the  different 

A  A 

loading  laws  o  =  g(t)  are  plotted  on  Figure  5.11.  Motions  with  exponentially  Increas¬ 
ing  amplitudes  may  be  considered  as  flutter  motions.  The  dashed  lines  In  Figure  5.11 
delineate  the  zones  corresponding  to  the  region  of  steady  flutter  In  Figure  5.10  as  the 
representative  point  moves  along  the  trajectory  fk. 

At  a  subcritical  flow  velocity,  the  loading  and  unloading  rate  and  the  time  spent 
by  the  representative  point  in  the  flutter  zone  were  varied.  Comparison  of  curves  of 
+he  transient  process  for  different  loading  laws  leads  to  the  conclusion  that  a  change 
in  longitudinal  compression  may  lead  both  to  vibrations  with  Increasing  amplitude 
(Figure  5.11a,  d)  if  the  representative  point  stays  long  enough  In  the  flutter  region, 
and  to  damped  motions  (Figure  5.11  b,  c)  if  the  flutter  region  is  crossed  rapidly. 

Thus,  an  increase  in  the  compression  stresses  of  the  shell  may  lead  to  the  discontinu¬ 
ation  of  flutter  that  has  already  started.  As  the  load  increases  during  a  time  commen¬ 
surate  with  several  vibration  periods  of  the  shell,  flutter  motions  are  unable  to  de¬ 
velop  (Figure  5, lie),  and  snapping  of  the  shell  sets  In. 

Let  us  note  that  structural  damping  leads  to  a  sharp  increase  In  the  time  neces¬ 
sary  to  reach  some  definite  vibration  amplitude  (Figure  5.11a), 

A  more  complete  investigation  should  be  carried  out  on  the  basis  of  nonlinear 
theory,  which  permits  the  description  of  the  snapping  phenomenon  and  the  determination 
of  limiting  cycles. 
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§55.  Nonlinear  Flutter  of  a  Closed  Cylindrical  Shell 


Let  us  turn  to  the  LDlution  of  the  dynamic  problem  of  flutter  in  the  nonlinear 
formulation  of  [5. I6j.  Supplementing  Eqs.  (12)  with  terms  corresponding  to  inertia 
forces  and  damping,  we  obtain  a  system  of  three  nonlinear  differential  equations  re¬ 
lating  the  deflection  parameters  Cj,  ^3  w‘+h  +*me*  integration  of  this  system. 


0,6 

0,7. 
c  )ff 

0  7  4  6  //  Iff  17  z 


Figure  5.11.  Change  of  vibration 
amplitudes  of  a  cylindrical  shell 
for  different  laws  of  loading  by 
axial  forces  with  time. 


carried  out  with  a  computer  for  a  shell  with  parameters  L/R  =  6,  R/h  =  ICO,  n  =  7 
for  g  =  0.005,  Is  reflected  in  Figure  5.12.  The  latter  gives  the  dependence  of  the 
relative  deflection  C|  on  the  flow  velocity  parameter  cx  =  Mh/L  referred  to  the 
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critical  value  resulting  from  the  solution  of  the  linear  problem.  From  the  point 
a/a*  -  I  there  diverge  two  branches  which  determine  the  vibration  amplitudes  for 
different  stable  limiting  cycles  (the  dashed  line  represents  the  unstable  limiting 
cycle).  Judging  from  these  data,  for  a  closed  shell,  rigid  excitation  of  flutter 
at  large  disturbances  becomes  possible:  self-excited  oscillations  with  finite  amp¬ 
litudes  appear  at  flow  velocities  smaller  than  the  critical  velocities  obtained 
from  linear  theo’ . .  Let  us  note  that  the  solution  of  the  problem  in  the  linear 
formulation  makes  .t  possible  to  find  the  critical  flow  velocity  at  which  the  un¬ 
disturbed  velocity  of  the  shell  ceases  to  be  stable  in  relation  to  small  disturbances 
and  enables  one  to  estimate  only  the  initial  tendency  of  the  vibrations.  However, 
this  does  not  permit  one  to  predict  the  further  development  of  the  process,  whereas 
nonlinear  theory  permits  one  to  determine  the  characteristics  of  both  the  transient 
process  and  limiting  cycle,  which  are  necessary  for  estimating  the  fatigue  strength 
of  a  thin-walled  structure  in  a  gas  flow.  In  the  nonlinear  formulation,  one  can 
also  estimate  more  exactly  the  influence  on  the  amplitudes  of  self-excited  vibrations 
of  such  factors  as  structural  damping  and  internal  pressurization,  and  also  to  des¬ 
cribe  flutter  with  a  wave  traveling  in  the  clrcumferentla I  direction,  observed  in  ex¬ 
periment  and  not  described  by  linear  treatment.  These  questions  will  be  discussed 
below. 

§56.  Flutter  of  a  Cylindrical  Shell  with  a  Wave  Traveling  in  the  Circumferential 
Direction 

It  was  shown  above  that  by  treating  the  dynamic  problem  in  the  nonlinear  formu¬ 
lation,  one  can  determine  the  "lower"  critical  velocity  of  flutter,  which  cannot  be 
founa  with  the  aid  of  linear  theory.  We  will  consider  below  the  problem  of  formation 
of  flutter  with  a  wave  traveling  in  the  circumferential  direction,  flutter  that  also 
cannot  be  described  in  nonlinear  terms  £5,22]].  Waves  traveling  in  the  circumferential 
direction  were  observed  in  the  experiments  described  in  [5.32]].  This  is  sometimes  re¬ 
ferred  to  as  a  "pseudo-traveling"  wave,  since,  at  first  glance,  no  factors  causing  it 
are  present  in  the  external  flow.  It  may  be  postulated  that  the  traveling  wave  is 
produced  by  the  nonlinear  character  of  the  vibrations  of  the  cylindrical  shell.  A 
phenomenon  of  this  type  has  been  observed  in  a  study  of  forced  nonlinear  vibrations 


of  a  thin  ring.  Since  nonlinear  vibrations  of  a  cylindrical  shell  with  long  wave¬ 
lengths  In  the  axial  direction  are  similar  phenomenon  arises  In  the  flutter  of  a 
closed  shell.  If  resonance  vibrations  with  a  mode  of  type  cos  n0  are  excited  In  a 
thin  ring,  and  .ne  vibration  amplitude  is  gradually  increased  by  increasing  the  amp¬ 
litude  of  the  exciling  force,  then  at  some  critical  value  of  the  amplitude,  a  mode 
of  type  sin  n0  will  be  suddenly  excited.  The  latter  mode  is  superposed  on  the  mode 
of  cos  n0  in  such  a  way  that  a  pseudo-travel ing  wave  is  formed.  The  critical  value 
of  the  amplitude  decreases  as  the  number  of  circumferential  waves  n  Increases  and  the 
dissipation  effect  in  the  ring  decreases.  It  can  be  expected  that  qualitatively 
similar  results  can  be  obtained  with  vibrations  of  a  cylindrical  shell  in  the  case  of 
large  values  of  n  for  small  m. 


We  will  use  equations  of  the  type  of  (l.40!,  (1.4! )  in  the  form  (N^,  Ng  being 
the  forces  in  the  axial  and  circumferential  directions): 
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(5.34) 


where  the  aerodynamic  pressure  p  is  approximated  by  the  linear  approximation  of  the 
piston  theory. 


The  deflections  of  a  shell  vibra+ing  with  the  formation  of  a  wave  traveling  in 
the  circumferential  direction  will  be  approximated  by  Ihe  following  expression  contain¬ 
ing  four  terms: 

w(x,  0,  (0si°  ^  4- /MO  sin  jcos//0  + 

+  [/MO  sin *^r  +  B2{t) s\n  -^-JsinnO  -f 

+  -Jy  f  At  (0 sin  +  A2  (i)  sin  + 

,  L  J  (5,35) 

+  iff  [  (0  sin  *f  /*,  (0  sin  . 
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Figure  5.13.  Amp  I f- 
tudes  of  limit! ng 
cycles  for  flutter 
with  a  wave  travel¬ 
ing  in  the  cl rcum- 
terential  direction. 

Relation  (35)  includes  terms  containing  n2/4R,  so  that  the  solution  satisfies  the 
condition  of  periodic  continuity  of  circumferential  displacement  v.  Applying  the 
procedure  of  the  Bubnov-Ga lerkln  method,  we  obtain  a  system  of  four  nonlinear  ordin¬ 
ary  differential  equations  .  These  equations  were  solved  by  the  harmonic  balance 
method,  and  were  also  integrated  numerically.  As  in  §55,  integration  with  respect 
to  time  was  continued  until  the  amplitudes  either  fell  off  to  zero,  or  one  of  the 
steady  limiting  cycles  was  reached;  the  stability  of  the  limiting  cycles  was  also 
studied. 
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Figure  5.13  shows  the  results  of  computations  performed  for  certain  characteris¬ 
tics  of  the  shell  and  flow.  It  shows  the  character  of  change  In  the  amplitude  of  the 
limiting  cycle,  obtained  by  assuming  that  damping  is  absent.  It  can  be  shown  that 
structural  damping  causes  only  a  slight  change  in  the  amplitude  of  the  limiting  cycle 
for  flutter  with  a  traveling  wave.  The  values  of  A|  arid  are  listed  beiow  on  p.  202. 

Let  us  note  that  the  minimum  values  of  the  amplitude  of  limiting  cycles  of  flut¬ 
ter,  listed  in  the  figure,  amount  to  approximately  4-5  shell  thicknesses.  At  the  same 
time,  the  deflections  observed  in  experiments  with  such  shells  are  of  the  order  of  one 
to  two  thicknesses.  It  should  be  expected  that  the  magnitude  of  the  deflection  ob¬ 
tained  theoretically  will  decrease  if  the  shell  Is  assumed  to  be  not  hinged,  but 
clamped  along  the  edges,  as  was  the  case  in  the  experiment.  Moreover,  by  keeping  a 
large  number  of  the  terms  of  the  series  In  the  expression  approximating  the  deflec¬ 
tion,  one  can  obtain  a  more  accurate  solution.  Such  a  study  will  be  made  below. 

§57.  Divergence  and  Flutter  of  a  Cylindrical  Shell  with  Consideration  of  the 
Boundary  Layer 

To  elucidate  the  role  of  the  boundary  layer  in  the  divergence  and  panel  flutter 
of  a  closed  circular  cylindrical  shell,  we  will  use  the  idealized  scheme  proposed 
by  Fung  [’5.24].  The  boundary  layer  will  be  represented  as  an  annular  region  of  uni¬ 
form  subsonic  flow,  located  between  the  shell  and  a  homogeneous  supersonic  flow. 

The  thickness  of  the  subsonic  region  wi I i  be  denoted  by  a,  and  the  flow  velocity  by 
UQ  (Figure  5.14).  It  will  also  be  assumed  that  the  elastic  cylindrical  shell  under 
cons i derat  ion ,  of  finite  length  L,  is  a  portion  of  an  infinitely  long  cylinder.  The 
problem  consists  in  finding  the  aerodynamic  pressure  on  the  surface  of  the  shell  aris¬ 
ing  as  a  result  of  small  deviations  of  the  shell  from  the  undisturbed  shape.  The 
disturbances  of  the  flow  generated  by  the  shell  deformations  will  be  considered  slight. 
For  the  disturbed  velocity  potential  within  the  boundary  layer  we  will  write  the  linear¬ 
ized  equation  (see  [5.24]) 

4  dl2  c6  Ox  dt  *  Ox2  Or  r  Or  r  r)0‘ 

for  R<r<R\-6,  (5.36) 
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Figure  5.14.  Boundary 
layer  on  the  surface  of 
a  cy I Indrical  shel I  In 
a  gas  flow. 


where  cQ  Is  the  sound  velocity  In  the  boundary  layer,  Is  the  velocity  potential  In 
the  region  cf  the  boundary  layer,  =  Ug/c^  is  the  Mach  number  in  the  boundary  layer, 
and  8  -  /l  -  Mg. 

The  potential  4>g  is  related  to  the  normal  deflection  function  by  the  condition  of 
impermeabi 1 1 ty  of  the  walls 


dr 


dw 

dt 


+  (/« 


da> 

dT* 


(5.37) 


In  addition,  at  the  interface  between  the  subsonic  and  supersonic  flows  (t  r  r  =  R  +  a), 
the  values  of  the  pressure  and  velocity  normal  to  the  surface  should  be  continuous.  De¬ 
noting  by  w*  the  small  radial  displacement  of  the  Interface,  we  write  the  condition  of 
radial  velocity  continuity 


(5.38) 


The  condition  of  pressure  continuity  at  the  boundary  surface  will  be  written  In  the 
form  (4>  and  p^  pertain  to  the  external  flow): 


for  r  6. 


(5.39) 


* 
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Representing  the  shell  wall  displacements  In  the  form 

®  (x,  0,  t) «■  w#1**  cos  riO  sin  ox,  (5.40) 

where  a  =  mrr/L,  and  m  Is  the  number  of  half-waves  In  the  longitudinal  direction,  we 
write  the  solution  of  Eq.  (36)  In  the  form 


r.  0,  /)»*<•< cosnO ( exp - X,) 


(5.41) 


where  ln,  Yn  are  Bessel  functions.  The  arbitrary  constants  entering  into  (41)  are  de¬ 
termined  from  the  boundary  conditions.  Omitting  the  Intermediate  operations,  we  write 
the  final  expression  for  the  disturbed  pressure  on  the  cylinder  wall: 


/Mr,  r ,  0,  /)  r*  eM  cos  «n  (/lwJ  cos  «x  f  Amn  sin  ox), 


(5.42) 


where  the  coefficients  A^n,  Amn  depend  on  the  parameters  of  the  boundary  layer  and  In¬ 
cident  flow.  In  the  absence  of  the  boundary  layer  (o  =  0),  the  aerodynamic  pressure 
according  to  (42)  is  the  same  a*  iiio  obtained  -from  the  piston  theory. 

It  was  established  In  §51  that  the  static  loss  of  stability  of  shells  placed  In 
a  supersonic  gas  flow  takes  place  at  greater  axial  stresses  that  In  the  absence  of  the 
flew.  We  will  attempt  to  determine  the  role  of  an  Idealized  boundary  layer  In  such  a 
problem.  The  expression  for  the  aerodynamic  load  (42)  after  some  obvious  transforma¬ 
tions  will  take  the  form 


p(x,  R ,  0)  =»  — “j™—  cos  /t0  cos  at  +  Umn  sin  ax), 


(5.43) 
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where 


Reducing  system  (7)  to  a  single  equation,  we  get 

OV"a)  +  +  oh  \ '  +  \  V  ”  0. 

(5.44) 

Let  us  consider  the  case  of  hinged  support.  The  shell  deflection  will  be  approximated 
by  two  terms  of  the  series: 

«•  '■!»■<( rn.«i)  l  nyr «*«,». 

(5.45) 

Applying  the  Bubnov-Galerkln  method  to  (44)  and  performing  certain  transformations,  we 
arrive  at  a  system  of  two  algebraic  equations  similar  to  C9a): 

R  ,  “  -I- "0. 

K+i,  -  ~  doa ("•  + 1 )’  +  q>«,„  n.„|£„,,.n  + 


where 


Setting  the  determinant  of  the  system  of  equations  (46)  to  zero,  we  solve  it  for  the 
longitudinal  stress  parameter  oQ: 

^  2am  (tn  +  I)  *t  Sim,  n  (in  I)  db 

*  1  lOi+i. «»'  -  <ti. « (m  +  l)f  -  4m  (m  +  „]). 

Relation  (47)  has  the  same  form  as  relation  UO)  obtained  earlier,  but  the  quantities 
entering  into  it  have  different  values: 


Sim,  n  —  „  -j-  <$Bm<  Qm+|,  n  ~  +  n  f  H'B, 


Vn  4- 1  *  *» 


?== 


I«m  (tfi  -f  I)  7 
nJ(2'M-  l)>  ^  ’ 


It  can  be  shown  that  in  the  absence  of  the  boundary  layer  (6  =  0),  relation  (47) 
becomes  equality  (10). 


Figure  5.15.  Divergence  limits  of  cylin¬ 
drical  shell:  a)  for  different  values  of 
rhe  boundary  layer  thickness,  b)  for  dif¬ 
ferent  Mach  numbers  in  the  boundary  layer. 


Figure  5.15  presents  in  grahical  form  the  results  of  calculations  for  L/R  -  6, 
R/h  =  100,  E  -  2  x  I06  kg/cm2,  =  0.5,  m  =  3,  n  =  5,  carried  out  in  accordance  with 
(47).  The  thickness  of  the  boundary  layer  and  the  flow  velocity  in  the  subsonic  zone 
were  varied  [5. | 63- 


Analysis  of  results  of  computations  performed  for  shells  with  dimensions  changing 
over  wide  limits  leads  to  the  conclusion  that  Increasing  the  thickness  of  the  boundary 
layer  or  decreasing  the  flow  velocity  in  the  subsonic  region  leads  to  values  of  upper 
critical  stresses  that  are  somewhat  lower  than  for  6=0.  These  data  indicate  that, 
to  a  first  approximation,  the  boundary  layer  model  under  consideration  reflects  the 
physical  conditions  characteristic  of  .  real  boundary  layer. 

Let  us  consider  the  problem  of  flutter  of  a  circular  cylindrical  shell  In  the 
presence  of  a  boundary  layer.  We  will  use  the  linearized  equation  (1.40);  the  aero¬ 
dynamic  load  p  will  be  taken  into  consideration  in  accordance  with  (42): 

+  -fr  +  M  TRT  +  TT  + 


The  displacement  of  the  shell  walls  Is  approximated  by  the  following  series: 


w  =rr  c(Ml  cos  /i0  <im  sill  a.v. 

m  l 


(5.49) 


Substituting  (49)  into  (48)  and  using  the  Bubnov-Galerkin  method,  we  obtain  a  system 
of  algebraic  equations  homogeneous  and  linear  with  -aspect  to  am«  The  determinant  of 
this  system 


A  — 


In*  « 
0 


18  — 


y  ft  i,  0 


(5.50) 


has  complex  elements.  The  values  of  the  number  M  and  vibration  frequency  w  at  which 
the  real  and  imaginary  part's  of  the  determinant  simultaneously  becomes  zero  correspond 
to  the  neutral  state  of  the  shell.  Exceeding  this  velocity  leads  to  vibrat’ons  with 
an  amplitude  increasing  with  time. 
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Determination  of  the  critical  values  of  M  and  w  is  usually  carried  out  by  using 
a  very  tedious  graphical  method  [5.19],  A  different  technique  of  solving  the  problem 
will  be  used  here  requiring  a  much  smaller  number  of  operations  for  the  calculation  of 
each  variant,  this  being  particularly  important  In  the  study  of  the  Infiuence  of  many 
parameters.  In  this  approach,  a  system  of  two  algebraic  equations  nonlinear  wl+h  re¬ 
spect  to  M  and  w,  obtained  by  setting  to  zero  the  real  and  Imaginary  parts  of  determin¬ 
ant  (50),  was  solved  by  Newton’s  method.  Results  of  the  solution  of  the  problem  dis¬ 
cussed  in  §52  were  used  as  the  first  approximation  in  the  case  of  a  very  thin  boundary 
layer.  The  process  usually  converged  quickly,  and  the  new  values  of  M  and  w  obtained 
were  used  as  the  initial  approximation  In  the  problem  with  a  new  value  of  the  boundary 
layer  thickness  6  +  A6. 

The  boundary  layer  parameters  6  and  can  also  be  determined  in  the  foi lowing 
manner.*  It  is  necessary  that  an  energy  correspondence  exist  between  the  approximate 
model  used  and  an  "exact1'  model.  By  "exact"  Is  meant  a  mode!  describable  either  theo¬ 
retically  on  the  basis  of  viscous  equations,  or  experimentally.  Thus,  to  determine 
the  parameters  6  and  U^,  one  can  consider  two  problems  of  stationary  flow  past  a  boun¬ 
dary,  i  e.  flow  of,  an  Ideal  fluid  with  a  piecewise-constant  velocity  profile,  and 
viscous  flow.  If  the  approximate  or  exact  solutions  u^(y)  of  the  latter  problem  are 
known,  the  parameters  and  6  In  these  two  pnobiems  are  uniquely  determined  from  the 
conditions  of  conservation  of  the  total  vortex  and  momentum. 


In  the  case  of  a  peacewise-constant  velocity  profile,  the  expression  for  the 
total  vortex  has  the  form  (0<  6  <  y^): 


v • 

-J  [U -U,)i0(y-t)dy  =  ~(U 
0 


(a) 


where  6g(y  -  6)  Is  the  Dirac  delta-function.  The  quantity  should  be  chosen  in 
accordance  with  the  condition 


*These  results  are  due  to  L.V.  Selezova  (Candidate’s  dissertation,  Kiev  State 
University,  1969);  they  pertain  to  flow  past  a  flat  boundary. 


e<  !. 


For  the  momentum  we  have 


♦ 


(y,  —  a). 


Considering  expressions  (a)  and  (b),  the  conditions  of  conservation  of  the  vortex  and 
momentum  are  written  in  the  form 


fydy-U-U,. 

0 

Vi 

J  «up  i////  «=»  l/ftp«ft  +  i/p(Pi  —*)• 


Figure  5.16.  Rela¬ 
tive  she! I  thickness 
necessary  for  pre¬ 
venting  flutter  vs. 
boundary  layer  thick¬ 
ness  and  Mach  number 
of  incident  flow. 


From  Eqs.  (c)  and  (d)  we  obtain  expressions  determining  and  6  (for  Pu  -p^=p): 
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/ 


(e) 


Some  res*  ,4-s  of  determination  of  flutter  limits  taking  into  account  four  terms 

of  the  series  tor  cylindrical  shells  having  boundary  layers  of  different  thicknesses 

fi  ? 

are  shown  In  Figure  5.16,  assuming  that  L/R  =  2,  E  =  l.l  x  10  kg/cm  ,  n  =  22,  =  0.5, 

o 

P®  r  Pg  =  0* 12  kg/cm  .  The  data  obtained  confirm  the  conclusion  reached  in  the  studies 
of  Fung  [5.24]]  and  Anderson  [5.19]  on  the  stabilizing  influence  of  a  subsonic  idealized 
boundary  layer.  It  may  be  postulated  that  the  stabilizing  effect  obtained  by  using  an 
idealized  boundary  layer  scheme  is  exaggerated.  This  question  ought  to  be  studied  fur¬ 
ther. 


§58.  Flutter  of  a  Cylindrical  Shell  in  the  Presence  of  Changing  Pressure  in  the 
Incident  Flow 

It  was  assumed  earlier  that  the  pressure  and  velocity  of  a  supersonic  flow  inci¬ 
dent  on  a  shell  are  constant.  However,  a  problem  of  practical  interest  is  that  of  the 
behavior  of  shells  in  a  flow  with  time-varying  parameters  such  as  pressure  (see  also 
§103). 

We  will  use  Eqs.  (33),  (34)  describing  the  behavior  of  a  closed  cylindrical  shell 
[5.32].  The  solution  of  the  equations  of  motion  is  represented  In  the  more  complex 
form 


t 


w  ==  l/i  (0  sin  nx  +  f2 (/) sin  2ar]  shifty  -f  ~~  [/,  (/) sin  ux  +  f, sin  2u v]2, 

u  =  f \~n!Rt 


(5.51  ) 


assuming  that  m  =  I.  The  factor  n^/4R  was  chosen  so  as  to  satisfy  the  periodicity 
condition  of  rh-s  ci rcumferentfa I  displacement  v.  Using  the  procedure  of  the  Bubnov- 
Galerkin  method,  we  arrive  at  the  following  system  or  equations: 
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tV,khCrf>M ■faff  i> 


i 


f  ||^J-  j'r.iri,  fhft-  &S 


(5.52a) 


4i*  “t"  ,u  »  wi«^» 

+  i{«.  [3  ($)’  +  2  {#)’]  +  (-£-  -  *■  +  2£»  + 

+  <£»(£•  ^  +  ^--i’-)+^^}- 

-  «5,  («t?  + 1>3  -  M  [l  +  {-  (t?  +  r  5?)]  -  0.  i 
-!CL  +  &i^  +  (4{l  +  |{tj[3(^H.2(^)’]  + 

+  +  4,  ■£)  (35?  +  25?)  +  45,  (5,  ^  +  §~£) + 

+  4A,U,-^l  }-e;J(lCct?+  *C?)  + 

+  A15l[l  +  y(5!  +  yt>)]  =  °. 


dr* 


(5,52b) 


where 


a  _  */>»e  a  _  «*M p^n  . 


a,  b,  c  being  some  coefficients  dependent  on  the  shell  parameters. 

Equations  (52)  were  integrated  numerical ly  with  a  computer  and  were  also  solved 
by  the  harmonic  balance  method.  The  computations  were  carried  out  for  a  copper  shell 
with  the  parameters  given  in  the  preceding  section  for  different  values  of  the  pres¬ 
sure  in  the  incident  flow  and  a  constant  Mach  number  equal  to  3.  As  is  evident  from 
Figure  5.17,  for  the  chosen  deflection  approxi motion,  the  change  in  the  amplitudes  of 
limiting  cycles  with  increasing  pressure  in  the  flow  Is  more  complex  in  character, 
but  it  also  turns  out  that  the  portions  of  the  curves  having  a  negative  slope  angle 
correspond  to  unstable  limiting  cycles.  Despite  the  continuous  pressure  increase  in 
the  incident  flow,  the  amplitudes  of  limiting  cycles  may  change  abruptly. 

Let  us  examine  the  behavior  of  the  shell  when  the  pressure  In  the  Incident  flow 
increases  smoothly.  When  the  aerodynamic  parameter  reaches  a  value  of  1.41  x  iO*5, 
a  disturbance  of  the  shell  (for  example,  caused  by  noise  in  the  turbulent  boundary 
layer)  will  give  rise  to  self-excited  vibrations  with  mode  n  =  23.  For  a  small  In¬ 
crease  of  the  vibration  amplitudes  will  begin  to  increase  exponentially  up  to  the 
values  corresponding  to  the  limiting  cycle  with  n  =  23.  As  the  aerodynamic  parameter 
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Figure  5.17.  Change  in  the  ampli¬ 
tudes  of  limiting  cycles  of  a 
she  I  I  as  a  function  of  pressure 
in  the  incident  flow. 


increases  further  to  the  value  A2  =  1.52  x  10^,  there  is  the  possibility  cf  an  abrupt 
transition  to  vibrations  with  another  mode,  for  example,  with  n  =  22,  since  this 
curve  is  closest  to  the  original  curve.  At  the  same  time,  if  the  pressure  increase 
is  continuous,  the  representative  point  may  also  move  to  other  curves  (Figure  5.17), 
corresponding  to  vibrations  with  a  markedly  different  vibration  frequency  and  ampli¬ 
tude  (for  example,  transition  from  vibrations  with  mode  n  =  21  to  mode  n  =  25  for 

5 

A2  =  1.58  x  10  ).  A  sharp,  abrupt  transition  to  v'brations  with  another  mode  and 
amplitude  may  lead  to  failure  of  the  structure. 


§59.  Experimental  Study  of  the  Flutter  of  Closed  Cylindrical  Shells 


The  experiments  described  below  [.5,24,  5.323  were  carried  out  with  closed  cylin¬ 
drical  copper  shells  with  a  radius  of  204  mm,  length  of  408  mm,  and  thickness  of  0.081 
and  0.102  mm;  hence,  the  ratio  R/h  was  2500  and  2000. 


In  the  experiments,  purely  sinusoidal  vibrations  corresponding  to  shell  flutter 
in  one  mode,  beats  corresponding  to  flutter  In  two  or  a  large  number  of  modes,  as  well 
as  complex  large-amplitude  vibrations  arising  from  a  zero  or  negative  pressure 
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Pc 

Figure  5.18.  Vih-ufion  ampli¬ 
tudes  vs.  magnitude  of  internal 
pressure  in  the  she  1 1 . 


differential  in  the  cavit/  under  the  sehll  and  in  the  free  flow  were  observed.  Tie 
amplitude  and  mode  of  the  vibrations  during  the  flutter  were  found  to  be  a  very  com¬ 
plex  function  of  the  parameters  of  the  incident  flow,  pressure  In  the  cavity  under 
the  shell  P0,  and  axial  compressive  forces  (see  Figure  5.18  and  §58).  In  the  figures, 
the  open  triangles  correspond  to  shells  loaded  with  an  axial  force  of  90.8  kg;  black  ' 
triangles,  to  a  force  of  40. S  kg;  and  circles,  to  shells  free  of  longitudinal  forces. 
It  is  important  to  note  that  at  high  values  of  Internal  pressure  pQ  (in  Figure  5.18 

in  technical  atmospheres),  the  shell  become.,  completely  stabilized  even  In  the  pres- 
ence  of  axial  load. 

Data  on  the  date  nr,  i  nation  of  vibration  modes  during  the  flutter  were  obtained. 


4 
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Figure  5.19.  The  "de¬ 
flection  vs.  aerodynamic 
load"  relation  obtained 
in  the  experiments. 


The  mode  in  the  longitudinal  direction  corresponds  to  vibrations  with  I ,  2  or  3  half 
sine  waves,  the  nodal  circles  being  irregularly  arranged.  The  presence  of  waves 
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traveling  in  the  circumferential  direction  was  noted;  a  theoretical  substantiation 
of  this  phenomenon  was  given  earlier  in  §56, 

In  experiments  with  shells  that  buckled  when  subjected  to  axial  compression  with 
the  formatbn  of  diamond-shaped  depressions,  intensive  flutter  on  smooth  areas  of  the 
shell  began.  At  the  same  time,  the  shell  was  not  subject  to  flutter,  having  lost  its 
stability  under  the  action  of  external  pressure. 

Figure  5.19  shows  the  experimentally  obtained  dependence  of  the  amplitude  of 
flutter  of  a  cylindrical  shell  on  the  parameter 


a  —  / — _ f* 

\  2/:  I'M*  —  I  }  h 


At  the  same  time,  the  pressure  inside  the  shell  changed  over  wide  limits.  Assume  as 
the  pressure  in  the  free  flow  exceeds  a  definite  critical  value,  a  fairly  sharp  in¬ 
crease  of  amplitude  is  observed. 


empi rical  I imit  of 
f I  utter  for  cylin¬ 
drical  shells. 


Figure  5.20  shows  the  dependence  of  the  fkw  parameter  on  L/R,  with 


The  solid  curve  was  drawn  through  the  mean  values  of  the  calculated  A*;  it  represents 
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the  flutter  limit  in  the  region  L/R  >  0./5.  The  open  symbols  denote  the  results  of  cal¬ 
culations  obtained  oy  other  authors;  It  is  evident  that  they  are  in  good  agreement  with 
the  semiempi rical  curve.  The  black  circle  represenis  an  experimental  point  of  the  flut¬ 
ter  limit.  The  experimental  value  of  the  dynamic  pressure  differs  from  the  value  of  the 
point  of  the  semiempl rlcal  curve  by  22%  \  for  flutter,  such  agreement  Is  considered  good. 
Thus,  the  semiempi rical  flutter  limit  appears  useful  for  rapid  estimates  of  the  condi¬ 
tions  giving  r’se  to  flutter.  The  dashed  line  indicates  the  flutter  limit  in  the  range 
L/R  <_C.75.  it  is  obvious  from  Figure  3.20  that  the  flutter  velocity  depends  strongly 
on  the  shell  length.  Therefore,  the  large  number  of  studies  dealing  with  the  theoreti¬ 
cal  solution  for  infinitely  long  shells  is  of  interest  maloly  from  the  standpoint  of 
tne  methods  employed. 


Figure  5.21.  Oscillograms 
of  vibrations  of  a  panel 
excl.ed  by  a)  a  close-to- 
supersonic  flow  (M<l),  b) 
noise  in  the  boundary 
layer  (M>l );  c),  d) 
flutter  vibrations. 
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§60.  Experimental  Study  of  the  Behavior  of  Cylindrical  Panels  In  a  Supersonic 
Gas  Flow 

We  will  cite  the  results  of  a  series  of  experiments  conducted  in  a  supersonic  wind 
tunnel.*  Cylindrical  steel  panels  with  a  length  (along  the  generatrix)  of  360  mm,  a 
radius  of  250  mm,  and  thicknesses  of  0.1,  0.2,  and  0.3  mm  were  fastened  to  a  special 
mode  I . 

The  experiments  recorded  the  dynamic  deformations  of  the  panel  by  means  of  gauges 
placed  on  the  inner  surface  of  the  specimen,  and  high-speed  motion  pictures  were  taken. 
The  thickness  of  the  boundary  layer  was  determined  with  a  shadow  instrument. 

The  experiments  were  conducted  at  M  numbers  equal  to  1.78,  2.2,  2.5,  and  3.  The 
observed  motions  of  the  panels  may  be  divided  into  three  types.  Figure  5.21  shows  sam¬ 
ples  of  oscillograms  for  each  of  fhese  vibration  types.  During  the  +  ime  Interval  from 
the  start  of  the  wind  tjnnel  to  the  onset  of  the  supersonic  regime,  the  panel  undergoes 
high  frequency  vibrations  of  large  amplitude  (Figure  5.21a).  Let  us  note  that  vibra¬ 
tions  of  such  type  have  been  recorded  on  thin-walled  aircraft  crossing  the  transonic 
region;  they  are  excited  by  pulsating  shock  waves  and  stalls  [9.221.  The  triggering 
shock,  which  is  a  pressure  wave  moving  in  the  direction  or  the  flow,  usually  leads  to 
snapping  of  the  pane!  being  tested  ^Figure  5.22)  if  special  steps  (introduction  of 
tensile  forces)  aimed  at  preserving  it  are  not  taken. 

After  the  establishment  of  supersonic  flow  at  a  flow  velocity  below  the  critical 
flutter  velocity  for  the  panel  being  tested,  random  vibrations  with  s  relatively  low 
amplitude  level  were  observed,  caused  by  noise  In  the  boundary  layer  (Figure  5.21b). 

If  the;  flow  velocity  was  higher  than  the  flutter  velocity,  vibrations  with  higher  amp¬ 
litudes  were  set  up.  The  magnitude  of  the  amplitudes  depends  on  the  degree  to  which 
the  flow  velocity  surpasses  the  critical  flutter  velocity.  These  motions  are  the  re¬ 
sult  of  superposition  of  two  or  more  vibrations  (Figure  5.21,  c,  d). 

the  paper  [5.16.1,  1971. 
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Figure  5.22.  Character¬ 
istic  shape  of  undulation 
under  the  action  of  a 
moving  pressure  wave. 

wnen  compressive  forces  are  acfing,  the  walls  of  the  panel  past  which  the  gas 
t'ows  at  a  subflutter  velocity,  initially  execute  high-frequency  vibrations  invisible 
to  the  eye,  as  discussed  above;  then,  in  the  case  of  panels  having  initial  shape  ir¬ 
regularities,  individual  zones  are  formed  which  execute  weak  vibrations.  A  further 
slow  increase  of  compress  lor  results  in  vibrations  covering  the  region  adjacent  to 
the  rear  wing  frame  support.  The  amplitude  of  these  vibrations  is  small,  but  It  In¬ 
creases  substantially  with  increasing  intensify  of  axial  compression,  then  the  entire 
surface  of  the  panel  Is  set  in  motion.  The  vibrations  are  In  the  form  of  standing 
waves  with  a  single  ci rcumferent ial  nodal  line  located  approximately  at  the  midsection 
of  the  panel,  and  with  maximum  amplitudes  at  the  trailing  edge.  Further  increase  of 
the  compressive  forces  leads  to  large-amplitude  vibrations;  typical  cross-shaped 
cracks  develop  at  the  trailing  edge  (Figure  5.23).  The  flow  tears  out  individual 
pieces  of  the  shell;  subsequently,  failure  propagates  rapidly  toward  the  leading  edge. 

In  several  experiments,  a  phenomenon  whose  theoretical  explanation  was  attempted 
in  §54  was  observed;  the  intense  vibrations  of  the  panel  ceased  abruptly  after  a  cer¬ 
tain  slight  increase  in  compressive  forces.  A  subsequent  increase  of  the  compressive 
forces  led  to  vibrations  with  a  different  amplitude  and  frequency;  when  the  stresses 
were  reduced,  vibrations  of  the  former  type  set  in.  Qualitatively,  the  behavior  of 
the  panel  in  this  case  may  be  illustrated  by  Figure  5.10.  The  character  of  the  motions 
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depends  on  the  location  of  the  representative  point,  which  determines  the  state  of  the 
"she  1 1 -flow"  system  in  different  regions  of  stability  or  instability.  As  the  compres¬ 
sive  load  is  increased  further,  static  oss  of  stability  of  the  shell  takes  place,  char¬ 
acterized  the  formation  of  a  series  c*  diamond-shaped  bulges  located  in  the  region 
adjacent  to  the  rear  wing  frame  support.  Stable  loss  of  stability  of  the  panel  in  a 
gas  flow  (divergence)  always  took  place  at  a  somewhat  greater  magnitude  of  axial  forces 
than  for  the  same  panels  without  a  flow  (see  §51). 


Figure  5.23.  Typical 
pattern  of  failure  of  a 
panel  undergoing  flutter 
vibrations  in  a  super¬ 
ior.  i c  flow  ( d i rect i on 
of  the  flow,  from  the 
bottom  up). 


Figure  5.24  shows  some  results  obtained  in  the  above-described  tests  for  panels 
0.2  mm  thick  at  M  =  3;  theoretical  data  corresponding  to  calculations  employing  two 
(curve  I)  and  six  (curve  2)  terms  of  series  (4)  are  also  presented.  Here 


Poo  U* 

2E  (MJ  —  I)'1 


o. 


-  265  - 


The  circles  correspond  to  the  start  of  smai l-ampl itude  vibrations  covering  the  region 
at  the  trailing  edge  of  the  panel,  and  the  points  correspond  to  intense  large-amplitude 
motions  of  the  entire  panel  (the  amplitudes  reached  5-6  mm  at  the  edge).  The  condi¬ 
tions  under  which  static  loss  of  stability  occurs  are  denoted  by  triangles,  and  the 
square  corresponds  to  Fong?s  experimental  criterion  <see  §59,  Figure  5.19). 


Figure  5.24.  Comparison  of 
experimental  and  theoretical 
data  for  a  panel  compressed 
In  the  axial  direction  and 
located  in  a  supersonic 
gas  flow. 

Under  actual  conditions,  a  viscous  boundary  laye»~  exists  between  the  skin  surface 
of  the  aircraft  and  the  supersonic  flow  around  it;  the  thickness  of  this  layer  depends 
on  the  flow  parameters  and  the  conf iguration  of  the  structure.  As  we  have  seen,  the 
presence  of  a  boundary  layer  is  an  important  cause  of  the  discrepancy  between  the  theo¬ 
retical  and  experimental  data.  It  was  found  that  the  thickness  of  the  turbulent  boun¬ 
dary  layer  is  6-7  mm  at  M  =  3  and  somewhat  smaller  at  M  =  2.5.  However,  when  M  -  2.5, 
more  intense  vibrations  of  the  panel  are  observed;  failure  occurs  faster  than  at  M  =  3, 
indicating  a  considerable  influence  of  the  boundary  layer  on  the  character  of  the  pro¬ 
cess.  Let  us  note  for  comparison  that  in  the  experiments  of  Olson  and  Fong  [5.32X 
the  boundary  layer  thickness  sligntly  exceeded  10  mm,  and  the  flutter  vibrations  did 
not  result  in  failure  of  the  shell  walls  during  the  entire  experiment.  Apparently, 
the  boundary  layer  affects  not  only  the  magnitude  of  the  critical  flutter  velocity  but 
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alsc  the  vibration  amplitudes;  therefore,  when  the  results  of  experiments  are  used,  it 
is  necessary  to  consider  the  characteristics  of  the  flow  in  the  region  adjacent  to  the 
skin  surface. 

Let  us  consider  some  results  of  a  study  of  transient  flutter  arising  from  the 
action  of  longitudinal  axial  forces  changing  with  time  in  accordance  with  different 
laws.  Loads  of  this  type  may  arise  in  aircraft  structures  buffeted  by  the  wind  or 
subjected  to  thermal  and  other  factors.  In  flight  at  close  to-flutter  velocity, 
small  loads  that  are  not  dangerous  to  static  strength  may  give  rise  to  vibrations  that 
lead  to  fatigue  failure  of  the  skin. 

Tests  have  shown  that  during  a  change  in  axial  forces,  the  character  of  the  motion 
of  an  elastic  surface  depends  on  the  law  of  change  of  these  forces  with  time.  This 
conclusion  was  qualitatively  confirmed  by  the  calculations  carried  out  in  §54. 

An  increase  in  the  axial  compression  parameter  leads  to  a  decrease  in  critical 
flutter  velocity;  if  however  the  system  stays  in  the  critical  region  for  a  short  time, 
failure  of  the  shell  will  not  necessarily  result  from  self-excited  vibrations. 


Figure  5.25.  Shape  of 
undulation  and  typical 
damage  done  to  a  panel 
compressed  by  continu¬ 
ously  increasing  long¬ 
itudinal  forces  and  lo¬ 
cated  in  a  supersonic 
gas  flow. 
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Figure  5.23  shows  a  panel  loaded  with  oxial  compression  forces  according  to  a 
law  similar  to  the  one  pictured  in  Figure  5.11a.  At  a  certain  value  o'f  the  longitudi¬ 
nal  forces  corresponding  to  the  migration  of  the  representative  point  into  the  in¬ 
stability  region,  flutter  vibrations  are  set  up.  Subsequently,  the  longitudinal  forces 
remained  constant  up  to  the  failure.  Failure  of  the  panel  began  2  to  3  sec  after  the 
onset  of  violent  flutter  vibrations  with  the  formation  of  cross-shaped  cracks  at  the 
trailing  edge,  and  it  propagated  in  the  direction  of  the  leading  edge. 

rhe  panel  shown  in  Figure  5.25  was  loaded  with  monoton i ca I  I y  increasing  compres¬ 
sion  forces  (Figure  5.11  b,  c),  and  the  flutter  zones  were  crossed  in  two  seconds. 

When  the  magnitude  of  the  axial  forces  exceeded  the  critical  value,  static  loss  of 
stability  occurred.  During  the  crossing  of  the  flutter  region,  as  a  result  of  inten¬ 
se  vibrations,  cracks  were  formed  ar  the  trailing  edge,  caused  by  axial  compression, 
stopped  the  flutter  motions.  Stabilization  of  the  shell  may  be  explained  by  the  fact 
that  the  part  of  the  panel  adjacent  to  the  trailing  edge  behaves  as  if  it  were  corru¬ 
gated,  while  for  the  remaining  smooth  part  the  critical  velocity  will  be  considerably 
higher  because  of  the  decrease  in  length.  Let  us  note  that  at  the  end  of  the  experi- 
rnen-  ,  fields  of  shallow  wavy  bulges  remained  on  all  the  panels  that  had  undergone  flut¬ 
ter  vibrations  for  a  certain  period  of  time.  /r.  explanation  of  this  phenomenon  is 
given  below  in  §103  in  Chapter  IX. 


Figure  5.26.  Bulging 
of  a  panel  in  the  course 
of  a  faster  increase  of 
longitudinal  compres¬ 
sive  forces,  the  panel 
being  s i mu  I f aneous ! y 
placed  in  a  supersonic 
f  I  ow . 
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The  panel  shown  In  figure  5.26  was  subjected  to  a  faster  loading  by  axial  compres¬ 
sion  forces.  The  lower  critical  force  was  reached  0.3  sec  after  the  loading  started;  at 
the  same  time.  In  the  region  of  the  rear  ring  frame  support,  high  bulges  were  formed 
that  increased  its  s  fab  1 1 1 ty  toward  the  action  of  the  flow.  In  addition,  the  panel  re¬ 
tains  a  certain  bearing  capacity.  Flutter  vibrations  were  not  recorded  In  this  experi¬ 
ment,  either  In  the  course  of  loading  or  after  the  formation  of  large  depressions,  al¬ 
though  as  the  axial  forces  increased,  the  representative  point  characterizing  the  state 
of  the  system  evidently  crossed  the  same  flutter  zones  as  In  the  preceding  test. 

Thus,  in  certain  flight  regimes,  a  small  compression  force  may  lead  to  flutter  vi¬ 
brations  of  the  skin  with  the  formation  of  cracks,  so  that  under  supersonic  flight  con¬ 
ditions,  a  complete  failure  of  the  skin  may  take  place.  At  the  same  time,  forces  ex¬ 
ceeding  the  critical  value  and  giving  rise  to  bulges  may  be  less  dangerous. 

In  the  preceding  sections  of  this  chapter  we  discussed  the  behavior  of  plates  and 
shells  in  a  supersonic  gas  flow  and  made  use  primarily  of  the  piston  theory. 

However,  the  means  at  the  disposal  of  modern  aerodynamics  for  the  solution  of 
aeroelastlcity  problems  are  much  more  extensive. 

For  supersonic  flows,  if  one  deals  with  linearized  relations,  the  solution  may  be 
given  with  the  aid  of  numerical  methods.  Their  substantiation  and  development  are  given 
in  the  known  works  of  Ye.  A.  Krasi I ’shchi kova  Finite-Span  Wing  in  a  Compressible  Fluid 
(Moscow,  Gostekhizdat,  1952),  J.  Miles  Potential  Theory  of  Transient  Supersonic  Flows 
(Moscow,  Fhmatgiz,  1963),  S.M.  Belotserkovskiy ,  N.A.  Kudryavtseva,  B.N.  Fedotov  (Izv. 

AN  SSSR,  MZhG,  No.  2,  1969),  S.M.  Belotserkovskiy,  S.A.  Popytalov  (ibid..  No.  2,  1970) 
and  are  summarized  in  the  monograph  of  S.M.  Belotserkovskiy,  B.K.  Skrlpach,  and  V.G. 
Tabachnikov,  The  Wing  in  a  Transient  Gas  Flow  (Nauka,  Moscow,  1971).  The  solution  Is 
based  on  the  general  equation  for  the  perturbation  potential,  treated  from  the  stand¬ 
point  of  the  method  of  sources.  The  aerodynamic  characteristics  pertaining  to  each 
element  of  a  carrying  surface  are  determined  by  taking  Into  account  the  influence  of  all 
the  remaining  elements  during  the  motion  of  the  structure.  Of  particular  importance  is 
the  fact  that  the  previous  history  of  the  process  is  thus  taken  into  consideration. 
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For  the  case  of  subsonic  flow  velocity,  the  original  methods  of  solution  of  prob¬ 
lems  of  in+ransient  aerodynamics  were  developed  by  S.M.  Belotserkovskiy  in  the  book 
A_  * n  Supporting  Surface  i n  Subsonic  Gas  Flow  (Nauka,  Moscow,  1965);  see  also  the 

papers  of  S.M.  Beiotserkovskly  (Izv.  AN  SSR,  MZhG,  No.  I  and  6,  1966),  G.A.  Kolesnikov 
(Ibid.,  No.  6,  1967),  and  S.M.  Belotserkovskiy  and  G.A.  Kolesnikov  (Ibid.,  Mo.  5,  1969). 
These  methods  are  based  on  the  theory  o_f  adjacent  and  free  vortices;  they  are  also 
systematically  presented  In  the  above- indicated  monograph  of  S.M.  Belotserkovskiy, 

B.K.  Skripach,  and  V.G.  Tabachnikov. 

The  use  of  the  relationships  given  in  the  above  works  for  supersonic  and  sonic 
flows  is  advisable  nof  only  in  the  case  of  self-excited  oscillations,  but  also  in  the 
study  of  transient  processes,  discussed  in  the  subsequ  nt  chapters  of  this  book. 
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Chapter  VI 


Criteria  of  Dynamic  Stability  of  Shells  and  Plates 

§61.  Basic  Definitions 

We  will  examine  the  process  of  buckling  of  shells  and  plates  subjectel  to  a- 
reriodic  actions,  in  the  beginning  of  Chapter  I,  we  discussed  problems,  taken  as 
examples  from  aviation  practice  which  are  related  to  the  study  of  periodic  vibra¬ 
tions  of  thin-walled  structures.  Of  no  less  importance  are  problems  related  10  a 
rapidly  occurring  transient  process  leading  to  buckling  of  a  shell  or  plate. 

Some  examples  will  be  given  here  as  well.  The  body  of  a  flying  vehicle  is  sub¬ 
jected  on  take-off  to  a  thrust  force  causing  significant  longitudinal  compressive 
stresses  over  a  short  period  of  time.  This  Involves  the  risk  of  bucHIng  of  the 
structure.  The  structure  of  an  aircraft  is  also  subjected  to  dynamic  loads  when 
the  flight  regime  undergoes  abrupt  changes.  In  some  cases,  elements  of  the  body 
of  an  aircraft  engine  are  subjected  to  short-term  changes  in  external  pressure. 

The  nature  of  buckling  of  a  plate  or  shell  under  rapid  loading  may  be  com¬ 
pletely  oifferent  from  the  behavior  of  a  structure  experiencing  a  static  loss  of 
stability.*  This  is  explained  by  the  influence  of  the  forces  of  Inertia  correspond¬ 
ing  to  the  displacements  involved  in  the  buckling.  The  structure  "does  not  have  the 
time"  to  receive  the  displacements  corresponding  to  an  abruptly  changing  load.  Such 
a  "lag"  causes  a  change  in  the  load  unHer  which  severe  buckling  of  the  load  or  plate 
takes  place  in  comparison  with  Euler’s  static  value.  In  addition,  as  will  be  seen 
below,  for  a  shell,  the  supporting  capacity  of  the  structure  may  surpass  in  various 
degrees  not  only  the  "nearest"  lower  critical  static  load**,  but  alsc  the  upper 
critical  value. 

*This  was  first  pointed  out  by  M.A.  Lavrent’yev  and  A.  Yu.  fshlinskiy  [6.7]. 

**This  concept  is  explained  below  in  §69. 
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Below,  we  will  conventionally  distinguish  between  a  dynamic  load  and  In  impact 
load.  We  will  assume  that  the  load  is  dynamic  if  only  the  forces  of  inertia  corres¬ 
ponding  to  normal  displacements  (deflections)  can  be  taken  Into  consideration  In 
solving  the  problem.  At  the  same  time,  we  leave  out  the  mechanism  of  transfer  of 
the  load  along  the  structure,  assuming  that  for  practical  purposes,  the  stresses  gen¬ 
erated  in  the  middle  surface  by  this  load  are  set  up  instantaneously.  The  "lag”  of 
the  buckiing  process  is  manifested  with  particular  clarity  In  this  case.  For  metal 

-2 

structures,  the  time  of  application  of  the  pulse  turns  out  to  be  of  t**-  order  of  10 
to  10  3  sec.  For  slower  processes,  the  dynamic  effect  is  manifested  very  weakly. 

In  the  case  of  an  impact  load,  however,  in  addition  to  the  forces  of  inertia  cor 

responding  to  the  deflections,  we  will  also  consider  the  effect  of  the  forces  of  Iner 

tia  along  certain  directions  in  the  middle  surface  of  the  shell  or  plate.  In  other 

words,  the  buckling  phenomenon  will  be  studied  together  with  the  process  of  transfer 

of  the  principal  stresses.  The  characteristic  load  application  time  in  this  case  if 
-4  -6 

10  -10  sec  for  metal  structures. 

LeT  us  examine  in  more  detail  a  typical  diagram  representing  the  dependence  of 
tne  deflection  (displacement)  parameter  characterizing  the  buckling  process  on  the 
load  parameter.  We  will  assume  that  the  load  Increases  monotonlcal ly  with  time.  In 
Figure  6.1,  the  load  parameter  p  (or  time  parameter  t)  Is  laid  off  along  the  abscissa 
axis,  and  the  characteristic  displacement  f  is  laid  off  along  the  ordinate  axis. 


Figure  6.1.  Relationship  bet¬ 
ween  fhe  deflection  and  load 
(,arameiers  under  dynamic 
(solid  line)  and  static  load¬ 
ing  (dashed  curve). 
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The  shape  of  the  f-p  or  f-+  diagram  depends  on  whether  the  shell  or  plate  Is  Ideal, 
or  whether  it  has  Initial  Imperfections.  We  will  proceed  from  the  model  of  a  non  I dea  < 
system.  Then  the  f-p  graph  will  reflect  the  vibratory  motion  of  the  structure  up  to 
the  instant  when  the  load  parameter  reaches  the  upper  static  critical  value.  Let  this 
portion  correspond  to  segment  OA.  Starting  with  point  A,  the  diagram  acquires  a  dif¬ 
ferent  shape:  the  characteristic  deflection  increases  monoton l ca 1 1 y  with  time  (or  with 
increasing  load).  Of  greatest  Interest  here  is  the  rate  of  Increase  In  deflection.  At 
first,  the  deflections  increase  slightly,  and  the  f-p  diagram  Is  close  to  the  abscissa 
axis.  However,  at  some  Instant  corresponding  :o  a  certain  load,  a  rapid  Increase  in 
deflection  takes  place;  segment  BC  corresponds  to  this  stage  on  the  diagram  of  Figure 
6.1.  For  shells,  snapping  to  a  new,  bent  equilibrium  shape  Is  observed  on  segment  BC. 

In  Figure  6.1,  the  dashed  curve  corresponds  to  the  static  behavior  of  the  structure  and 
includes  the  upper  and  lower  critical  points  pj,  P2;  the  supercritical  segment  p£C 
corresponds  to  stable  equilibrium  shapes  of  the  shell  with  large  deflections.  We  can 
see  that  the  dynamic  process  consists  in  a  transition  of  the  structure  to  new  stable 
static  shapes;  subsequently  nonlinear  vibrations  around  these  equilibrium  states  should 
occur  on  the  CD  segment. 

Dynamic  snapping  of  a  shell  may  occur  in  different  ways  depending  on  the  buckling 
'form.  From  a  practical  point  of  view,  we  are  inter  ested  in  those  wave  formulation  forms 
that  are  associated  with  the  earliest  buckling.  Let  us  assume  That  we  are  dealing  with 
different  wave  formation  forms.  It  is  necessary  to  find,  on  a  diagram  such  as  that  cf 
Figure  6.1,  curves  for  which  the  deflection  buildup  front  is  the  earliest. 

In  such  a  study,  what  we  are  most  interested  in  is  the  nonstationary,  transient 
process  of  mo+ion  of  a  shell  or  plate  of  segment  BC.  Experiments  show  that  as  a  rule, 
dynamic  snapping  of  the  shell  is  produced  by  the  appearance  of  plastic  strains  along 
the  lines  separating  the  bulges,  and  under  lasting  loading,  by  the  formation  of  cracks 
along  these  lines.  For  composite  materials,  characters  zed  by  a  linear  law  of  deforma¬ 
tion  up  to  failure,  the  buckling  pattern  Is  different.  In  this  case,  dynamic  buckling 
under  relatively  weak  pulses  does  not  cause  residual  strains,  However,  under  suffi¬ 
ciently  intense  impact  loads,  cracks  running  along  the  ribs  of  the  vanished  dents  appear 
in  shells  made  of  such  materials. 
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Juding  from  experimental  data,  the  general  character  of  wave  formation  In  dynamic 
buckling  is  similar  to  that  in  the  case  of  static  loss  of  stability  of  a  shell  or  plate. 

For  example,  in  a  cylindrical  shell  under  axial  compression,  rhombic  dents  of  the  same 
shape  as  in  slow  loading  are  farmed.  However,  the  dimensions  of  the  dents  change:  they  * 

depend  on  the  type  of  pulse  applied  to  the  shell.  In  addition,  the  narrow  areas  sep¬ 
arating  the  dents  show  up  less  clearly  In  a  dynamic  process. 

Thus  far,  we  have  discussed  the  case  in  which  the  stu rente  has  Initial  shape  Ir¬ 
regularities.  The  problem  is  thus  reduced  to  determining  the  functions  characterizing 
the  strained  and  stressed  state  of  a  system  as  a  function  of  time.  The  problem  to  be 
dealt  with  here  is  one  in  which  it  is  necessary  to  determine  the  displacements  of  the 
middle-surface  points  of  the  shell  and  the  quantities  dependent  on  them  for  specified 
boundary  and  Inltialcondltlons.  One  can  also  visualize  a  case  In  which  the  structure 
is  ideal,  but  subjected  to  certain  initial  velocities.  Finally,  a  combined  variant 
may  also  occur,  i.e.,  in  the  presence  of  initial  shape  irregularities  and  initial  velo¬ 
cities.  Moreover,  individual  pulses  may  also  be  applied  at  other  times.  In  the  course 
of  deformation  of  a  structure. 


that  Is  safe  (solid  lines) 
and  unsafe  (dotted  line)  for 
a  structure. 

The  question  arises,  how  can  one  estimate  the  degree  of  danger  posed  to  a  struc¬ 
ture  by  a  given  pulse  with  a  falling  segment?  This  author  proposed  [0.6]  that  the 
complete  f-p  diagram  for  a  shell  or  plate  be  studied  in  this  case.  Its  general  form 
may  be  of  the  type  shown  In  Figure  6.2.  The  characteristic  deflection  increases  at 
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first, ,then,  as  the  load  decreases,  begins  to  fall.  We  will  assume  that  during  the 
application  of  the  pulse,  the  structure  was  subjected  to  dangerous  deformations  If  the 
characteristic  deflection  parameter  f  reached  a  certain  limiting  value  f..  .  As  f..  , 
one  can  take,  for  example,  the  deflection  corresponding  to  the  appearance  of  plastic 
strains  in  the  static  process,  or,  say,  a  value  equal  to  the  thickness  of  the  shell  or 
plate.  If  such  a  criterion  is  used,  and  the  level  f,.  Is  denoted  by  the  dot-dash 
line  of  Figure  6.2,  the  dynamic  process  correspond! ng  to  the  dashed  line  should  uc 
considered  dangerous,  and  that  corresponding  to  the  solid  line,  safe. 

§62.  Different  Types  of  impulsive  Loads 

Thus  far,  we  have  discussed  the  case  in  which  the  load  changes  monoton i ca 1 1 y  with 
time.  However,  the  real  dynamic  forces  with  parameter  p  acting  on  structures  may  vary 
with  time  t  in  accordance  with  a  great  variety  of  laws.  Figure  6.3  shows  different 
variants  of  the  p-t  diagram. 

Figure  6.3  a  corresponds  to  a  linear  law  of  increase  In  p;  this  case  will  be  fre¬ 
quently  discussed  in  Chapter  VII.  In  talking  about  a  continuous  load  increase,  we  bear 
in  mind  that  the  case  of  shell  snapping  that  Is  Important  to  us  takes  place  on  the  as- 
cendi-.j  portion  of  the  loading  diagram;  we  are  not  Interested  In  the  subsequent  behavior 
of  the  structure.  Other  things  being  equal,  a  decisive  Influence  on  the  location  cf  the 
severe  buckling  front  of  a  plate  or  shell  Is  exerted  by  the  rate  s  of  load  increase, 
described  by  the  angle  made  by  curve  OA  with  the  abscissa  axis.  As  s  Increases,  the  lag 
effect  is  reinforced.  The  diagram  of  Figure  6.3  b  consists  of  two  portions:  in  fne 
first,  the  load  Increases  linearly,  and  in  the  second,  it  remains  constant. 

Let  us  examine  more  closely  the  shape  of  the  pulse  according  to  Figure  6.3  c.  Here' 
the  1  Odd  first  rises  to  some  level  at  a  rate  S|,  then  falls  at  some  other  rate  s^.  The 
behavior  of  the  structure  turns  out  to  be  dependent  on  both  quantities.  Let  us  suppose 
that  for  a  sufficiently  large  S|,  the  structure  old  not  undergo  snapping  In  the  first 
of  these  portions,  if  the  rate  in  the  second  portion  descreases  comparatively  slowly, 
i.e.,  the  rate  S2  is  low,  this  Is  precisely  where  the  snapping  may  take  place.  There¬ 
fore,  the  character  of  the  "falling"  portion  is  just  as  important  as  that  of  the  "rising" 
portion. 
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b)  c) 

F.gure  6.3.  Possible  diagrams  repre¬ 
senting  the  relationship  between  the 
load  and  time  parameters. 


-imiiar  assumptions  may  be  made  with  regard  to  the  following  variants  of  the  p-t 
depencer.ee  according  to  Figure  6.3.  The  nature  of  the  behavior  of  the  shell  can  be 
tied  to  the  general  outline  of  the  p-t  curve  *rd  to  the  magnitude  of  the  pulse,  deter¬ 
mined  by  the  area  of  the  diagram,  as  will  be  done  in  Chapter  VII. 


§63.  The  Concepts  of  Dynamic  Critical  Load  and  Dynamic  Coefficient 


If.  discussing  the  process  of  dynamic  buckling  of  a  structure,  we  will  turn  our 
attention  first  of  all  to  the  location  of  the  zone  of  severe  buckling  of  a  plate  or 
shell.  The  term  "dynamic  loss  of  stability"  is  frequently  applied  to  this  portion  of 
the  f-p  diagram.  However,  one  must  be  careful  here.  The  question  of  the  nature  of 
stability  of  the  motion  of  a  shell  In  different  portions  of  the  diagram  requires  a 
special  study.  Judging  from  calculation  data,  slight  changes  in  the  Initial  displace¬ 
ments  and  initial  velocities  will  be  associated  with  ever-so-s 1 1 ght  changes  in  the 
outline  of  f-p  curves.  We  will  subsequently  treat  the  snapping  portion  as  a  process 
of  onset  of  dynamic  instability,  since  it  Involes  an  abrupt  change  In  the  nature  of 
wave  formation  of  the  shell  or  plate. 


In  the  same  arbitrary  sense  one  can  speak  of  the  concept  of  the  dynamic  critical 
load,  determined  by  the  location  of  segment  BC  in  Figure  6.1.  However,  this  segment 
cart  be  defined  in  different  ways;  It  Is  therefore  natural  to  try  to  define  the  "critical" 
force  or  "critical"  time  interval  more  specifically.  One  of  the  possible  approaches 
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consists  In  establishing  the  location  of  the  Inflection  point  of  the  characteristic 
f-p  curve  on  this  segment  and  In  defining  the  critical  dynamic  load  as  the  abscissa 
of  this  point.  Another  proposal  consists  In  defining  the  abscissa  of  some  "middle” 
point  of  segment  BC. 

Some  authors  consider  the  critical  dynamic  load  reached  at  the  instant  when  the 
deflection  reaches  a  value  equal  to  the  thickness  of  the  piate  or  shell.  This  assump¬ 
tion  is  based  on  the  fact  that  this  point  apprxoimately  corresponds  to  the  attainment 
of  the  yield  point  by  the  reduced  stress. 

One  can  determine  the  iargest  value  of  the  intensity  of  stresses  in  the  middle 
surface  or  intensity  of  total  stresses  by  taking  the  bending  stresses  into  considera¬ 
tion,  and  compare  this  value  with  the  yield  point. 

If  the  dynamic  "critical”  load  has  been  determined  in  some  manner,  it  can  be  com¬ 
pared  with  the  corresponding  static  value.  Below,  we  will  use  the  concept  of  the 
dynamic  coefficient  Kd.  This  quantity  stands  for  the  ratio  of  the  dynamic  "critical" 
load  to  the  upper  static  critical  load  calculated  for  an  ideal  shell  or  plate  with  the 
same  parameters,  or  for  a  structure  with  the  same  initial  imperfections.  If  experi¬ 
mental  data  are  compared.  It  Is  appropriate,  In  our  view,  to  find  the  dynamic  coeffi¬ 
cient  as  the  ratio  of  the  experimentally  obtained  dynamic  load,  associated  with  sharp 
buckling,  to  the  critical  load  for  the  same  kind  of  shell,  found  In  static  tests.  Let 
us  note  that  the  theoretically  calculated  upper  static  critical  load  can  also  be  taken 
as  the  basic  quantity  in  this  case. 

§64.  Other  Possible  Approaches  to  the  Problem 

Thus,  we  have  agreed  to  refer  to  imperfect  structures  all  the  concepts  pertaining 
to  dynamic  snapping.  It  is  natural  to  ask  the  following  question:  should  the  dynamic 
critical  load  be  also  defined  for  an  Ideal  system  by  considering  the  latter  as  the 
limiting  case  of  a  structure  with  initial  imperfections?  To  this  one  can  only  reply 
that  in  the  framework  of  the  adopted  mathematical  model,  an  ideal  structure  cannot  be 
considered:  additional  deflections  will  be  absent  in  the  course  of  the  entire  process 
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of  rapid  loading.  !t  is  true  that  when  the  problem  Is  solved  by  means  of  computers, 
the  errors  of  the  computational  process  could  be  expected  to  serve  as  the  disturbances 
However,  in  the  examples  analyzed  by  the  author  and  his  collaborators.  It  was  found 
that  such  "pulses”  have  no  appreciable  effect  on  the  shape  of  the  f-p  diagram. 


Figure 

6.4. 

Char¬ 

acter 

of 

b*ck- 
I  -ng 
of  a 
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In  the  literature,  however,  other  approaches  to  +he  problem  have  been  proposed, 
but  they  pertain  to  ? deal  structures.  One  such  approach*  is  most  conveniently  des¬ 
cribed  with  application  to  the  problem  of  the  behavior  of  a  bar  with  one  fixed  end  A 
when  a  longitudinal  impact  load  is  applied  to  the  other  end  B(Figure  6.4).  Let  us 
assume  thal  at  the  instant  of  Impact,  the  element  of  the  bar  at  the  B  end  is  subjected 


*$ee  G.  Gerard  and  H.  Becker,  u.  Aeron.  Scl.  19,  No.  I  (1952),  58-62,  65. 


to  some  compressive  deformation  which  then  propagates  along  the  bar  as  a  wave.  At 
different  times,  the  compressive  deformation  covers  different  parts  of  the  bar.  It 
may  be  postulated  that  on  Impact,  loss  of  stability  takes  place  In  the  same  portion 
of  bar  BC  that  corresponds  to  Euler’s  static  load.  The  question  arises,  what  boun¬ 
dary  conditions  should  be  adopted  for  the  portion  under  consideration?  This  Is 
answered  by  saying  that  one  of  the  ends  (B)  should  be  considered  hinged,  and  the 
other  (C),  £or  example,  elastically  clamped.  The  question  whether  the  bar  loses 
stability  In  the  course  of  propagation  of  a  longitudinal  elastic  wave  can  be  answered 
affirmatively  If  the  calculated  length  of  segment  BC  turns  out  to  be  smaller  than  the 
full  length  of  the  bar  AB. 

Such  an  approach  Is  Intuitive;  It  can  be  evaluated  only  by  analyzing  a  dynamic 
buckling  process.  Studies  made  on  a  bar  with  an  Initial  camber  show  (see  the  book 
C0.6H,  p.  304)  that  indeed  following  Impact,  one  half-wave  Is  formed  In  the  portion 
of  the  bar  covered  by  the  elastic  wave.  However,  the  actual  process  of  buckling  of 
the  bar  Is  much  more  complex  than  In  the  model  under  discussion.  The  elastic  wave 
reflects  from  the  fixed  end,  then,  after  some  successive  reflections,  the  bar  Is 
divided  into  a  certain  number  of  sections  with  an  increasing  additional  deflection. 

The  length  of  such  a  section  depends  on  the  circumstances  of  the  Impact;  It  Is  In¬ 
teresting  to  note  that  under  certain  assumptions,  this  length  turns  out  to  be  approx¬ 
imately  equal  to  the  length  corresponding  to  the  Euler  static  critical  force.  How¬ 
ever,  this  result  appears  to  be  accidental. 

A  similar  method  of  reducing  a  dynamic  problem  to  a  quasi-static  one  has  also 
found  application  to  shells.  Let  us  assume  that  the  subcrltlcal  stresses  In  the  mid¬ 
dle  surf  ce  of  the  shell  are  determined  by  taking  into  account  the  forces  of  Inertia 
from  the  dynamic  relationships.  As  for  the  buckling  process  itself,  the  Influence  of 
the  forces  of  inertia  is  excluded  from  consideration  In  this  variant  of  the  analysis. 
Unexpected  results  can  be  obtained  in  this  manner.  For  example,  when  an  Instantaneous 
pulse  is  applied,  the  system,  as  we  know,  is  subjected  to  strains  that  are  twice  as 
high  as  static  strains.  Hence,  a  system  in  such  an  Interpretation  of  the  problem 
should  lose  stability  in  a  dynamic  process  at  the  Instant  when  Its  strains  reach  one- 
haif  of  the  maximum  value.  If  the  dynamic  coefficient  Is  calculated  according  to  the 
method  proposed  previously.  It  will  be  found  to  be  0.5.  However,  numerous  experiments 
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show  that  for  dynamic  application  of  a  load,  the  supporting  capacity  of  the  structure 
is  usually  higher  than  in  the  case  of  slowly  increasing  stresses;  the  dynamic  coeffi¬ 
cient  should  exceed  unity.  Thus,  in  an  approach  of  this  kind,  the  subcritlcal  stresses 
are  determined  from  the  solution  of  the  dynamic  problem,  whereas  the  buckling  process 
itself  is  analyzed  from  static  points  of  view. 

Another  approach  consists  in  analyzing  the  problem  of  buckling  of  a  structure  under 
dynamic  application  of  a  load  in  terms  of  the  parametric  resonance  theory.  As  we  know 
from  Chapter  IV,  when  a  load  having  a  periodic  component  is  applied  to  an  elastic  struc¬ 
ture,  the  system  may  turn  out  to  be  dynamically  unstable.  It  begins  to  execute  vibra¬ 
tions  of  increasing  amplitude:  several  instability  zones  are  formed;  the  greatest  danger 
Is  posed  by  the  first  zone,  corresponding  to  the  lowest  frequency.  In  this  and  the 
following  chapters,  the  expression  ’’dynamic  instability"  is  not  related  to  the  theory 
of  parametric  vibrations. 

Apparently,  the  parametric  resonance  theory  can  be  used  to  describe  the  process  of 
transfer  of  the  energy  of  longitudinal  motion  of  the  elements  of  a  structure,  in  the 
case  of  axial  compression,  to  the  energy  o*  transverse  vibrations.  Essentially,  we 
should  observe  such  a  phenomenon  of  energy  transfer  In  dynamic  buckling  as  well.  This 
idea  requires  a  further  study. 

The  next  two  chapters  of  the  book  will  discuss  the  behavior  of  shells  and  plates 
under  dynamic  and  Impact  loading.  We  will  follow  the  line  defined  In  this  chapter. 

We  are  dealing  with  imperfect  systems;  they  are  studied  from  the  points  of  view  of 
nonlinear  theory  in  accordance  with  the  equations  given  In  Chapter  I.  Because  of 
the  difficulties  involved  In  the  application  of  any  analytical  methods,  emphasis  will 
be  placed  on  various  numerical  methods  with  extensive  use  of  computers. 
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Chapter  V I i 

Buckling  of  Shells  and  Plates  under  Dynamic  Loading 
§65.  Statement  of  the  Problem.  Initial  Equations 

The  present  chapter  will  discuss  cases  of  dynamic  buckling  In  which  the  wave  char¬ 
acter  of  propagation  of  the  principal  stresses  over  the  volume  of  the  structure  can  be 
neglected.  These  stresses  will  be  assumed  to  penetrate  the  structure  Instantaneously, 
changing  with  time  In  accordance  with  a  specified  law.  The  problem  is  to  follow  the 
behavior  of  a  shell  or  plate  acted  on  by  such  loads,  assuming  that,  as  rule,  the  struc¬ 
ture  has  Initial  Imperfections. 


The  fundamental  relationships  for  such  a  problem  will  be  written  on  the  basis  of 
the  equations  of  Chapter  !.  Introducing  the  stress  function  $(x,  y,  t),  from  relations 
(1.30)  we  arrive  at  the  following  system  of  equations  according  to  (1.38)  and  (1.39): 


VM>  =__[/,  (u,  w)~  I.  ((«.„,  t»  ,)|  _ 

i’pr  - 1.-.) 

,is*' 


(7.1) 

(7.2) 


Here  the  operators  L(w,  <&)  and  L(w,  w)  correspond  to  expressions  (1.32)  and  (1.34). 

Let  us  recall  that  k  and  k  denote  the  principal  middle-surface  curvatures,  wh!$h  are 
x  y 

considered  constant,  w  and  Wq  denote  the  complete  and  Initial  deflections,  and  q  Is 
the  transverse  pressure. 


§66.  Behavior  of  Plates  under  Dynamic  Compression 


As  the  first  example,  let  us  consider  the  case  of  a  plate  a  x  b  compressed  In  one 
direction  (see  Figure  2.10)  along  side  a.  We  will  first  assume  that  the  compressive 
stresses  p  increase  in  proportion  to  time  according  to  the  law  p  =  st  (Figure  6.3a). 


We  will  solve  this  problem  with  the  aid  of  the  Bubnov-Galerkln  method.*  The  fundamental 
equations  (I)  and  (2)  will  take  the  form 


i«.,  (7.3) 

■jj-VD=  i[£,(B)0l  ai0)  —  L(w,  v)].  (7,4) 

Considering  the  plate  to  be  nearly  square  and  assuming  It  to  be  hinged  along  all  the 
edges,  we  take  the  following  expressions  as  the  approximating  functions: 


t  ,  mn*  ,  nnu  t  «  w»nr  ,  unit 

w**f  sin  — ^ —  sin  — r- ,  osln— -sin— 


(7.5) 


where  rn  and  n  are  the  numbers  of  half-waves  along  a  and  b.  Substituting  relations 
(5)  into  (4),  we  find  (the  edges  a  approach  each  other  freely): 


i' -if 
Si 


<P  =*  E 


5  f  /  (a  \3  2mn*  I  m  /  h  2/myl  py* 

"Km)  (l)  C0S“-Mt)  (7)  C0S—  j-T- 


(7.6) 


Then,  applying  the  Bubnov-Galerkln  method  to  Eq.  (3),  we  obtain  the  following  relation: 


~  12(1  -n‘)[(x)  +n1  + 


(7.7) 


Here  the  following  notation  is  used  (concerning  ot,  see  p.  335  ); 


*The  solutions  of  the  problems  for  a  plate  and  a  cylindrical  panel  as  given  In 
§66,  67,  76  are  due  to  Ye.  A.  Vol’mir  (Dckl.  Akad.  Nauk  SSSR  201,  No.  6,  1971,  46- 
48);  previously,  one  special  example  was  discussed  In  the  book  [0.6]]. 
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with 


« 


p’ 


Omitting  the  nonlinear  and  inertial  terms  In  (7),  we  arrive  at  the  well-known  formula 
for  the  dimensionless  critical  stress  for  X  =  1,  2,  3... 


p-  „isr/i)’_  "’ 

cr  e  ' a(i-M’)'  (7.8) 

On  the  other  hand,  rejecting  the  nonlinear  terms,  we  obtain  an  equation  for  small  vi¬ 
brations  of  an  unloaded  plate;  for  Cq  =  0, 


r-  MH  t  +  _Y*'  _  .-'it  m  0 
'cr  i  r  /-iijiw  <tt*  Um 


The  square  of  the  fundamental  frequency  for  a  square  plate 


,  n’r.rfi*  . 

-s! - viV-e  r' 


(7.9) 


Introducing  tht-  symbol  t*  for  the  time  parameter 


ii  *■/  p* 

(  BS  —•  CSS  — p  f 

h=r  fcr 


(7.10) 


we  arrive  at  an  ordinary  differential  equation  for  the  deflection 


\  A  /  ncrwn*' 


(7.11) 
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where 


S 


act  //* 

sb* 


(7.12) 


c  being  the  velocity  of  sound  in  the  plate  material,  determinable  from  (2.5).  Com- 
paring  expressions  (9)  and  (12),  we  find  that  /S  =  /s)E(h/b)  . 

7he  Integration  of  Eq.  (II)  was  performed  by  means  of  the  Runge-Kutta  method. 

.he  results  of  the  computations,  carried  out  with  a  BE3M-2M  computer,  are  reflected 
in  ftie  graphs  shown  in  Figure  7. 1-7.3.  Below,  we  will  determine  the  dynamic  "critical” 
load  from  the  data  of  Chapter  VI,  on  the  basis  of  the  criterion  of  severe  buckling  of 
the  system. 


Figure  7.1  pertains  to  the  case  of  a  square  plate  (A  =  a/b  =  I)  with  an  Initial 
-4 

deflection  Cq  *  I  x  10  ;  we  assume  that  the  transverse  load  Is  absent,  q  =  0.  Solid 
lines  represent  the  £(t*)  curves,  corresponding  to  S  =  l  and  m  =  1,2,  3.  We  can  see 
that  the  development  of  sharp  deflections  begins  most  rapidly  when  m  =  2,  n  =  1.  Thus, 
in  this  case  one  should  expect  the  development  of  dynamic  deflections  for  two  half-waves 
along  the  length.  Let  us  recall  that  the  static  loss  of  stability  of  a  square  plate 
fakes  place  when  m  -  n  =  I.  The  dynamic  coefficient,  equal  to  the  ratio  of  the  dynamic 
"critical"  load  to  the  static  load,  turns  out  to  be  =  5  in  the  case  under  considera¬ 
tion.  In  the  case  of  S  =  10  (dashed  lines),  the  buckling  shape  according  to  these  two 
half-waves  (m  -  2)  turns  out  to  be  "critical  ‘,  but  the  coefficient  will  be  about  3 
in  this  case. 


The  dot-dash  line  In  Flcure  7.1  shows  the  quasi-static  dependence  between  the 
s+ress  and  the  deflection  in  supercritical  oefo<~.nat ion. 


Figure  7.2  shows  a  similar  graph  for  3  =  0.5,  0.2,  and  0.1;  In  these  cases,  the 
"critical"  value  of  Kd  is  ejual  to  6,  7.3,  and  8.5,  respect’ vely. 


The  Influence  of  an  additional  static  transverse  load  on  the  bohc’/ior  of  a  square 
plate  was  studied.  For  the  case  S  =  I  ard  q*  ~  I ,  the  "critical"  number  of  half-waves 
m  was  found  to  be  m  =  I ,  while  for  q*  -  0,  it  was  m  =  2. 
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Figure  7.1.  "Deflect I on-time"  diagram 
for  a  compressed  plate  In  dynamic  load¬ 
ing;  solid  lines  pertain  to  the  faster 
load  Increase. 

Thus,  In  the  presence  of  transverse  load,  the  effect  of  occurrence  of  higher  buck¬ 
ling  shapes  attenuates.  The  corresponding  value  of  Kd  for  q*  =  I  Is  4.25,  whereas  for 
q*  =  0,  It  was  Kd  =  5. 

We  analyzed  the  case  of  an  elongated  plate  for  which  X  »  2.  As  was  shown  by  the 
calculations,  the  static  form  of  the  stability  loss  then  corresponds  to  m  =  2,  n  =  I; 
the  critical  load  coefficient  was  the  same  as  the  value  for  X  =  I .  In  the  dynamic 
process,  for  S  =  I  and  S  =  0.5,  we  obtained  m  *  5,  and  for  S  =  0.1,  we  found  m  =  6. 

The  corresponding  values  were  4.9,  5.8  and  8.4.  If  these  values  are  compared  with 
the  same  coefficients  at  X  =  I,  approximately  the  same  values  are  obtained.  Hence  we 
can  draw  the  preliminary  conclusion  that  the  dynamic  response  factors  found  for  a 
square  plate  can  be  extended  with  little  error  to  rectangular  plates  of  a  different 
configuration. 

In  Figure  7.3,  one  can  follow  the  effect  of  Initial  deflection  on  the  behavior  of 
a  plate.  It  gives  the  "critical"  curves  £<+*)  for  S  =  I  for  gradually  decreasing  CQ, 
from  I  to  I  x  10 


Figure  7.2.  Behavior  of  a  compressed 
plate  unuer  very  rapid  loading;  the 
fastest  load  increase  is  reflected  by 
the  solid  II nes. 


Figure  7.3.  Effect  of  initial  de¬ 
flections  on  the  behavior  of  a 
compressed  pi3te  under  dynamic 
loading. 
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S67.  Effect  of  Pulse  Shape  on  the  Behavior  of  a  Plate 

We  will  now  turn  to  a  problem  similar  to  the  one  discussed  In  §66,  but  different 
In  that  we  will  not  limit  the  character  of  change  In  axial  compressive  load  to  the  law 
P  “  st,  but  will  assume  that  It  can  be  given  by  an  arbitrary  function  of  time  p  =  $<t). 

It  is  convenient  at  this  point  to  Introduce  another  dimensionless  time  parameter  t  -  wQt; 
Wg  denotes  the  lowest  frequency  of  natural  vibrations  of  an  unloaded  plate  according  to 
(9).  Taking  Into  consideration  the  relation 


we  reduce  (II)  to  the  form  (for  q*  =  0) 

£Mx)%(T)t  + 

4*  Co) 

where 

S  ft,|3tl-|»')l?t 
°  n'h'cU 


Figure  7.4.  Character  of 
"deflect I on-time"  curves 
for  a  step-shaped  puls9. 
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We  will  now  use  the  dimensionless  function  of  tirne  ^(x)  -  5<t(x). 


Using  (13),  we  will  study  the  case  of  the  step  pulse 


for  0<T<To, 

f°r  t>t„. 


* 


Figure  7.4  gives  data  of  computations  for  the  same  parameter  ij>n  ~  5,  but  for  pulses 

-3  u 

of  different  duration;  we  took  Cq  =  I  x  10  ,  X  =  2.  The  "critical"  number  of  half-waves 

mcr  *n  case  was  found  to  be  independent  of  the  pulse  duration  and  equal  to  7;  ncr 
was  I  as  before. 

rs 

% 

!2 

0 

4 
0 

Figure  7.5.  Regions  of  safe 
step  pulses  for  a  compressed 
p I  ate . 


Below,  we  will  use  the  criterion  of  an  "unsafe"  value  of  the  pulse  J  =  ^qXq,  on 
the  basis  of  a  given  maximum  deflection.  We  will  find  those  combinations  of  values 
of  the  load  ^  and  pulse  J  for  which  some  limiting  deflection  amplitude  Is  reached  for 
the  first  time.  Figure  7.5  shows  the  corresponding  curves  for  these  cases,  when  the 
deflections  C  35  I  and  0.5  are  considered  to  be  the  limiting  ones.  As  we  can  see, 
the  pulses  that  are  unsafe  are  smaller,  the  higher  the  higher  the  load  level.  It  Is 
Interesling  to  note  that  In  the  left-hand  portion,  the  "limiting"  pulse  values  remain 
almost  unchanged. 
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Figure  7.6.  Regions  of 
safe  exponential  pulses 
for  a  compressed  plate. 


Figure  7.6  shows  the  same  type  of  data  for  the  case  of  an  exponential  pulse 
according  to  Figure  6.3  f ,  given  by  the  law  ^(t)  =  Ae”^*^T.  The  curves  plotted 
In  Figure  7.6  correspond  to  the  limiting  values  of  the  deflection  C  =  0.5,  0.8, 

I;  also,  the  magnitude  of  the  pulse  J,  whose  application  Is  necessary  to  achieve 
a  given  deflection,  decreases  here  as  the  load  amplitude  A  Increases. 

§68.  Dynamic  Buckling  of  Plates  In  Shear 

We  will  consider  a  case  In  which  a  rectangular  plate  Is  subjected  to  the 
dynamic  action  of  shearing  forces  uniformly  distributed  over  Its  edges.*  Problems 
of  this  type  are  encomtered,  for  example.  In  ship  building,  when  the  hull  of  the 
ship  is  acted  on  by  dynamic  loads  .produced  by  the  Impact  of  waves,  the  passage  of 
an  acoustic  wave,  ate.  Similar  loads  may  take  place  In  the  skin  panels  of  a 
flying  vehicle. 

We  will  take  a  plate  hinged  along  the  edges  and  assume  that  the  edges  approach 
each  other  freely.  As  before,  the  Bubnov-Galerkln  method  will  be  used. 

In  accordance  with  the  solution  of  the  static  problem  (see  [l.ll],  p.  157),  we 
will  choose  the  q>proxlmating  expression  for  the  deflection  In  the  form** 

*This  problem  was  studied  by  M.S.  Gershteyn  [7.9  aD. 

**For  the  sake  of  simplicity,  in  the  equations,  we  do  not  cite  the  terms  related  * 
to  the  initial  irregularities. 
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This  formula  pertains  to  the  case  in  which  the  sides  a  and  b  of  the  plate  differ 
little  in  magnitude.  Further  procedure  is  the  same  as  in  §66.  By  integrating  Eq. 
(2),  we  find  the  function  <j>  in  the  form 


<&' 


3S5f(<I<COS‘T^  *4cos~&)  + 

T  COS  -2^-  cos  - 

}  « _ 

I  -_(9a*  -I*  /#»)» 


+ fil  3 (a<  cos  + b' cos  ^f) + 


Hb 


3?t  // 
b 


_ 3n*  Any  H 

COS  -  y  COS  -y  1 1 


(a»  +  W 


Jj +w//; 


(7.15) 


where  s  denotes  the  intensity  of  tangential  forces.  Then,  applying  the  Bubnov-Galerkin 
procedure  to  (3),  we  arrive  at  a  system  of  nonlinear  differential  equations 

ii  Jip  4r  +  T  (*■’  +  v ) 5,1  + 


(7.16) 


+*(*+£)$+ 


i  <*’  +  9>’  +  <9X’  +  »’  >’r  i  4n*  <*’  +  » ►  158  „t  „  ,n 


4n>  w  +  I) , 


(7.17) 


The  following  notation  was  introduced  above: 


'  ~  s ~W '  *”f  {:  =  ■¥. 


If  the  inertial  terms  and  nonlinear  components  are  discarded  in  the  above  equa¬ 
tions,  an  approximate  value  of  the*  critical  static  shear  stress  can  bo  determined: 


where 


cr"  law  ~p-)  k  1 


nb 


Tcr"tr*/7/7* 
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Let  us  now  consider  a  dynamic  problem,  assuming  that  the  relative  displacement 
of  the  edges  In  the  direction  of  side  a  takes  place  at  a  constant  rate.  The  shear 
corresponding  to  this  displacement  will  be 


0  ^  |  (n^b  -  =  iv 


(7.17a) 


Here  d*-*  —  the  "average"  displacement  of  side  y  =  b. 


f 


) 

i 


dx j 


is  also  determined  by 

The  displacement  u  Is  found  by  analogy  with  the  solution  of  the  static  problem 
([l.ll],  p.  159).  We  now  determine  the  "average"  displacements  of  sides  y  -  0  and 
y  -  b,  which  we  substitute  Into  < 1 7a ) .  After  some  simple  transformations  and  re¬ 
duction  to  the  dimensionless  form,  we  get 


(*»  _  9,0  (9JI*  +  ,i)»  4-  0 

oTi5%7  9(xJ+ciF(o)?Ti? 


* 


(7.18) 


where  t*  =  fttab/h^T*^  Is  the  dimensionless  time  parameter.  Introducing  (18)  Into 
(16)  and  (17),  we  arrive  at  a  system  of  ordinary  nonlinear  equations  in  £j, 

Assuming  that  the  plate  under  consideration  has  an  initial  deflection  described 
by  the  expression 

Vo  —  /oSin^iin-22., 
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instead  of  the  system  (16),  (17),  it  Is  necessary  to  write  down  new  equations  of 
motion.  For  a  square  (A  =  I)  plate  of  material  with  Poisson's  ratio  y  «  0.32, 
after  some  simplifications,  these  equations  ta*e  the  form 


where 


^-  +  s  (0,124  (c?  -  d)c,  +  0.469t,Cl  +  0,368  ft,  -  W  - 


A+S(l,98d  +  0,469*,  +  5,83;,  -  t ,09/*;,) - 0, 

tff 

TA* 


S 


(7.19) 


The  numerical  integration  of  the  equations  of  system  M9)  was  performed  by  using  the 
Runge-Kutta  method. 

Results  of  the  calculations  are  presented  in  Figure  7.7  and  7.8  for  a  case  In 
which  the  Iritial  deflection  =  0.01  for  different  values  of  S.  The  solid  lines 
represent  plots  of  S|(t*);  for  one  variant  (S  -  2),  the  function  (^(t*)  is  also 
shown.  The  dashed  curves  Indicate  the  corresponding  static  relationships.  The 
general  character  of  the  curves  corresponds  to  the  case  of  compression  described 
in  §66. 

In  Figure  7.9,  the  solid  lines  indicate  the  theoretical  values  of  the  dynamic 
coefficient  as  a  function  of  the  initial  deflection.  The  figure  also  shows  the 
results  of  experiments*.  Crosses  mark  the  data  pertaining  to  plates  0.75  mm  thick, 
and  circles,  to  0.95  mm;  the  models  were  made  of  AMG-6  aluminum  alloy.  Triangles 
correspond  to  data  for  Duralumin  plates  i  mm  thick. 


"Carried  out  by  M.S.  Gershteyn  and  V.P.  Blagoveshchenskiy. 


-  292  - 


iJr-ii - - - 


“•Ir-TjaaVi'iiaiititi 


Figure  7.7.  "Deflec- 
tlon-tlme"  curves  for 
a  square  pla+e  subject' 
ed  to  dynamic  shear 
(S  =  2). 


Figure  7.8.  Amplitudes  of 
different  wave  formation 
shapes  for  an  elongated  plate 
In  dynamic  shear  (S  =  0.5, 

2,  6). 


Figure  7.9.  Comparison 
of  theoretical  (solid 
lines)  and  experimental 
values  of  the  dynamic 
coefficient  for  a  plate 
In  shear. 
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The  experiments  were  conducted  at  various  loading  rates.  The  process  of  buck¬ 
ling  of  the  plate  began  in  the  elastic  stage,  as  a  rule,  with  the  formation  of  a 
single  diagonal  crimp.  Let  us  note  that  this  form  of  bending  corresponds  to  the 
approximation  of  the  type  of  (14).  Oscillographic  analysis  of  the  shear  strains 
in  the  middle  surface  was  performed  during  the  experiments.  The  buildup  of  this 
strain  with  time  conformed  to  a  law  that  was  close  to  linear.  After  the  shear 

strain  reached  a  certain  value  0  ,  a  sharp  buckling  of  the  plate  began.  Qualita- 

# 

tively,  tho  experimental  data  agreed  with  the  theoretical  ones. 

Let  us  note  that  in  very  rapid  loading,  buckling  of  the  plate  during  the  ex¬ 
periments  took  place  with  the  formation  of  not  one  but  two  or  three  crimps.  In 
other  words,  this  involved  buckling  in  higher  forms  of  stability  loss  or  vibrations. 
This  fact  should  be  taken  account  in  subsequent  studies  of  dynamic  shear,  as  was 
done  in  the  case  of  compression. 

§69.  Buckling  of  Cylindrical  Shells  Under  Dynamic  Loading.  Basic  Concepts 

Let  us  turn  to  dynamic  buckling  of  closed  circular  cylindrical  shells  under 
different  types  of  loads.  First,  we  will  consider  teh  case  of  axial  compression. 
However,  before  dealing  with  the  dynamic  problem,  let  us  recall  the  data  available 
in  the  literatue  on  the  buckling  of  axially  compressed  cylindrical  shells  In  the 
case  of  quasi-static  loading. 

It  is  well  known  that  thin-walled  metallic  shells  subjected  to  axial  compres¬ 
sion  lose  stability,  as  a  rule,  with  the  formation  of  rhombic  dents.  These  dents 
usually  form  two  to  three  bands;  in  some  experiments,  however,  it  Is  possible  to 
obtain  dents  covering  almost  the  entire  surface  of  the  shell.  This  phenomenon  can 
be  explained  from  geometric  points  of  view*.  The  shell  buckles  chiefly  inward,  to¬ 
ward  the  center  of  curvature,  since  the  middle  surface  is  not  subjected  to  any 
substantial  tension-compression  strains  in  such  deformation. 


*For  more  detail,  see  the  book  [0.6],  p.  534,  and  A.V.  Pogorelovfs  monograph, 
Geometric  Methods  in  Nonlinear  Theory  of  Elastic  Shells,  Moscow,  1967. 
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Bending  of  the  shell  is  not  continuous  and  takes  place  !r.  the  course  of  sharp 
snapping.  However,  If  we  Imagine  that  the  equilibrium  forms  of  the  shell  follow 
each  other  continuously,  we  obtain,  to  a  first  approximation,  the  "deflection  para¬ 
meter-load"  diagram  shown  In  Figure  6,1  by  a  dashed  curve.  Actually,  the  buckling 
pattern  of  the  shell  turns  out  to  be  much  more  complex.  The  snapping  phenomenon 
Is  associated  with  a  transformation  of  the  buckling  forms.  If  this  phenomenon  Is 
Investigated  by  means  of  high  speed  motion  pictures,  one  finds  that  the  number  of 
waves  along  the  circumference  decreases,  then  begins  to  Increase  again  In  certain 
cases.  Thus,  Instead  of  the  single  smooth  curve  of  Figure  6.1,  we  obtain  a  series 
of  curves  corresponding  to  different  numbers  of  waves.  In  the  literature  on  the 
static  stability  of  shells  In  the  large,  the  practice  has  been  to  plot  the  envelope 
of  these  curves;  then,  the  lower  critical  load  Is  determined  at  the  point  corres¬ 
ponding  to  the  minimum  p  for  the  lowest  of  the  curves.  However,  recent  data  have 
forced  a  revision  of  this  procedure,  at  least  as  applied  to  practical  calculations. 

It  was  found  that  a  refinement  of  the  calculations  leads  to  a  substantial  decrease 
of  the  lower  critical  load,  and  In  the  limit,  this  quantity  approaches  zero.  How¬ 
ever,  the  distant  p(f)  curves  correspond  to  very  significant  deflections  exceeding 
the  shell  thickness  by  tens  and  hundreds  of  times.  On  the  other  hand,  it  can  be 
shown  that  the  transition  to  these  distant  equilibrium  branches  requires  the  over¬ 
coming  of  a  very  high  energy  barrier. *  On  the  basis  of  these  data,  the  author  of 
the  book  proposed  the  Introduction  of  the  concept  of  the  nearest  lower  critical 
load.**  If  one  examines  the  experimental  data  pertaining  to  real  shells,  one  finds 
that  they  fall  chiefly  Into  a  region  located  between  the  upper  critical  load  and 
the  value  corresponding  to  the  nearest  lower  critical  load. 

Let  us  now  return  to  the  dynamic  problem.  As  was  stated  In  Chapter  VI,  the 
character  of  the  p(f)  curve  under  Impulsive  loading  may  differ  sharply  from  the  static 
branches.  Here  again  the  problem  amounts  to  the  Integration  of  equations  of  the 
type  of  (I)  and  (2)  by  means  of  certain  approximate  methods.  As  a  rule,  we  will 
approximate  the  deflection  and  stress  function  with  expressions  that  correspond  to 
static  solutions  of  the  first  approximation,  but  allowing  for  a  possible  change  In 

*This  was  pointed  out  by  L.l.  Balabukh  In  1952. 

**See  also  the  paper  of  Jones  (A1AA  Joum.  5,  No.  9,  1966). 


the  number  of  nodal  lines  In  different  directions. 


§70.  Cylindrical  Shells  Acted  on  by  Dynamic  Axial  Compression 

Let  us  consider  the  case  of  a  closed  circular  cylindrical  shell  fastened  at 
the  ends  by  rigid  ring  frame  supports.  The  shell  will  be  assumed  to  be  subjected 
to  a  rapid  application  of  an  axial  load  uniformly  distributed  over  Its  ends.  Our 
purpose  will  be  to  determine  the  behavior  of  the  shell  In  time,  assuming,  as  agreed 
previously,  that  the  forces  applied  to  the  ends  "instantaneously**  penetrate  the 
ent I  re  she  1 1 . 

We  will  adopt  the  following  plan  for  solving  the  prcblem.  Using  the  variational 
method  and  approximating  the  expression  for  the  defied' l on,  we  reduce  the  problem 
to  finding  the  time  dependence  of  Ihe  deflection  parameters.  In  other  words,  we 
will  proceed  along  the  same  lines  as  in  the  rase  of  a  plate. 

The  expression  for  the  complete  deflection  will  ba  taken  In  the  form 


(7.20) 


Here  L  and  R  denote  the  length  of  the  shell  and  radius  of  curvature  of  the 
middle  surface.  The  number  of  half-waves  along  the  length  Is  denoted  by  m,  and 
the  number  d  waves  along  the  circumference,  by  n. 

We  will  assume  below  that  In  Its  form,  the  Initial  deflection  is  effectively 
in  "resonance"  with  the  form  of  the  aid  It Iona  I  deflection,  and  we  will  approximate 
the  initial  deviations  by  the  expression 

l»  (sin  ’—sin  -f  tsiu*  -f-  f ) . 

(7.21) 
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Let  us  note  that  expressions  (20)  and  (21)  correspond  to  the  solution  of  the  static 
problem  of  shell  stability  In  the  first  approximation  (see  C0.6D,  p.  526).  The 
first  of  the  ierms  In  parentheses  corresponds  to  the  form  of  stability  loss  of  the 
shall  In  the  sine'll,  and  also  to  the  form  of  small  flexural  vibrations.  The  second 
term  takes  Into  account  the  predominant  direction  of  buckling  of  the  shell  toward 
the  center  of  curvature.  The  third  terms  reflects  the  radial  displacements  of  the 
points  of  the  end  sections. 

We  substitute  expressions  (20)  and  (21)  Into  the  right-hand  side  of  Eq.  (2)  for 

k  *  0,  k .  *  l/R.  After  integrating,  we  find 
x  y 

<P-  fi(fCi  cm  ^  +  K.cos  +  K.tln  ~r  si"-,?-  +  . 

'  +M  »*?**)-*• 


The  coefficients  Kj are 


V 


where  am  =  rmT/L;  $  *  n/R.  The  average  Intensity  of  the  compressive  forces  applied 
to  the  ends  of  the  shell  is  denoted  by  p. 

The  condition  of  closure  of  the  shell  for  a  displacement  v  Is: 


(7.22a) 
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Equating  the  expressions  for  ey  written  In  terms  of  the  deflection  and  stress  func¬ 
tion,  we  find 


it 

*9 


i  §m 
Tw»r 


Substituting  (20)-(22)  Into  the  above  equation  and  taking  the  previous  relations  Into 
account,  we  find 

f8*  — jtf  4" 


Thus,  <J>  Is  found  to  be  expressed  In  terms  of  the  parameter  if,  f  and  fQ. 


We  now  apply  the  Bubnov-Galerkln  method  to  Eq.  (I).  The  fundamental  equations 


are 


Li* ft 

I! 


Xnk ia***lnf*djrd*™0 


tins 

f  j  Jtsin’o** dxdy—Q', 

•  • 


(7.23) 

(7.24) 


and  X  wi 1 1  be 


jr  -  4  ^  <  o. -  t  +  J  W- • 


<7. 24a) 


After  Integrating  Eq.  (23),  we  find 


““  ^  ft  —  Co)  t  -f  j  —  Cg 


(7.25) 
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where 
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The  dimensionless  parameters  introduced  are 


r~zL  t  —  fJL  t  ~  «?£ , 

h  '  *» “  /,  »  *«  nL 

p  K  ...  h 

h  •  11  "  /l  h  ’ 
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If  the  inertial  term  is  eliminated  from  Eq.  (25)  and  we  set  Cq  =  0,  we  arrive 
at  the  solution  of  the  static  problem  for  a  shell  of  ideal  shape.  Taking  into 
account  only  the  terms  linear  in  C,  we  find  the  parameter  p 


1 

12(1 -V) 


0+ftJ*, _ ft 

ft  1+(T+IyPt ° 


'«<l -!•'»+  x' 


(7.26) 


3 


This  corresponds  to  formula  (13.39)  of  the  book  [0.6].  Minimizing  p  with  respect 

2  2  2 

to  the  parameter  x  -  (1  +  )  n/Cm,  we  obtain 


or  for  ^°*605* 


(7.27) 
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If  however  the  nonlinear  terms  are  considered  In  the  static  problem,  this 

variant  of  the  solution  leads  to  a  lower  critical  stress  parameter  f>|  3  O.I5fu  * 

-  0.09;  It  corresponds  to  the  value  ?  =  0.6.  This  means  that  when  the  comp res- 

m 

sive  stress  reaches  the  ’’nearest”  lower  critical  value,  the  ratio  of  the  arc  di¬ 
mension  of  the  dent  irR/n  to  the  axial  dimension  L/m  Is  0.6;  In  other  words,  dents 
of  rhomboidal  shape  turn  out  to  be  stretched  out  along  the  arc.  Let  us  note  that 
we  are  dealing  here  with  the  lower  point  of  the  envelope  of  a  series  of  p(£)  curves 
which  are  determinable  for  various  m  and  n. 

Let  us  now  turn  to  the  dynamic  problem  again.  We  wl 1 1  assume,  as  In  the  case 
of  a  plate,  that  the  external  forces  increase  according  to  the  law  p  a  st;  we  Intro¬ 
duce  the  dimensionless  parameters 

s-WilMf-  c-/f- 

Then  Eq.  (25)  takes  the  form 

7  $  -  {(r  ~  "  W"/  ~ 

— Hu  1 0  +  »w  +  U  - *■)»*  +  (7.28) 

+  ^TUII  +<r?1blttt“W{+ 

Equation  (28)  was  integrated  by  the  Ruhge-Kutta  method  with  the  aid  of  a  com¬ 
puter.  A  shape  of  the  dents  was  adopted  that  corresponded  to  the  lowest  upper  crit¬ 
ical  stress;  we  are  dealing  here  with  the  limiting  values  of  the  wave  formation 
shape  parameters,  found  from  the  solution  of  the  nonlinear  problem  for  Cq  =  0,  when 
C  0.  The  parameter  characterizing  the  proportion  of  the  ’’unsymmetrlc”  compo¬ 
nent  of  the  deflection  In  (20),  was  assumed  to  be  the  same  as  In  the  corresponding 
static  problem  for  a  shell  of  perfect  shape,  and  therefore  the  second  of  Eqs.  (23), 


(24)  was  not  considered  in  the  solution.  The  results  are  presented  in  Figure  7.10 
and  pertain  to  a  shell  with  R/h  =  180,  L/R  55  2.2.  Values  of 

i 

'U  H 

were  plotted  along  the  abscissa  axis,  where  py  is  the  smallest  upper  crft.cal  stress, 
and  the  deflection  parameter  C  is  plotted  along  the  ordinate  axis.  The  different 
series  of  curves  pertein  to  dynamic  loading  taking  place  at  a  constant  rate  of  load 
increase  s  =  I  x  I06,  2  x  10^,  and  5  x  10^  kg/cm2  sec.  Each  curve  is  characterized 
by  a  certain  number  of  waves  n  indicated  on  the  graph.  We  see  that  a  rapid  in¬ 
crease  takes  place  the  earliest  in  the  first  case  at  n  =  II,  in  the  second  case  at 
n  =  12,  and  in  the  third  case  at  n  -  13. 

kg/cm2  sec 


P  v  r  0  y  is  ifi  v  is  t* 

Figure  7.10.  "Characteristic  def I ecti on-tlme" 
diagrams  for  a  closed  cylindrical  shell  under  a 
axial  compression. 

In  Figure  7.11,  depending  on  the  loading  rate  s,  the  theoretical  values  of 
are  compared  with  the  experimental  ones.*  The  dynamic  overload  coefficient  was 
obtained  by  dividing  the  load  at  which  dynamic  buckling  occurred  by  the  static 
value,  also  found  experimentally.  A  continuous  curve  was  drawn  through  the  points 
obtained  by  integrating  Eq.  (28)  for  -  0.001.  Inspection  of  the  graph  shows 

*The  experiments  were  performed  by  S.N.  Kiryushina,  and  the  calculations  given 
above  are  due  to  her. 
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that  the  test  data  are  characterized  by  a  considerable  scatter,  but  generally  follow 
the  theoretical  curve.  Let  us  note  that  in  other  cases,  a  fairly  good  agreement  of 
the  experimental  data  for  carefully  prepared  shells  with  theoretical  data  exists 
if  the  initial  deflection  parameter  in  the  calculations  is  taken  approximately  as 


sec 


Figure  7.11.  Theoretical 
values  of  the  dynamic  co¬ 
efficient  for  a  compressed 
cylindrical  sheil  (solid 
line)  in  comparison  with 
experimental  data  (R/h  = 
180,  L/R  ^  2.2). 


CQ  =  0.001.  In  the  dynamic  process,  the  tested  shells  obviously  buckled  under  a  load 
10  to  60%  greater  than  the  static  load,  depending  on  the  loading  rate.  Although  the 
smaller  of  f-hese  values  is  low  and  lies  in  the  range  of  spread  of  the  experiments, 
the  upper  limit  character i zes  a  significant  increase  in  the  supporting  capacity  of 
the  shell. 


Other  authors  who  have  dealt  with  the  same  problem*  have  approximated  the  de¬ 
flection  by  means  of  a  somewhat  different  expression: 


*  =  I  (sin  ^  sin  If  +  *  sin«  ,ln«  -f.) . 

In  the  calculations  performed  in  this  manner.  It  was  assumed  that  the  waves  were 
square. 


*See  V.L.  Agamirov  and  the  author  C7.I],  and  also  0.1,  Terebushko  [7.22]. 
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§71.  Cylindrical  Shells  under  External  Pressure 

Let  us  consider  another  Important  problem,  the  behavior  of  a  closed  circular 
cylindrical  shell  under  dynamic  application  of  a  uniformly  distributed  external 
pressure.  As  was  done  In  §70,  we  consider  the  shell  to  be  fastened  at  the  ends 
to  ring  frame  supports  whose  shape  remains  circular  as  the  structure  Is  deformed. 

In  the  operations  carried  out  below,  we  will  actually  consider  a  somewhat  more 
general  problem  for  the  case  of  uniform  pressure.  In  other  words,  the  shell  will 
be  assumed  to  be  provided  with  a  bottom,  and  the  pressure  to  act  with  equal  In¬ 
tensity  on  the  Iteral  surface  and  bottom. 

The  case  of  rapid  loading  by  external  pressure  Is  characteristic,  for  example, 
of  shells  In  the  structures  of  aircraft  engines. 

Solving  the  problem  along  the  same  lines  as  In  §70,  we  will  take  the  follow¬ 
ing  approximating  expressions  for  the  complete  and  Initial  deflections: 

w  =  /  (sill  sill  +  ♦sill*  x  +  *p) . 

- 1,'( sin  -Y- si..  J  +  *  sin*  Y-  +  f ).  °-29) 


These  expressions  were  set  up  like  (20),  (21),  and  differ  from  them  only  In  that  the 
number  of  half-waves  along  the  length  is  taken  to  be  m  =  I;  this  corresponds  to  the 
data  from  the  study  of  the  static  problem  and  experimental  data.  Substituting  (29) 
into  an  equation  of  the  type  of  (2)  and  Integrating  It,  we  obtain 


\ 

* 


®-£(A',cos?^  +  ^cos>  +  A\si,i  Y*inY  + 

+  /C,sl„^si„f)-i^_^J,». 


(7.30) 


The  coefficients  Kj , . , . ,  are  determined  by  the  previous  expressions  (see  p.  297) 
but  with  the  replacement  of  c*m  by  a,  where  a  -  tt/L;  here  again,  0  =  n/R.  The  in¬ 
tensity  of  external  pressure  Is  denoted  by  q;  the  last  but  one  term  In  (30)  corres¬ 
ponds  to  the  stress  Oj  =  qR/h  In  the  middle  surface,  caused  by  the  pressure  on  the 


lateral  surface,  and  the  last  term,  to  the  stress  *  qR/2h,  caused  by  the  pressure 
on  the  bottom. 

Using  the  closure  condition  as  In  570,  we  obtain 


*  -  - •£• + 4  </ + tor + nr^nr  t(|-  $  )• 


(7.31) 


The  equations  of  the  Bubnov-Galerkln  method  will  be  written  as  before  In  the 


* 

J  J  Xsinajcsinpp</*<fyw«0, 

•  i 

1 2.i* 

J  J  X  's\\\taxdxUy*—Q, 


<7.32) 


where  X  stands  for  expression  <24a). 


Performing  the  integration  of  the  first  of  Eqs.  (32),  we  have 


4-c,(i  - -y ) + c, - g + 

-  C:,  (t  -  u  *  -  c,  ( i  - *-){#  +  ct  j . 


(7.33) 


The  coefficients  CQ,  III,  C5  are 


c°  ** » +!7  fa*  (i  VifFl +  hj , 

C.  mm _ w>  1  t  V  .  r  2.1*1*  II  .  II 

Ci  w  r*'  c>"WLTr+w+,Tnn5rJ»- 

C|“I(S  +  W  ['  +  (T+T!5r]* 

C<  "TTFi'V+lT'  C‘“^f  aTp’  4  =  -£t- 
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Here,  In  addition  to  the  notation  of  §70,  we  will  use  the  dimensionless  parameters 


a  t  d  \i  *  nR  a 

4— 1(4)-  »—ST"T 


(7.34) 


Excluding  the  inertial  term  from  (33)  and  taking  Cq  -  0,  we  arrive  at  an  eqi. 
tion  corresponding  to  the  solution  of  the  linear  static  problem 


(7.35) 


Minimizing  qcr  with  respect  to  n  (cr,  in  other  words,  with  respect  to  the  number  of 
waves  n),  we  determine  the  upper  critical  pressure  qu  (see  p.  545  of  the  book  [0.6D, 
where  only  the  case  of  radial  pressure  Is  discussed). 

We  will  return  to  the  dynamic  problem,  assuming  further  that  the  parameter  \l> 
is  by  agreement  considered  to  be  the  same  as  In  the  static  solution.  Again,  the 
pressure  intensity  will  be  assumed  to  Increase  according  to  the  law  q  =  st,  and  we 
will  Introduce  the  time  parameter 


T  u  n,  <  n  - 

«u  k 


then  Eq.  (33)  takes  the  form 


,  (t’-fflf  ,  „  +/) 

~  n‘  WPTffi1  +  +  "* 


(7.36) 


where  the  values  NJ#  N2,  Nj  are  given  in  [0.6],  p.  766; 
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Equation  (36)  for  the  dimensionless  deflection  was  Integrated  numerical  ly  for 
the  following  initial  data: 

C**&.  7f  «0  for  f  ~0, 

The  computations  were  carried  out  with  application  to  Duralumin  shells  for  the 
Initial  data  c  =  5  x  I05  cm/sec,  p  *  0.3,  E  =  7.75  x  I05  kg/cm2.  In  addition,  we 
took  R/L  *  0.45,  R/h  a  112,  6  *  1.8  x  I0~3. 

Figure  7.12  represents  the  graph  of  the  relationship  between  the  complete 

deflection  and  the  loading  (or  load)  time  for  the  case  Cg  -  I  x  I0~3.  The  first 

line  on  the  left  corresponds  to  the  solution  of  the  static  problem  for  s  -*■  0.  The 

graph  shows  the  envelope  of  different  curves  corresponding  to  a  given  wave  number 

n.  The  upper  critical  pressure  takes  place  at  a  wave  number  n  *  6,  and  the  lower, 

at  n  =  5.  The  same  Figure  7.12  shows  curves  p Jotted  for  cases  of  dynamic  loading 
4  4  4 

at  rates  s  =  0.2  x  10  ,  I  x  10  ,  and  2  x  10  at/sec.  The  figure  again  shows  the 
curves  for  three  wave  numbers  at  which  a  rapid  Increase  of  deflections  corresponds 
to  the  smallest  parameter  f.  As  Is  evident  from  the  figure,  the  dynamic  effect  Is 
manifested  In  a  gradual  Increase  In  the  number  of  waves  and  a  significant  increase 
of  the  critical  pressure. 


Figure  7.12.  "Characteristic 
deflection-time"  dependence  for 
a  closed  cylindrical  shell  under 
external  pressure.  Key:  I ) 
stat. ,  2)  at/sec,  and  3)  Dyn. 
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Comparaslon  of  the  data  pertaining  to  the  case  of  dynamic  application  of  axial 
compression  (see  Figure  7.11)  and  uniform  pressure  shows  that  In  the  second  of  these 
cases,  the  dynamic  effect  Is  manifested  more  clearly.  This  may  be  explained  by  the 
characteristics  of  wave  formation:  when  the  external  pressure  predominates,  one 
half-wave  Is  usually  formed  along  the  length  of  the  shell,  whereas  the  case  of  com¬ 
pression  Is  characterized  by  the  presence  of  shallow  dents  both  along  the  circum¬ 
ference  and  along  the  length.  In  the  former  case,  the  shell  elements  apparently 
are  subjected  to  relatively  large  accelerations,  and  the  effect  of  Inertial  forces 
Is  more  perceptible. 

W 

c 
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V 
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V 

0  i  2  J  4  A  S 
t 

Figure  7.13.  Graph  which 
together  with  the  pro¬ 
ceeding  figure  reflects 
the  effect  of  Inltal 
camber  on  the  behavior 
of  the  shel I .  Key:  I > 

Stat.,  2)  at/sec,  and 
3)  Dyn. 

The  graph  shown  In  Figure  7.13  contains  curves  analogous  to  those  pictured  In 
Figure  7.12,  but  for  the  case  of  a  large  Initial  camber  (Cq  =  0.1).  At  comparable 
values  of  the  rate  s,  lower  forms  of  stability  loss  are  manifested  In  this  case 
than  when  Cq  =  0.001;  the  critical  pressures  are  also  lower  (by  a  factor  of  approx¬ 
imately  1.5).  The  general  shape  of  the  curves  Is  slightly  different:  the  front  of 
rapid  increase  In  deflection  Is  not  as  well  defined  as  when  Cq  =.001. 

Let  us  now  consider  a  more  complex  program  of  loading  of  the  shell.  We  will 


Figure  7.14.  Behavior  of  the 
shell  characterized  by  graphs 
a)  for  the  different  pulse 
shapes  shown  In  b). 

assume  that  the  system  Is  subjected  to  loading  by  a  pressure  Increasing  at  a  rate 
s  =  2000  at/sec  and  reaching  a  value  equal  to  80*  of  the  critical  dynamic  value. 
Moreover,  the  shell  does  not  experience  any  appreciable  deflections  In  the  course 
of  loading.  Subsequently,  the  load  will  be  assumed  to  vary  In  accordance  with 
different  laws  (Figure  7.14b).  Variant  I  Is  the  same  as  the  one  discussed  earlier: 
here  the  load  continues  +o  Increase  at  the  former  rate.  In  variant  2,  the  load  re¬ 
mains  constant  at  the  second  stage.  In  the  remaining  variants  (3-9),  the  load  de¬ 
creases  linearly;  the  rate  of  load  decrease  Is  denoted  by  s2  and  changes  from 
2  x  10  to  2  x  10  at/sec.  Figure  7.14  a  shows  graphs  of  the  deflection  change  with 
time.  Despite  the  fact  that  In  variants  3-9  the  load  decreases,  the  deflection  In¬ 
creases  up  to  a  certain  limit,  then  begins  to  decrease. 


-  308  - 


The  behavior  of  a  shell  during  unloading  Is  characterized  by  the  magnitude  of  the 
maximum  deflection.  In  Chapter  VI,  we  assumed  that  the  shell  buckles  during  unloading 
If  the  maximum  deflection  exceeds  the  static  deflection  corresponding  to  the  highest 
pressure;  the  static  curve  Is  shown  In  Figure  7.14  a  on  the  left.  If  this  assump¬ 
tion  Is  accepted,  the  unsafe  load-decrease  rates  are  below  the  value  S2  =  3000  at/sec. 
in  Figure  7.15,  these  curves  are  represented  In  different  coordinates.  The  magni¬ 
tude  of  the  load  Is  laid  off  along  the  abscissa  axis,  and  the  deflection,  along  the 
ordinate  axis. 


Figure  7.15.  Character  of  the  dependence 
between  the  deflection  and  load  parameters 
for  different  pulse  shapes. 


A  somewhat  different  approach  to  the  solution  of  the  problem  was  used  by  Yu.  I. 
Kadashevich  and  A.K.  Pertsev  [7.113.  They  obtained  certain  characteristic  curves  of 
the  behavior  of  shells  under  an  abruptly  applied  transverse  load  which  then  remained 
constant  in  magnitude  during  a  given  period  of  time;  loads  increasing  linearly  with 
time  were  also  considered.  These  authors  showed  that  under  very  rapid  loading,  the 
effect  of  a  lag  In  the  aslxymmetric  compression  of  the  shell  must  be  considered.  In 
addition,  it  was  found  that  the  parameters  and  $  In  (29)  will  be  different  for 
dynamic  problems  than  In  the  static  solution.  M.A.  Shumik  [7.253  proposes  that  one 
should  consider  unsafe  a  load  at  which  the  maximum  stress  reaches  the  yield  point. 

§72.  Experimental  Data 
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Let  us  turn  to  the  results  of  several  series  of  experiments  dealing  with  the 
dynamic  buckling  of  shells  under  uniform  pressure. 

We  will  first  consider  the  experiments  conducted  on  a  series  of  carefully  pre¬ 
pared  (machined)  Duralumin  specimens  with  R/h  =  220  and  L/R  *  2.2. #  A  specially 
designed  installation  consisted  of  two  tanks  placed  one  Inside  the  other  aid  filled 
with  oil.  The  specimen,  In  the  shape  of  a  circular  cylindrical  shell,  was  placed 
in  the  inner  tank;  the  upper  end  of  the  specimen  remained  open.  The  opening  In  the 
bottom  of  the  Inner  tank  was  closed  with  a  valve  connected  to  a  system  of  springs. 

A  higher  pressure  in  the  range  from  5  to  15  at  was  produced  In  the  outer  tank,  and 
the  gas  ’’cushion"  located  In  the  upper  part  of  the  tank  was  suddenly  opened,  a  hy- 
draulic  impact  occurred  which  was  transmitted  to  the  specimen;  it  may  be  assumed 
with  a  certain  approximation  that  the  specimen  was  thus  subjected  to  dynamic  load¬ 
ing  by  a  uniform  external  pressure.  The  changB  of  pressure  with  time  at  several 
points  of  the  tank  was  measured  with  special  gauges  whose  signals  were  recorded  on 
the  tape  of  a  loop  oscll  lograph.  Ohmic  resistance  gauges  stuck  to  the  outer  mrd  in 
surface  of  the  specimen  permitted  the  determ  I  nation  of  ev-Higrtlon  strain  at  Ihc 
corresponding  point;  the  readings  of  tha  gauges  were  also  fed  +o  an  oscllio.,  aph. 
During  the  test,  the  pressure  difference  between  the  outer  and  Inner  tank  was  varied 
as  was  the  time  of  opening  of  the  valve,  so  that  It  was  possible  to  obtain  various 
rates  of  pressure  Increase  In  the  range  from  2  x  I0*5  to  6.5  x  10^  at/sec. 

It  was  found  that  In  dynamic  loading,  the  general  character  of  deep  dents 

directed  mainly  toward  the  center  of  curvature  was  the  same  as  In  static  loading; 

however,  the  configuration  of  the  dents  changes  slightly:  under  dynamic  application 
of  pressure,  their  outline  is  close  to  rectangular. 

In  Figure  7.16,  the  experimental  data  are  compared  with  the  results  obtained 

In  §71  for  shells  of  the  same  dimensions.  The  rate  s  In  at/sec  Is  laid  o*f  along 

the  abscissa  axis,  and  the  dynamic  overload  coefficient  Is  laid  off  along  the 


*The  experiments  were  conducted  by  V.  Ye.  Minayev  with  the  participation  of 
V.S.  Smirnov. 
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Figure  7.16.  Comparison  of 
theoretical  data  on  dynamic 
buckling  of  cylindrical 
shells  under  uniform  com¬ 
pression  with  experimental 
results. 

ordinate  axis.  A  solid  line  connects  the  points  obtained  by  calculation  for  Cq  =  0.001. 
The  triangles  represent  the  experimental  data  for  initially  perfect  shells,  and  the 
circles,  for  shells  with  Initial  camber.  Judging  from  the  graph,  the  experiments 
confirmed  the  theoretical  conclusions,  at  least  qualitatively.  Some  deviations  of 
the  experimental  values  of  the  critical  pressure  for  shell?  of  "ideal  shape1'  upward 
from  the  theoretical  curve  may  be  explained  by  the  fact  that  the  edges  of  th9  shells 
were  clamped  in  the  experiments,  and  that  the  forces  of  Inertia  of  the  adjacent 
liquid  layer  were  added  to  those  of  the  shell  mass. 

Experiments  on  steel  shells  were  performed  by*V.V.  Sorokin  (see  [0.63,  p.  775); 
the  shell  parameters  R/h  =  200,  L/R  *  2.9.  The  shells,  equipped  with  inserted  bot¬ 
toms,  were  placed  In  a  tank  fi I  led  with  liquid.  The  free  surface  of  the  liquid  was 
hit  by  a  dropping  load.  Changing  the  drop  height  of  the  load  made  it  possible  to 
vary  the  rate  of  increase  of  the  uniform  pressure  transmitted  to  the  shell.  As  was 
shown  by  the  test  results,  under  static  loading,  the  shell  received  six  dents  along 
the  circumference,  and  under  dynamic  loading  at  different  rates,  eight  and  nine 
dents. 

Figure  7.17  gives  the  results  of  studies  made  by  Wood  and  Koval  [7.61 j.  A 
cylindrical  shell  clamped  at  the  ends  was  loaded  at  one  end  by  a  constant  axial 
force,  then  subjected  to  an  axlsymmetric  hydrostatic  pressure  that  rose  rapidly 
to  a  constant  value.  The  rise  time  of  the  pressure  to  the  maximum  value  was  0.003 
sec.  The  unsafe  deformation  of  specimens  In  static  and  dynamic  tests  was  charac¬ 
terized  by  the  appearance  of  large  dents  and  the  exhaustion  of  the  supporting  capacity 
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Figure  7. 17.  Unsafe 
values  of  the  dynamic 
hydrostatic  pressure 
parameter  for  the 
s  I  mu  I  taneous  act  l  on 
of  static  axial 
forces. 

with  respect  to  the  axial  load.  The  specimen  then  returned  to  the  stable  position 
(at  a  zero  pressure  differential),  after  which  the  magnitude  of  the  axial  load 
changed,  and  a  series  of  external  pressure  Jumps  were  reapplied.  The  pressure 
gradually  increased  until  unsafe  deformation  of  the  specimen  took  place.  Thus 
were  determined  the  maximum  values  of  pressure  increasing  In  Jumps,  during  the 
action  of  which  unsafe  deformation  was  absent.  Figure  7.17  shows  the  P~q  depen¬ 
dence,  where  P  is  the  axial  load  in  kg,  and  q  Is  the  maximum  value  of  the  pressure 
differential  in  at.  These  data  pertain  to  a  shell  with  parameters  L/R  =  2, 

R/h  =  800,  h  =  0. 13. mm. 

Under  laboratory  conditions.  It  Is  difficult  to  obtain  a  given  law  of  change 
of  the  external  load.  Let  us  examine  certain  devices  which  permit  one  to  carry  out 
such  loading. *  Figure  7.18  shows  a  general  view  of  the  pressure  chamber  of  an  ex¬ 
perimental  device  that  makes  It  possible  to  obtain  different  loading  laws.  Cavity 
B  of  chamber  I  is  filled  wfth  liquid.  The  pressure  on  specimen  2  Is  produced  by 
moving  piston  4  downward  in  cylinder  3.  The  motion  of  the  piston  Is  determined  by 
the  velocity  of  mass  M  at  the  Instant  of  contact  with  crusher  8,  by  the  rigidity 
of  the  crusher,  and  by  the  resistance  of  gasket  6  to  the  displacement  of  the  piston. 

*These  data  are  due  to  Yu.K.  Bivln  and  A. A.  Nayda,  Prikl.  mekh.  6,  No.  10 
(1970),  28-34. 
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If  cavity  A  Is  filled  with  air,  the  start  of  the  pressure  drop  In  cavity  B  may  be 
regulated  by  selecting  the  thickness  of  membrane  5.  The  pressure  measurement  In  the 
chamber  Is  made  with  gauges  7. 


Figure  7.18.  Sketch 
of  device  for  testing 
models  of  cy I Indrlcal 
shel Is  (2)  for  uni¬ 
form  dynamic  com¬ 
pression. 

We  will  now  consider  the  electrohydraul Ic  method  of  producing  uniform  pressure. 
Its  use  permits  an  easy  regulation  of  the  magnitude  of  the  pressure  pulse  by  means  of 
the  electrohydraul ic  effect.  A  general  view  of  the  chamber  for  testing  the  models 
for  the  action  of  an  Impulsive  load  Is  shown  In  Figure  7.19.  One  of  electrodes  2  of 
chamber  I  Is  grounded,  and  the  o4her  Is  connected  to  a  discharger.  A  spark  Is  formed 
when  there  Is  a  breakdown  between  the  electrodes  of  the  discharger.  As  a  result, 
the  pressure  rises  sharply  In  this  zone.  A  pressure  wave  Is  formed  which  then 
travels  along  the  chamber  at  the  speed  of  sound.  The  magnitude  and  character  of  the 
change  In  the  load  or  the  structure  3  being  tested  with  time  depends  on  many  factors, 
chief  of  which  are  the  energy  accumulated  In  the  capacitors,  distance  between  the 
electrodes,  density  of  the  medium  occupying  the  chamber,  distance  from  the  discharge 
zone,  rigidity  of  the  chamber,  electrical  characteristics  of  the  discharge  circuit, 
etc.  Other  things  being  equal,  the  pressure  In  the  wave  will  be  higher  If  a  conduc¬ 
tor  Is  exploded  between  the  electrodes.  If  the  compression  wave  destroys  diaphragm 
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Figure  7.19.  Use  of 
electrohydraul Ic 
method  In  experiments 
on  uniform  dynamic 
compression  of  shells 
(3). 


4,  the  pulse  of  the  load  on  the  model  will  be  smaller.  By  using  Inserts  5  of  various 
configurations,  one  can  appreciably  alter  the  character  of  the  load  with  time. 


§73.  Effect  of  Internal  Pressure 


Let  us  now  consider  a  case  In  which  In  addition  to  a  dynamic  axial  compressive 
load,  a  closed  circular  cylindrical  shell  Is  subjected  to  a  statically  applied  inter¬ 
nal  pressure  of  variable  intensity. 
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Let  us  first  recall  the  results  produced  by  the  study  of  this  problem  in  the 
quasi-static  formulation.*  If  we  consider  the  case  of  combined  loading  from  I  inear 
points  of  view,  we  will  find  that  the  internal  pressure  relative  to  a  low  intensity 
should  not  affect  the  upper  critical  load  of  axial  compression.  If  however  one  starts 
from  non  I i near  equations  and  uses  the  procedure  of  determination  of  the  nearest  lower 
critical  loads  (see  §69),  one  finds  that  the  internal  pressure  has  an  appreciable 
effect  on  the  supporting  capacity  of  the  shell.  As  the  internal  pressure  parameter 
increases,  the  nearest  lower  critical  load  increases  and  at  a  certain  pressure  In¬ 
tensity  approaches  the  upper  value.  These  results  are  confirmed  by  experimental 
data. 


To  solve  the  corresponding  dynamic  problem,**  It  is  necessary  to  supplement  an 
equation  of  tne  type  of  (28)  by  a  term  corresponding  to  the  internal  pressure  of  In¬ 
tensity  q.  As  before,  we  assume  that  the  compressive  load  changes  according  to  the 
law  p  =  st.  Then,  instead  of  (28),  we  obtain 


”  iriTg*5 + nrWl  P 

+ nk-  [*  +  (-rfep-1  'He  -  to>t  + 


In  addition  to  the  notation  of  §70,  the  quantity  §  =  qR^/Eh^  was  Introduced  above. 

Equation  (37)  was  integrated  by  using  the  Rjnge-Kutta  method  as  before.  The 
Initial  conditions  chosen  were  the  same  as  In  §70:  C  =  Cq  and  C  =  0  for  t*  *  0. 

In  the  course  of  the  calculations,  the  ratio  R/h  was  varied  from  100  to  1000,  and 


♦ 


*For  more  detail  see  the  book  C0.6D,  p.  573. 

**A  similar  problem  was  discussed  by  A.V.  Sevastfyanov  (Mekh.  tv.  tela.  No.  3 
(1968).  The  results  cited  here  were  obtained  by  B.A.  Kiladze  and  the  author  C7.6a! 
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the  Intensity  of  Internal  pressure  5,  from  zero  to  two.  The  Initial  deflection 
parameter  £g  was  chosen  as  I  x  10"^  In  all  cases.  The  loading  rate  s  was  varied 
from  I  x  l(r  kg/cm2  sec  to  5  x  I06  kg/cm2  sec.  The  parameter  £  characterizing 
the  form  of  wave  formation  during  snapping  of  the  shell  varied  from  0.4  to  3.  Let 
us  note  that  the  Increase  In  £  is  due  to  an  elongation  of  the  dents  along  the  arc. 

In  each  variant  of  the  calculations,  £  -  t*  relationships  were  found  that  corres¬ 
ponded  to  different  numi>ers  of  waves  n  along  the  arc.  That  number  of  waves  was 
determined  for  which  a  rapid  increase  of  deflections  occurred  the  earliest. 

As  an  example,  the  data  of  the  calculations  are  presented  In  the  form  of  graphs 
In  Figure  7.20.  The  values  chosen  were  R/h  3  200  and  s  *  2  x  I06  kg/cm2  sec.  All 
the  curves  were  rearranged  so  that  the  upper  critical  static  stress  was  taken 
as  the  base.  The  first  of  the  graphs  (Figure  7.20  a)  pertains  to  the  case  of  ab¬ 
sence  of  internal  pressure.  Here  a  rapid  Increase  of  deflections  takes  place  the 

earliest  for  £  =  0.8  and  n  -  14,  and  the  '’critical”  time  parameter  t*  «  1.006.  In 

c# 

other  words,  the  excess  over  the  upper  critical  value  In  dynamic  buckling  Is  0*6#. 
From  the  next  graph  (Figure  7.20  b)  pertaining  to  the  case  of  5  «  0.1,  It  Is  evi¬ 
dent  that  dynamic  snapping  takes  place  at  another  parameter  £  *  1.2,  and  wave 

number  n  =  12.  The  static  critical  value  Is  exceeded  here  by  2.5#.  Finally,  Figure 
7.20  c  shows  the  £  -  t*  relationship  for  the  case  §  *  0.02.  Sharp  buckling  should 

take  place  In  this  example  when  the  parameter  £  =  I .2  and  n  3  12.  The  excess  over 

the  upper  static  "critical"  load  Is  4.5#. 

We  will  now  cite  the  data  pertaining  to  higher  values  of  Q.  When  §  3  0.2, 
the  dynamic  "critical"  load  proves  to  be  higher  than  the  upper  static  load  10.3#; 
when  5  =  0*5,  by  12.1#,  when  5  *  • »  by  23#  when  4  *  2,  by  34#. 

Figure  7.21  compares  the  final  results  pertaining  to  the  cases  5*0#  0.01, 

0.02.  It  indicates  the  "critical"  parameters  £  and  n  when  R/h  =  200  and  s  3  2  x  10^ 
2 

kg/cm  sec. 

Thus,  In  the  presence  of  static  Internal  pressure,  the  character  of  wave  form¬ 
ation  of  the  shell  changes  sharply  in  comparison  with  the  case  of  pure  dynamic 
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Figure  7.20.  "Deflectlon-tlme"  diagram  for  dynamic 
compression  In  the  absence  of  Internal  pressure 
(a)  and  presence  of  static  pressure  of  low  (b)  and 
high  (c)  Intensity. 


compression.  The  higher  the  Internal  pressure,  the  more  elongated  are  the  dents 
along  the  arc.  The  parameter  of  the  dynamic  "critical"  compressive  load  Increases 
In  the  presence  of  Internal  pressure  in  comparison  with  the  static  value.  For  the 
internal  pressure  values  encountered  In  practice,  this  excess  ranges  from  5  to  10*. 

It  should  be  noted  that  for  real  shells,  static  buckling  takes  place  at  stresses 
considerably  below  the  upper  static  "critical"  value.  For  this  reason,  this  dynamic 
effect  of  the  load  Is  actually  much  greater  than  would  follow  from  the  above  results, 

The  theoretical  conclusions  obtained  have  been  qualitatively  confirmed  by  a 
series  of  steel  shells.*  Specimens  filled  to  different  degrees  with  a  loose  material 


"Performed  by  B.A.  Klladze. 


Figure  7.21.  Effect  of  static  In¬ 
ternal  pressure  In  the  presence  of 
dynamic  application  of  axial  com¬ 
pression. 

were  subjected  to  the  action  of  a  dynamic  compressive  load.  The  signals  from  gauges 
placed  in  one  of  the  sections  of  the  shell  were  fed  to  an  oscillograph.  One  could  thus 
compare  the  dynamic  stresses  In  the  shell  wall,  set  up  at  different  Intens4tles  of 
Internal  pressure.  The  character  of  wave  formation  changed  In  accordance  with  the 
results  given  above. 

§74.  Anisotropic  Cylindrical  Shells  Under  External  Pressure 

We  will  now  consider  the  case  of  an  orthotropic  shell.  Various  types  of  shells 
can  be  reduced  to  such  a  model  of  orthotropic  structure.  Included  here  are  shells 
stiffened  with  ribs,  l.e.,  structural  variants  In  which  the  ribs  are  arranged  at 
fairly  frequent  Intervals  and  they  can  be  "smeared  out”  along  the  basic  dimensions 
of  the  skin  (Figure  7.22  a).  Another  class  of  such  structures  are  one-  or  many- 
layer  sheils  of  composite  materials  with  continuous  fibers  of  glass,  boron,  carbon, 
graphite,  beryllium,  etc.  (Figure  7.22  b). 

We  will  study  the  behavior  of  a  closed  circular  cylindrical  orthotropic  shell* 
subjected  to  the  dynamic  action  of  an  external  normal  pressure  uniformly  distributed 
over  the  lateral  surface  and  changing  with  time  according  to  the  law  q  *  q(t).  As 
in  the  previous  variants  of  the  solution  of  the  problems,  we  will  assume  that  the 

*Th!s  solution  Is  due  to  L.N.  Smetanlna. 
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shell  Is  hinged  to  ring  frame  supports  whose  points  may  undergo  certain  radial 
displacements  while  the  frames  remain  circular.  It  Is  assumed  that  the  principal 


Figure  7.22.  Circular  cyl Indrlcal  shell: 
a)  reinforced  with  stringers  and  ring 
frame  supports;  b)  smooth. 


directions  of  rigidity  coincide  with  the  generatrix  of  the  cylinder  and  with  the 
arc  of  the  cross  section.  The  elastic  properties  of  orthotropic  shells  are  char¬ 
acterized  by  moduli  and  E2  along  the  x  and  y  directions,  by  the  shear  modulus 
G,  and  by  Poisson’s  ratios  p|,  M2.  Le+  us  note  +he  relation  E^  »  E^.  The  e9ua“ 
tlon  of  motion  of  a  shell  element  has  the  form  (see  the  book  [0.6D,  p.  580) 
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where  w  and  wQ  are  the  complete  and  Initial  deflections;  y  Is  the  specific  gravity 
of  the  shell  material;  Dj,  02  are  the  bending  rigidities  in  the  axial  and  annular 
directions;  is  the  reduced  rigidity;  DQ  is  the  torsional  rigidity: 
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We  now  write  the  strain  compatibility  equation: 
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(7.39) 


Again  we  assume  that  the  form  of  the  Initial  wave  formation,  characterized , by  para¬ 
meters  and  <fi.  Is  In  "resonance”  with  the  wave  formation  of  the  she  1 1  In  the  course 
of  deformation,  anc  s?t  the  only  parameter  specified  In  advance  Is  fg.  As  we  al¬ 
ready  know,  under  exte  ;!  pressure,  the  shell  buckles  a Jong  the  generatrix  In  one 
half-wave,  and  therefore  we  will  hereinafter  assume  that  m  «  I.  We  substitute 
expressions  (4)  and  (41)  Into  the  right-hand  side  of  (39).  After  Integrating  the 
equation  obtained,  we  arrive  at  the  following  expression  for  the  stress  function: 

<p»«C,cos2at4-C,cos2py  4*C|Sln3<ucilnft/  + 

-f  C4  sin  ax  sin  py  —  ^ 

the  following  notation  being  used: 
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The  last  term  In  expression  (42)  corresponds  to  stresses  In  the  middle  surface  deter¬ 
mined  from  zero-moment  theory. 


The  displacement  v  must  satisfy  the  closure  condition  (22a).  Comparing  the  ex¬ 
pressions  for  Cy  In  terms  of  displacements,  on  the  one  hand,  and  In  terms  of  the 
function  $  on  the  other,  we  find 

1  /  \  I  /  ♦)«*  \?  ,  1_  I  pte*  \2  1  »  ~  »*o 

/  a  \Oii  I  ***  2  \ I  T  N 


j)y_  — 

Oij  lit 


Using  the  expressions  written  above  (40- (42;,  we  find 

/P - »  /-Ho  no*  * 

v  E-MI-1,)  +-e— • 

Thus,  the  parameter  $  turns  out  to  expressed  In  terms  of  f  and  ijf. 


To  find  the  dependence  between  the  deflection  parameters  and  a  time-dependent 
load,  we  will  write  Lagrange  equations  of  the  type 


(7.43) 


As  generalized  coordinates,  we  will  choose  the  deflection  parameters  =  C,,  $2  *  ?2; 
as  the  generalized  forces,  the  quantities 
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The  following  dimenslontess  parameters  are  Introduced  here* 

« 


.9 


li9SgL^kt 


The  kinetic  energy  T  of  the  system  is 


(7.44) 


In  dimensionless  form 


f-r 


4R  _ 

^LVVtW*  * 


The  total  potential  energy  of  the  system  3  Is  defined  as  the  sum  of  the  strain  energy 
of  the  middle  surface  and  potential  energy  of  bending  minus  the  work  done  by  external 
forces.  We  find 


5, 

-¥n+e^-h^ftr-f+^h 

9,  -  at,  wf  (t, + aw*  -  -2?1  (c. + aw  0  +  «%) + 

+W+  leaauw. 


The  following  notation  was  introduced  above: 
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Let  us  assume  that  the  pressure  q  changes  with  time  according  to  the  law 
q  *  st;  we  will  also  assume  that  the  buckling  of  the  shell  takes  place  on  the 
rising  branch  of  the  pressure  pulse.  We  Introduce  the  dimensionless  time  para¬ 
meter  f,  then  the  Lagrange  equation  for  the  variable  Cj  takes  the  form 


where 


d't I  .  IMiiJd  V 

w  *  +  nMC.  +  C *vut  I  4  4-  n»  (C.  -t-  C»)* 
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(7.47) 


The  second  Eq.  (43)  for  ^  I  be 

■^+-^r(*C.AlV,ti + 2W<A, +«- 

-- %•*»+«#•+ W+W  +  lMQMV}-0. 


Equations  (47)  and  (48)  were  Integrated  by  the  Runge-Kutta  method  with  the  aid 
of  a  BESM-2M  computer  for  the  following  Initial  data: 
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for  ?«» 0. 


Figure  7,23.  "Deflection- 
time"  diagram  for  a  shel l 
cf  composite  material 
under  dynamic  loading. 

Key:  I )  at/sec. 

The  calculation  Involved  the  use  of  various  values  of  lij »  E|  and  for  different 
brands  of  glass-reinforced  plastic  for  the  following  shell  parameters:  L/R  *  2.6, 

3.5  and  R/h  =  72;  we  took  C  *  0.001.  Figure  7.23  shows  a  series  of  Cj  *  CjCf)  curves 
for  shells  with  E j /E^  *  2  and  a  loading  rate  s  =  2  x  10^  at/sec  for  different  wave 
numbers  n.  We  see  that  the  curve  for  which  n  *  7  deviates  from  the  abscissa  axis  the 
earliest.  A  rapid  Increase  of  deflections  takes  place  for  parameter  t  ranging  from 
2.7  to  3.9.  Thus,  tho  critical  pressure  here  Is  approximately  three  times  as  high  as 
the  upper  critical  load.  Figures  7.24  and  7.25  show  C,  -  t  curves  reflecting  the 

*  4 

dependence  between  the  complete  deflection  and  loading  time  at  rates  s  *  0.2  x  10  , 
0.5  x  I04,  2  x  I04,  5  x  I04  at/s.c  for  E,/E2  =  2  and  E,/E2  -  5,  r.sp«ctlv*ly.  The 
figures  show  the  curves  for  wave  numbers  n  at  which  a  rapid  Increase  of  deflections 
corresponds  to  the  smallest  parameter  t.  We  see  that  the  dynamic  effect  Is  also 
manifested  here  In  a  gradual  Increase  of  the  wave  number  and  a  significant  Increase 
of  critical  pressure. 
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*  Figure  7.24.  Effect  of 

I  loading  rate  on  the  behavior 

of  a  shell  of  composite 
materia!  for  E ^ /E^,  =  2. 

Figure  7.26  shows  Cj  =  Cj(t)  curves  for  different  ratios  at  a  loading 

rate  s  «  5  x  10"*  at/sec.  The  first  curve  on  the  left  reflects  the  dependence 
\  C|  =  C|(t)  for  isotropic  shells,  and  the  remaining  curves,  for  shells  with  dlf- 

1  ferent  degrees  of  anisotropy.  As  the  degree  of  anisotropy  increases,  the  entire 

curve  shifts  to  the  right,  toward  higher  f  values.  Figure  7.27  gives  curves  which 
establish  the  dependence  between  the  dynamic  overload  coefficient  and  loading  rate 


0  8  n  W  24  50  X 

I* 


t 

Fiqure  7,25.  Effect  of  loading 
rate  in  the  case  of  the  ratio 


s  for  different  ratios  Ej^  when  E|  E2.  It  Is  evident  from  the  graphs  that  the 
coefficient  Kd  increases  as  the  loading  rate  and  degree  of  anisotropy  increare. 

We  bear  In  mind  that  the  direction  of  the  fibers  corresponding  to  a  large  modi  I  us 
E  coincides  with  the  direction  of  the  generatrix. 

§75.  Anisotropic  Conical  Shel Is  Under  Axial  Loading 
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Figure  7.26.  Effect  of 
the  ratio  of  moduli 
E./E2  on  the  behavior 
of  a  shell  under  dy¬ 
namic  loading.  Key: 

I )  at/sec . 


Figure  7.27.  Dynamic 
coefficient  for  a  shell 
of  composite  material 
for  different  loading 
rates . 


Circular  conical  shells  enter  into  the  structure  of  jet  engines,  flying  vehi¬ 
cles,  tanks,  etc.  The  study  of  the  stability  of  conical  shells  is  more  difficult 
than  in  the  case  of  cylindrical  shells,  since  the  slructure  of  the  Initial  equations 
Is  more  complex.  We  will  give  a  solution*  to  the  problem  of  dynamic  stability  of  a 
structurally  orthotropic  truncated  conical  shell  loaded  along  the  generatrices  by 

*This  solution  was  obtained  by  A.  A.  Solomonenko. 
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stresses  P2  uniformly  distributed  over  the  contour  (Figure  7.28).  It  Is  assumed 
that  the  law  of  change  of  the  external  force  with  time  Is  known.  The  reinforcing 
ribs  are  assumed  to  be  symmetric  with  respect  to  the  middle  surface  of  the  shell. 

If  the  ribs  are  considered  to  be  located  at  sufficiently  frequent  Intervals,  their 
rigidity  can  be  distributed  over  the  length  of  the  step  and  the  model  of  ar.  ortho¬ 
tropic  shell  can  be  employed. 


W  write  the  equations  of  compatibility  and  motion  of  an  element  of  such  a 
shell  In  projections  on  the  normal,  first  using  1 1  near! zed  relations  (see  [0.63, 
p.  643): 

h  t  1  .  2  I  JZ?  \  X.  — 


h  ( 1  'Hf.  a.  1-  —  J  4-  JLi?  \  u-  Jl  /£!i  4- 1  ~-S-\  — 

A,  \  *4  I4  <K)J  l*  Os-  +  s'  ds  )  h2  \  ih  *  Os  J 

+  7  af  +  7^‘)  +  J(l  +  “  ^o;+7at)  + 

i  pfl  **»  _o- 

+ t/l  s  ~U' 

Atm  tp  a  d*w  .  07w  . 

D\4w  +  C,/., (w)  +  CjLi(w)  —  *^r  “j —  —  P*  jj*  • 
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(7.50) 
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Figure  7.28.  Circular 
conical  shell  rein¬ 
forced  with  stringers 
and  ring  frame  supports. 


The  following  notation  Is  used;  0j  -  0*cosot;  o  Is  the  slope  angle  of  the  generatrix 
to  the  base  of  tne  cone;  h  Is  the  shell  thickness;  h j ,  h^  are  the  reduced  thicknesses 
of  the  reinforced  shell  in  the  direction  of  the  coordinates  s  and  0,  respectively; 

I | ,  i2  are  the  moments  of  Inertia  of  the  stringers  and  ring  frame  supports,  calculated 
with  respect  to  the  axes  lying  in  the  middle  surface  of  the  shell;  b.j ,  b2  are  the 
distances  between  the  stringers  and  ring  supports;  <t>  Is  the  force  function  in  the 
middle  surface;  w  is  the  additional  deflection; 


Then,  (51)  being  taken  Into  account,  the  compatibility  equation  assumes  the  follow¬ 
ing  form: 
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(7.54) 


Here  rjf  r^$  rQ  are  some  functions  of  y,  h,  hj  and  1^.  The  solution  of  Eq. 

(54)  will  be  written  In  the  form 


f  i  *»  Ki  sin  M  sill  Pi  -f  K,  cos  p,2  slop,. 


Here 


p,  “  —  rf\  +.rM  riK  +  r£v 

Pa  88=1  Pi  ir,Pi  r* 


(7.55) 


After  relations  (51)  and  (53)  are  introduced  Into  the  equation  of  motion,  the  latter 
will  be  rewritten  as 


m> + c,t;  (•> + c,l;  m  - ,,  tB  « ( + 3  Q + 2* .)  r + 
+  *?•  +  -0. 


(7.56) 
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We  now  use  the  ©ubnov-Galerkin  method,  assuming  the  parameter  f j  to  be  variable; 
the  corresponding  equation  has  the  form 


/»  Sn  CO--. « 

|  J  WTr'sItiPiesiiip  n, </-r <f0,  «»0. 

6  l» 


After  integrating,  we  obtain  the  equation  relating  the  deflection  parameter  and  the 
time-dependent  load: 


ft 


3  #(yl  f 


/>i)i 


(7.57) 


where  the  following  notation  was  Introduced: 


P'~ 


p 

iih  • 


mn  cos  a 


n. 


p*  being  the  parameter  of  the  upper  critical  stress  for  static  loading  of  the  coni¬ 
cal  shell.  If  the  shells  studied  satisfy  the  conditions 


B^  »l  and  8* 


»  I 


then 
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If  we  now  use  nonlinear  equations,  the  fun  ctlon  approximating  the  additional 
deflection  may  be  chosen  In  the  form 

/^(slnM^Mi  +♦*!«* MV  (7.58) 

Carrying  out  the  operations  In  the  same  sequence  as  above,  we  obtain  equations  which 
establish  the  dependence  between  the  deflection  parameters  and  a  time-dependent  load: 
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(7.59) 


(7.60) 


where  Kf,  K£,  Ml,  K*j  are  functions  of  Bj,  P,  h,  h|,  h^.  The  dimensionless 
parameter  of  complete  deflection  Is  denoted  by  C. 

If  the  shell  Is  acted  on  by  a  load  changing  linearly  with  time  p  =  §t,  then 
after  the  introduction  of  the  dimensionless  time  parameter  Into  Eq.  (59),  we  arrive 
at  the  foM owing  equation: 


(7.61) 
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In  conformity  wl+h  N.A.  Alfutov’s  proposition.  It  may  be  assumed  that  the  parameter 
of  the  ,,unsymlnetr^c,,  component  of  the  deflection  ij>  Is  proportional  to  the  "sywnetrlc" 
component,  ifi  =  aC;  the  coefficient  a  Is  determined  from  the  formula 


(7.62) 
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Figure  7.29.  Time  dependence  of  the  de- 
f I ect I on  pa rame+er  for  a  con leal  shell 
under  axial  compression. 


resulting  from  (62).  The  following  notation  Is  used: 


»’l£P±L i.  r* 

*  *W‘+'V  *,0“  ~nW+%' 

„•  _  fV(r 

"  ”  «('.«'  +  +  '7+  fW+Q' 

it  i  /, 

r*m‘W  f|,~  M5'' 


Equation  (61)  Is  finally  written  In  the  form 

$ -W- (9, -ft  •  «)(t*-«)|C  -(£-W- 

+  <?«(C,-{,Wo)-Q, 


This  equation  was  Integrated  numerically.  The  Initial  conditions  were  chosen  In 
the  form  d£/dt*  =  0,  C=Co  at  t*  =  0.  Figure  7.29  shows  C(t*)  curves  obtained 
with  the  following  data:  a  **  70°,  Sj  «  19.9  cm,  s2  *  73.1  cm,  R2  *  25  cm,  H  *  50 
cm,  h  *  0.05  cm.  Reinforcement  parameters:  T|  =  0.954,  r2  =  3,53,  r 5  =  2.054, 
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r6  =  4. 16,  r0  =  0.866,  r$  «  2.69,  r|Q  =  1.57,  rn  =  1.05,  r|2  =  0.135.  Crowansll 
was  used  as  the  material  of  the  shells.  The  amplitude  of  the  Initial  def faction 
Cq  =  I  x  10”  The  wave  formation  shape  parameter  was  taken  to  be  0  =  0.75. 

The  loading  rates  used  were  §  *  I  x  I06,  2.5  x  IQ6,  and  5  x  I06  kg/an  sec.  Each 
curve  corresponds  to  a  definite  number  of  waves  Indicated  on  the  graphs.  We  see  that 
a  rapid  Increase  of  deflections  takes  place  In  the  first  case  when  n  ■  21,  In  the 
second  when  n  =  27,  and  In  the  third  when  n  *  32.  Thus,  as  the  loading  rate  Increases 
the  number  of  circumferential  waves  n  also  Increases.  There  Is  a  simultaneous  In¬ 
crease  In  critical  loading  time. 

§76.  Cylindrical  Panel  Under  Dynamic  Compression 


Let  us  consider  a  cylindrical  panel  subjected  to  dynamic  compressive  stresses 
along  the  generatrix.  We  will  solve  the  problem  in  the  first  approximation,  using 
the  Bubnov-Galerkln  method.  We  will  first  consider  the  case  In  which  the  compressive 
stress  p  Increases  with  time  according  to  the  law  p  =  st,  and  will  assume  that  dy¬ 
namic  buckling  of  the  panel  takes  place  bofore  the  load  reaches  Its  maximum  value. 

As  the  approximating  functions  for  the  complete  and  Initial  deflections  we  will 
choose  the  expressions 


HJfff 

*  /  SHI  — 31H  , 


t  w*ix 


(7.63) 


Sides  a  and  b  are  oriented  along  the  generatrix  and  the  arc  of  the  panel,  respective¬ 
ly.  The  number  of  half-waves  along  side  a  Is  denoted  by  m,  and  along  b,  by  n.  Sub¬ 
stitute  expressions  (63)  Into  the  right-hand  side  of  an  equation  of  the  type  of  (2) 
and  integrating  It,  we  find  the  function  ♦  In  the  form 


(7.64) 
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We  now  apply  the  Bubnov-Galerkln  method  to  Eq.  (I).  Integration  yields 
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The  following  dimensionless  parameters  are  used  above:  C  *  f/h,  CQ  =  fQ/h,  X  =  a/b, 
k  =  b2/Rh,  p  *  pb2/Eh2,  q  =  qb4/Eh4,  R  being  the  radius  of  curvature  of  the  middle 
surface.  The  coefficient  a  Is  equal  to  I  If  m  and  n  are  odd;  If  however  at  least 
one  of  these  parameters  Is  even,  a  =  0. 


Discarding  the  Inertial  and  ..onllnear  terms  in  Eq.  (65)  and  +aking  SQ  »  0,  we 
arrive  at  the  following  expression  for  the  dimensionless  upper  critical  stress  under 
quasi-static  loading  at  X  *  I: 


fc* 


**  3(1  -||f) 't'  OT* 


(7.66) 


We  Introduce  the  notation  t*  for  the  dimensionless  time  parameter  according  to  the 
formu I  a 

r— JL.jl. 

P*P  Pup 


(7.67) 


Equation  (65)  takes  the  form 


+t<c+w-J»Mi  -i‘,>[(tF+',,]_°5-  128  Isr+v&p 
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where  B  denotes  b  =  4?r4  +  3(1  -  p2)k2,  and  S  stands  for 


•  335  - 


--‘-1  ''■»r 


(7-w) 

c  boing  the  speed  of  sound  In  the  panel  material.  In  the  case  of  a  flat  plate* 
the  expression  for  the  critical  stress  will  be  written  In  the  form  of  (8) 

(7.70) 

and  the  equation  of  motion  reduces  to  the  form  of  (II) 

•18  ,, 


(7.71) 


The  Integration  of  Eq.  (65)  was  performed  with  the  aid  of  the  Runge-Kvtta 
method  on  a  BESM-2M  computer;  the  step  with  respect  to  dimensionless  time  was  taken 
equal  to  0.01.  A  preliminary  study  of  the  practical  convergence  of  the  solution  was 
made;  a  further  decrease  of  the  step  had  no  appreciable  effect  on  the  results  of  the 
calculations. 

The  algorithm  described  above  was  used  for  the  solution  of  several  specific 
problems.  First,  the  behavior  of  the  panel  was  studied  as  a  function  of  Its  geo¬ 
metrical  characteristics.  Figure  7.30  shows  the  results  of  calculations  for  elon¬ 
gated  panels  and  square  panels  In  the  p!ane.  In  both  cases,  the  Initial  deflection 
parameter  Cq  -  10’3,  and  the  loading  rate  parameter  S  *0.1.  This  value  of  S  In 
the  case  of  a  Duralumin  panel  having  thickness  h  of  the  order  of  0.1  cm  and  parameter 
k  =  6  Is  associated  with  a  rate  of  Increase  of  the  "physical"  stress  s  *  2.2  x  I0*5 
kg/cm  sec.  Let  us  note  that  each  curve  in  Figure  7.30  b  has  Its  own  scale  along 

the  abscissa  axis;  In  the  expression  for  the  parameter  t*  =  p/p  f  for  each  value 

cp 

of  the  curvature  k,  pcr  denotes  the  value  of  the  upper  critical  static  stress  ac¬ 
cording  to  (66).  This  makes  It  possible  to  use  the  plotted  diagrams  for  a  direct 
determination  of  the  d/namlc  coefficient  K^,  equal  to  the  ratio  of  the  conventional 
critical  load  to  the  uppei  static  value. 
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Figure  7.30  shows  only  the  curves  corresponding  to  the  ’’critical"  number  of 
half-waves  mcr,  I  .e. ,  curves  whose  portion  characterizing  the  front  of  sharp  buck¬ 
ling  lies  closest  to  the  ordinate  axis.*  As  expected,  the  values  of  m  corresponding 

c  r 

to  an  elongated  panel  with  a  side  ratio  X  =  2  were  twice  as  high  as  the  values  of 
mcr  ^or  a  Pane*  square  In  the  plane  (X  =  I).  It  follows  from  these  data  that  the 
length  of  the  panel  has  practically  no  effect  on  the  value  of  the  dynamic  coefficient. 
In  addition,  the  dynamic  coefficient  decreases  with  Increasing  curvature  parameter  of 
the  panel.  This  can  be  explained  by  the  fact  that  a  warped  panel  has  a  tendency  to 
snap,  as  reflected  In  a  decrease  of  Its  supporting  capacity  In  comparison  with  a 
plate  or  panel  of  smaller  curvature. 


Figure  7.30.  "Deflection-time"  plot  for  a 
slightly  curved  circular  cylindrical  panel 
under  dynamic  application  of  axial  com- 
_ _  presslon  In  the  cases  a)X«2  4  b)  X=l. 

*The  entire  series  of  calculations  showed  that  the  "critical"  number  of  half¬ 
waves  along  the  arc  n  =  I. 
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under  axial  compression. 

We  then  studied  the  effect  of  Initial  deflection  on  the  behavior  of  the  panel. 
As  Cn  changes,  the  dynamic  coefficient  chmges  sharply,  amounting  to  approximately 

u  *i  _5 

2.6  In  the  case  of  =  10  ,  and  to  about  5.2  when  Cq  3  10  (we  took  s  ■  I). 

The  calculations  made  for  a  flat  plate  In  §66  yielded  a  pattern  very  similar 
to  the  one  described  above. 

Figure  7.31  shows  data  of  calculations  for  a  panel  square  In  the  plane  with 
parameter  k  =  6  and  Initial  deflection  Cq  *  lO""5  for  different  S.  Let  us  recall 
that  a  smaller  S  Is  associated  with  a  higher  rata  of  load  Increase  s. 

We  then  studied  the  effect  of  transverse  statically  applied  load  q,  both  posi¬ 
tive,  directed  toward  the  center  of  curvature  of  the  panel,  and  negative  (away  from 
the  center). 


I 


It  was  found  that  the  application  of  a  relatively  small  "positive1  transverse 
load  had  no  appreciable  effect  on  the  process  of  buckling  of  the  panel. 

If  however  there  Is  a  load  applied  away  from  the  center  of  curvature,  then  as 
a  rule,  the  panel  "prefers”  to  buckle  Ir,  the  opposite  direction. 
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|  Figure  7.32.  Effect  of 

j  pulse  shape  In  dynamic 

loading  of  a  cylindrical 
l  pane  I . 

s 

} 

|  Figure  7.32  shows  the  relationship  between  the  parameter  of  a  step  pulse  J  and 

load  amplitude  for  a  panel  characterized  by  the  values  k  =  12,  A  =  2.  These  data 

i  ^ 

!  may  be  compared  with  the  results  obtained  In  §67  for  a  flat  plate;  see  also  §102. 

The  above  results  make  it  possible,  with  a  certain  degree  of  confidence,  to 
perform  practical  calculations  of  warped  panels  with  a  small  curvature  parameter 
(up  to  k  =  12).  Subsequently,  It  will  be  of  interest  to  examine  the  problem  in 
higher  approximations;  this  Is  particularly  important  for  panels  of  large  curvature. 

§77.  Spherical  Panel  Under  Dynamic  Application  of  External  Pressure 

Let  us  now  consider  the  case  of  a  slightly  curved  spherical  panel  subjected  to 
a  dynamically  applied  normal  external  pressure.  We  will  study  only  the  case  of 
axisymmetric  deformation.  Here,- use  may  be  made  of  the  equations  given  In  Chapter 
III  In  the  notalion  of  §35. 

Let  us  turn  first  of  all  to  the  law  of  pressure  change  that  was  studied  in  detail 
in  the  preceding  sections  of  the  chapter:  we  will  assume  that  the  Intensity  of  uni¬ 
formly  distributed  pressure  q*  changes  with  time  according  to  the  linear  law  q*=at*. 

We  will  find  out  how  the  buckling  of  the  shell  will  occur  at  different  loading  rates. 
We  adopted  the  same  method  of  integration  of  the  fundamental  equation  as  in  §35. 


<  sl—i-  — - 


Figure  7.33.  Graph  of  the  motion  of  the  apex  of 
a  spherical  panel  under  dynamic  application  of 
external  pressure. 

The  calculations  were  carried  out*  for  a  shell  with  a  rigidly  clamped  support 
contour  having  a  shallowness  parameter  b  =  4  (see  835).  Some  results  of  the  calcu 
lations  are  given  In  Figure  7.33.  The  solid  lines  represent  graphs  of  the  motion 
of  the  shell  apex  at  different  loading  rates  of  the  shell,  determined  by  a.  The 
load  parameter  Is  laid  off  along  the  abscissa  axis,  but  It  may  be  assumed  that  the 
graphs  were  piott^j  on  an  altered  scale  for  the  time  parameter.  The  forces  of 
viscous  drag  0r  the  medium  are  considered  here.  The  dot-dash  lines  represent  the 
same  kind  of  plots,  but  In  ”he  absence  of  drag  forces. 

The  above  results  attest  to  the  fact  that  at  a  certain  value  of  the  load,  the 
shell  crosses  over  to  a  distant  eoul librium  branch,  whereupon  nonlinear  vibrations 
begin.  In  the  presence  of  forces  of  viscous  drag  of  the  medium,  these  vibrations 


*The  data  given  below  were  obtained  by  N.V.  Vallshvlll. 
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damp  out  rapidly.  As  was  shown  in  the  preceding  paragraphs,  an  Increase  In  loading 
rate  leads  to  a  delay  of  the  crossover  process;  therefore,  as  the  loading  rate  In¬ 
creases,  the  load  corresponding  to  the  Instant  of  the  crossover  also  Increases.  The 
presence  of  forces  of  viscous  drag  of  the  medium  leads  to  a  similar  effect. 


figure  7.34.  Displacements  of  the  apex  of  a 
spherical  panel  for  various  shapes  of  the  step 
pulse. 


Naturally,  in  the  presence  of  forces  of  viscous  drag,  the  spread  of  the  vibra¬ 
tions  around  the  new  state  of  equilibrium  is  smaller  than  In  their  absence. 

Let  us  turn  to  the  case  where  at  t*  =  0,  a  uniform  pressure  which  subsequently 
remains  constant  with  time  Is  applied  to  the  panel.  The  problem  Is  solved  with  the 
aid  of  a  system  of  equations  In  which  we  take  q*  =  const,  and  the  Initial  displace¬ 
ments  and  rates  are  considered  to  be  zero.  Some  results  of  the  calculations  are 
given  in  Figure  7.34.  The  parameter  of  normal  displacement  of  the  shell  apex  is 
laid  off  along  the  abscissa  axis.  The  first  three  curves  were  plotted  for  a  shell 
with  shallowness  parameter  b  =  3.5  and  the  following  values  of  the  pressure  para¬ 
meter:  q*  »  0.4  (curve  2),  q*  =  0.5  (curve  3).  Let  us  note  that  for  the  shell  under 
consideration,  the  upper  critical  pressure  q*  =  0.6. 
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The  above  results  Indicate  that  If  the  pressure  Is  small  In  comparison  with  the 
critical  value,  the  motion  of  the  shell  apex  takes  place  In  accordance  with  a  law 
that  Is  close  to  harmonic  (curve  I).  Near  the  critical  pressure,  the  vibration  period 
of  the  shell  Increases  sharply,  and  the  motion  assumes  a  complex  character;  simul¬ 
taneously  with  the  slow  basic  process,  a  motion  with  a  small  period  takes  place  around 
the  position  determined  by  the  principal  state  of  the  system  (curve  3). 


Curves  4  and  c  were  plotted,  respectively,  for  shells  with  parameters  b  -  2 
and  b  =  3  when  q*  =  0.5.  It  Is  obvious  that  as  the  parameter  b  decreases,  the  vi¬ 
bration  period  decreases  (If  the  processes  are  considered  for  the  same  load). 

It  should  be  noted  that  In  all  the  problems  considered,  the  vibrations  are 
executed  around  a  position  displaced  from  the  Initial  undeformed  state  of  the  shell 
toward  the  center  of  curvature  of  the  shell.* 

§78.  Reinforced  Shallow  Shells  of  Positive  Curvature 

Of  practical  Importance  Is  the  study  of  the  behavior-  of  a  shallow  shell  of 
positive  curvature  reinforced  with  elastic  ribs  (Figure  7.35)  under  dynamic  loading 
by  normal  pressure.  For  the  sake  of  generality,  It  will  be  assumed  that  the  ribs 
are  located  either  on  the  inside  or  outside,**  unsymmetrlca! ly  with  respect  to  the 
middle  surface. 

The  expressions  for  the  forces  per  unit  length  of  the  contour  and  reduced  to 
the  middle  surface  of  the  shell  may  be  represented  as  follows: 


*These  problems  were  solved  with  both  automatic  select  I  on^f  the  step  as  a 
function  of  a  given  accuracy,  and  with  a  constant  step  At  =  10  .  In  the  solution 

of  each  of  the  problems,  more  than  13000  steps  were  performed,  and  the  count  was 
stable. 

**Thls  problem  has  been  discussed  earlier  by  0.1.  Terebushko  for  a  cylindrical 
shell.  The  data  given  here  are  due  to  S.A.  Tlmashev;  Eqs.  (72)  and  (73)  are  also 
his;  see  the  collection  "S+roltel fnaya  mekhanika,"  158,  Sverdlovsk,  1968. 
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N9  «  H\tx  + 1‘^  —  A\  ^jr, 

T  ~  — ^  fly* 

1  "•  ^  (lF  +  •*  w)  ~  c«  j£t  +  4,**  +  Ms»«. 


the  expressions  for  N^  and  can  be  similarly  written. 
The  following  parameters  are  used: 


n. « .. JL.  4.  JLll  «  . _£■*_  4  _  **.  r  „  */.  „  OK, 

U*  I  *■**  |4*  '  /j  /l»  —  •  ctr  ]-•  lh’ss~$ 


where  F^,  S|,  Jj,  Kj  denote  the  sectional  area,  static  moment,  and  bending  and 
twisting  moments  of  inertia  of  the  rib  section  of  the  first  direction.  The  dis¬ 
tances  between  the  ribs  of  the  first  and  second  directions  are  denoted  by  l|  and  1^. 


Figure  7.35.  Reinforced  shal¬ 
low  panel  of  positive  curvature. 


The  strains  in  the  middle  surface  will  be 


«•  -  luTi'-tf  +  m-L  -$-) . 

e*  ”  /Ml-ii'f  ( N’  ~ 11  N“  +  7i>  “ ~ox~ )• 


27  *  n  1,1 

Yr' 'li  -iow  for  H  T-  u*  ’ 
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The  fundamental  nonlinear  equations  In  the  deflection  functions  and  stress 
function  In  the  middle  surface  take  the  form  (in  dimensionless  parameters) 

n,  d*-(»  —  *»)  j .  on  i  ?  9!  (“•  *“  4.  n  i  ♦  9*. ^  TJf ns 


(W>  iPy  .  ,!*<!»  , _ 0  _  -a  , 

**  t)«*  '  ‘  <#x*  i»r,*  *  “  </«  tiff  Ox  Oft  4 

+»:-£■ w  +  ^*<v,  i*v, hi  -ioi+ 


(7.72) 


+  H(Y* "  Yi)  T  *V  <Y»  -  V?)  *1  *V» 

rW  .  .  -u-0>  ...  A.  , 

■  ,,v. —  »‘Yi6|  + 


*•<!> 


<Vu> 


.  <>*(::'  —  rr„) 


(7.73) 


-os-~W - -J?S?  x'<y<  +  v»)-  ■ Vk'.  a?  "  ■ 

«>•  (Jit  —  v»)  — c*«l  Ai_ 

**#  Ox* . <V  -WYi  6>  • 


Thefforces  N  ,  N  ,  T  are  related  to  the  dimensionless  stress  function  as  follows: 

x  y 


<j*i>  £*J  a*e  /■*»  **&£*» 


In  the  above  relations,  we  took: 

x  *■  x/a,  A,  «*  a/6,  w  -»  e/6, 

6i«£/£„  6t-*E/Eit  2d3  — 2(1  -h>4)  — |i<6*  -hd,). 


6*  S3  ,  6X  1 


I 

* 


20>  “  2 I*  ^  + 5-)  V.V.J. 

<•-/?.  v"*(l  +vr+-tf)‘’ 

the  expressions  for  y,  k*,  k*,  will  be  written  In  similar  fashion.  The  specific 
gravity  of  the  shell  material  Is  denoted  by  Yq. 

For  ribs  arranged  symmetrically  with  respect  to  the  middle  surface,  Y|  *  Y2=0f 
and  an  ordinary  system  of  equations  for  shells  with  structural  anisotropy  Is  obtained 
from  (72),  (73). 
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We  will  now  turn  to  the  solution  of  the  problem  of  the  buckling  process  of  a 
shell.  Let  us  assume  that  the  additional  and  Initial  deflections  are  approximated 
by  the  expressions 


**  w  -  u'u Ci  sin  wxr  sin  nay  -f  C2  «*** MU* 

w0  «  ?msln  ttmx  n*!t  4* sin* s,n* 


We  now  set  up  Lagrange  equations  of  the  type  of  (43) 


jLiJ’-L]  _  'JL  _  jlt 

tit  \  <*4 1 1  **  ' 


(7.75) 


where  as  before,  3  denotes  the  potential  energy  of  the  system. 
The  stress  function  $  is  determined  from  (73): 


0) «  C,  sin  ax  sin  fty  -f  C2  cos  2a*  -f  C,  cos  2a*  cos  2p//  -f 

4*  C4  cos  2p//  +  Ct  cos  4a*  *f  C6  cos  %  +  C7  cos  4a*  cos  %  + 
+  Cf  cos  2a*  cos  #//  +  C9  sin  3a*  sin  fly; 


(7.76) 


where  C(,  ...  Cg  are  certain  coefficients  dependent  on  the  parameters  of  the  system. 
Equation  (75)  takes  the  form 

^  1^1,  [{,  (C,  +  £,„)<£,  +  2f,0)  + 

4"  —  Ci  •  +  4f;i£i£2  4“  MsCr  4* 

,  i  (7.77) 

4-  M 7  (S2  4-  fe.)  (U»  +  U2  4-  Us)  4-  M«U»  4*  j  AfuC,^] . 

7T (2Af,£i.  <£.£»  -  t.A)  + 

+2A«rf.<£.  +  £!o)(£2  +  2£»)  +  t^.d  +tAI4f,(3£! +  <£„)  +  A/&+  (7.78) 

+  M,  (£,  +  £,„)  <£,£,„  +  £i£»  +  £■£:)  +  j  . 
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where  ip  ~  X/m2,  Mj,  . ..,  Mg  are  certain  new  parameters. 


Equations  (77),  (78)  were  represented  in  finite  differences  and  were  Integrated 
with  the  aid  of  the  M-20  computer  for  the  conditions 

tt.V, = (t*x,  -=  ('s«-)o“  ).  “  °* 


Figure  7.36.  Effect  of 
the  curvature  parameter 
on  the  behavior  of  a 
slightly  curved  rein¬ 
forced  pane  I .  Key :  I ) 
at/sec. 


Figure  7.37.  An  In¬ 
crease  In  the  rigidity 
of  the  reinforcing 
ribs  causes  an  Increase 
of  the  ’’critical" 
time. 
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For  q,  we  took  the  expression  ct,  where  c  Is  the  loading  rate,  assumed  to  be  1000 
and  2000  at/sec.  As  an  example,  square  sections  (A  =  I )  with  dimensions  a  =  6000  mm 
and  thickness  h  =  3  mm  were  considered.  It  was  assumed  that  E  =  7. 1  x  I05  kg/cm2, 

M  =  0.3.  The  Integration  step  was  taken  equal  to  I  x  I0”5  sec.  The  curvature  para¬ 
meters  varied  In  the  r^nge  1000-1700.  The  dimensionless  time  parameter  Is  denoted 
by  t. 

Calculations  showed  that  the  parameter  0  =  An/m  has  little  effect  on  the  crit¬ 
ical  time,  and  may  be  taken  equal  to  unity;  In  other  words.  It  may  be  assumed  with 
a  certain  approximation  that  square  waves  are  formed  during  buckling.  Thus,  the 
parameter  -  A/m  represents  the  wave  formation  shape  during  buckling. 


0  8  4  8  8  V 

Figure  7.38.  Effect  of  the 
amplitude  of  Initial  camber 
on  the  wave  formation  shape 
of  a  slightly  curved  panel. 

Increasing  the  curvature  parameter  k*  (or  k*)  leads  to  an  Increase  In  the  number 

x  y 

of  half-waves  (Figure  7.36).  Increasing  the  parameter  characterizing  the  rigidity  of 
the  reinforcing  ribs  Is  associated  with  a  sharp  decrease  of  ^  and  Increase  of  the 
"critical"  time.  This  Is  evident  from  Figure  7.37. 

The  plots  of  Figures  7.38,  7.29  demonstrate  the  effect  of  the  amplitude  of  Ini¬ 
tial  camber  on  the  wave  formation  shape.  The  shells  considered  were  found  to  be 
more  stable  to  the  "unsymmetrlc"  component  of  the  Initial  camber.  Thus,  Increasing 
the  amplitude  of  the  "symmetric"  camber  from  0.1  to  I  caused  a  decrease  of  the 
number  m  from  13  to  II;  the  same  change  in  the  amplitude  of  "unsymmetrlc"  camber  was 
associated  with  a  decrease  In  the  number  of  half-waves  from  13  to  9  =  0.012). 
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Figure  7.39.  Effect  of  one 
of  the  parameters  of  Initial 
camber  on  the  behavior  of  a 
slightly  curved  panel.  Key: 

I )  at/sec. 


Figure  7.40.  Change  In  wave 
formation  parameters  with 
time  for  a  slightly  curved 
panel . 


It  is  interesting  that  according  to  the  date  of  Figure  7.40,  the  shell  has  a 
tendency  to  bulge  toward  the  center  of  curvature:  the  deflection  component  ^  in¬ 
creases  sharply  much  earlier  than  Cj- 

The  results  obtained  In  this  paragraph  are  preliminary  in  character.  It  is 
desirable  to  analyze  in  more  detail  the  effect  of  reinforcements  and  initial  Imper¬ 
fections  on  the  magnitude  of  the  "critical"  time  and  buckling  shape. 

§79.  Cylindrical  Shell  Under'  Rapid  Heating 
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Let  us  now  turn  to  the  problem  of  the  behavior  of  a  closed  cylindrical  Isotropic 
shell  subjected  to  a  thermal  action  Increasing  rapidly  with  time.* 

We  will  write  the  fundamental  relations  of  thermal  conductivity  of  nonlinear 
theory  of  shallow  shells,  taking  Into  account  the  Initial  shape  Irregularities,  and 
supplementing  them  with  the  inertial  term  corresponding  to  normal  displacements:** 


rip  |  + 

i  n  f  <*3  (K>  -  «■  o)  .  O'  (s*  -  wa)  ]  ,  I  iV  —  wn) 

'  Oy  L  dy3  '  Ox^dy  J  '  [  d\2  Ox*  ' 

+ *  <•  -  } + 
=  A  (»,  <1>)  +  A(‘l>,  Atj)  +  || *  +  T=ir£r  <  ~  «.>  + 

JL.  V"V:’<D  4-  2  ( ---■  -I-  HI>  \-L«>  ( <i  <l*  I  \  I 

0.  N  VU*  +  J  dx  \  ox>  +  dxdtj* )  +  -  XoTjr  *1-  + 

dx'*  Ox*  dxdtj  Oxdy  Oy*  '  Oy*  |i  A  ('P,  tfj)  -f“ 

*  +  +  ly*  W»*  No)  ~  “  7  l/-(a»,  U')  —  L(*\},  U\,)J  + 

.  JMf,  ,  d'M,  /  ,V a  .)*' ^  , 

Oy*  dx*  '  c/jr  Oy  \  Ox  c'v  /  * 

,  0*  (w  -  u>„)  (  d?M}  I  \ 

T  Ox *  l  V 


(7.79) 


(7.80) 


where  M|,  M|,  etc.  are  determined  with  the  aid  of  the  expressions 


A^0=»  J  k'WE*(U>  A/0«s  \  k*Q*E*z  dz\ 

-W  -S/2 


(7.81) 


*This  problem  was  solved  by  A.T.  Ponomarev. 

**See  V.L.  Bazhanov,  l.l.  Gol’denblat,  N.L.  Nikolayenko,  and  A.M.  Slnyukov, 
Deslqn  of  Structures  Sublected  to  Thermal  Action,  Mlshlnostroyenlye,  Moscow,  1969, 

p.  286. 
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where 


h/t  A  ft 

D0«*  J  fdzt  D,«  J  £•*</*,  02»  J  £V<te; 

-**  -hti  -in 

Ez  is  the  modulus  of  elasticity  at  a  point  with  coordinate  z,  calculated  for  a  glvert 
temperature,  0  Is  the  temperature,  and  kz  Is  the  coefficient  of  linear  expansion. 

We  will  assume  further  that  the  temperature,  wh I le  remaining  constant  along  the  gen¬ 
eratrix  of  the  shell  and  In  the  circumferential  direction,  changes  only  along  the* 
thickness:  0  =  0(z).  At  the  same  time,  the  quantities  Dq,  Dj,  D^,  Nq  and  Mg  will 
be  constant:  Eqs.  (79)  and  (80)  In  the  case  of  q  =  0  will  take  the  form 


(7.82) 

(7.83) 


As  an  example,  let  us  examine  the  behavior  of  a  shell  hinged  on  supports  Im¬ 
movable  in  the  longitudinal  direction;  the  shell  Is  heated  nonurilformly  along  Its 
thickness  by  a  heat  flow  changing  rapidly  with  time.  In  addition,  we  wl  1 1  assume 
that  the  points  of  the  shell  ends  move  freely  In  the  racial  direction. 

As  before,  we  will  choose  the  expressions  for  the  complete  and  Initial  deflec¬ 
tions  in  the  form  of  (40)  and  (41).  Substituting  them  Into  Eq.  (83),’  we  will  deter¬ 
mine  the  function  4>  as  usual: 


0)  -»  DM  cos  2oif  +  Ki  cos  2$y  +  Kj  sin  ax  sin  fry  + 

-f-  sin  3a*  sin  p  y)  4-  » 


(7.84) 


-  350  - 


.  i  Mtrimt  Hi. » i  f. -■  i  ‘-  -  In  i.  ■■i^iii--i^.Ai^^WirTW}ii*rrWMrll1|-iAWiM 


> 


* 
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where  =  -p  is  the  equivalent  compressive  force,  determinable  from  the  adopted 
condition 


e 


I  f  Ou 

rJ  17 


dx*=  0. 


(7.85) 


The  coefficients  K j  — K4  are  determined  as  was  done  In  §70. 

Using  Lagrange  equations  of  the  type  of  (75),  we  will  set  up  the  basic  rela¬ 
tionships  between  the  deflection  parameters  and  the  time-dependent  equivalent  com¬ 
pressive  forces.  We  introduce  the  notation 


Ci 


1 
H  * 


K  R  n'ft 

0*  h  •  |)a3ti r* 


nmR 
«/•  ’ 


We  now  write  the  expression  for  the  totai  energy  of  the  system: 

E  =  U  +  U.  -  W  (7.86) 

m  b 

where  Um  Is  the  strain  energy  of  the  middle  surface:  Is  the  potential  energy  of 

bending,  and  W  is  the  work  done  by  the  external  forces.  The  components  Um,  and  W 
are  found  from  the  expressions 

L  2 nR 

■ '  <*•«> 
t»  0 


-  351  - 


lit tOLXximk^uHU 


,  L  2n* 

"4*1 —V*)  j  £  |('.  ^  +  |jr)’  + 

+ st'  -  (*)  [(^r)1  -  -|jr] }  - 


J*4>  <7>j#  r)7«I»  d*u> 

WdV+'oFSF 


+  2 


d'*b  d*u>  \  A 
~3xOy  OxOy  J"x "It  ~~ 


L  7 nR 

”T^r/  |  {%?+ %?)***»- 

L  2 n* 

0  0  F 
L  2n* 


(7.88) 

(7.89) 


Then,  considering  the  symbols  introduced,  the  equations  in  dlmenslonleiss  form  will 
be  written  as 

ft.  -  - T~V  <.  SSL$rl  +  W  It.  (t.  +  2M  (ti  +  Co)  + 

1  +r.Tii4o-{««*+w[l+TTfWI'“ 

-  ff,^(t? +M?  -  2WS) + npt5(ti + 2W[^r^I  +  ^4+ 

+  i-lt,(tf+2^(t,  +  3t,  +  2|— 2^-4^).  (7-90> 

ft.-  -Tr^r^. + T*W  +  w  fojfFIF + fw]+ 

•  +ylt,^y{,>‘(t?-f2t{)Cr 


We  now  represent  the  dependence  for  the  additional  deflection  In  dimensionless  form 

#  -fy— Cisina*sinfa-f  Cttin’orH- A,  (7.92) 


where 
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Using  a  shell  closure  condition  of  the  type  of  (22a),  we  find  the  deflection  para¬ 
meter  X 

1 — WR— ?&+!*«.  +  *>■  (7  93) 

Introducing  relation  (92)  with  the  consideration  of  (93)  In  (44),  we  obtain  a  di¬ 
mensionless  expression  for  the  kinetic  energy 


where 


a  RM, 

1  Tu? 


Ti 


(7.94) 


as  usual,  the  dots  ov^er  the  letters  denote  derivatives  with  respect  to  time.  We 
now  write  the  first  Lagrange  equation  In  the  form 

c.  +  -r— 4--— — — t  W + W? + + 

i[t+y  nMti  +  M’j  1  • 

.  iv  +ii*  _  +  n  (t7 ,  r  r  ,  2v2\  _ 

—  (C|  +  awl-jjpTTjr  +  '(V>  +Tirl  is* +T)7  if 

+  Tti  t!(S,  +  w[l  -I-  ]  — 

-In55[(t,-2Q(C,  +  «3-|-]}  =  n. 

Here  the  following  parameters  are  used: 


(7.95) 


x/ 

T~- W  s 


=^r 


Hi' 


[i  +  J-nMt.  +&»>*]  ’ 
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where  x  Is  the  thermal  diffuslvity,  and  c  Is  the  velocity  of  propagation  of  sound  In 
the  material.  We  will  assume  that  to  a  first  approximation,  the  parameter  t2  *n  Eq. 
(95)  will  be  the  same  for  a  dynamic  process  as  for  a  static  process  In  the  case  of 
an  ideal  shell  (Cq  =  0)  and  will  be  found  from  the  relation 


where 


ij+MT 

^  +  aw]’ 

^-■kH*n-W\mhw+wi,r}- 

l  ^ _ i?+tY  . _ ?»  ,  .  \u  ... 

1  (i  ~  m7)  V  u2  +  n*  n  ^  *  X~  ii*  ,|s 


(7.96) 


We  have  again  arrived  at  the  ordinary  nonlinear  second  order  differential  equation 
(95),  which  relates  the  deflection  parameters  C|,  C2>  thermal  stress  NTq  and  time  t. 
To  find  the  dependence  =  Cj(t),  It  is  also  necessary  to  find  the  change  in  thermal 
stress  with  time  =  N^(t)  with  the  aid  of  formula  (81).  For  this  purpose,  to  sup¬ 
plement  expression  (95),  it  is  necessary  to  solve  a  thermal  problem. 


Since  the  shell  is  considered  to  be  thln-walled  and  Is  subjected  to  the  uni¬ 
form  action  of  a  heat  flow,  we  will  hereinafter  neglect  the  propagation  of  heat  In 
the  one-dimensional  formulation.  Then  the  heat  conduction  equation  will  be  written 
in  the  form  ([0.6],  p.  309) 


ae 

Of 


(7.97) 


it  will  be  integrated  for  the  following  boundary  and  Initial  conditions: 

£=0.  i? -const  t> 0. 

0  —  0  for  , 
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To  find  the  temperature  field  along  the  shell  thickness,  a  known  solution  was  em¬ 
ployed.  The  Integration  of  relation  (95)  was  carried  out  by  means  of  the  method 
of  finite  differences  for  the  initial  conditions 

C.  —  Co = 4.  =  0  for  f“0. 

It  was  assumed  that  the  temperature  along  the  shell  thickness  is  distributed  In 
accordance  with  the  linear  law 


0  ~  a0  —  V. 

where 

Here  9|  and  denote  the  temperature  of  the  outer  and  Inner  surface,  respectively. 
The  modulus  of  elasticity  will  also  be  a  function  of  the  coordinate  z: 

/:*  =  bc*z, 

where  a^z  =  -  b^a^,  b^z  =  b^-b^.  For  example,  for  DI6T  Duralumin,  we  can  assume 

that 


aF  —  7,29  ■  10s  kg/cra^  bE  =  55 1  kg/cm^  °C, 


The  same  type  of  dependence  will  be  written  for  the  coefficient  of  linear  expansion 
k: 


We  then  have 


*  “  <**  Hr 

fc'=--ak»-V*.  «»—«»  +  ***• 
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The  reduced  thermal  rigidity  of  a  shell  heated  nonuni formly  along  the  thickness  has 
the  form 

(»-,!•)  o,”  WCy(r=Fr ' 

The  calculations  were  carried  out  by  using  the  example  of  Duralumin  shells  for  vari¬ 
ous  combinations  of  the  geometric  characteristics  and  heat  flow  parameters,  for  an 
Initial  deflection  Cq  =  0.001.  For  different  parameters,  Cj  was  calculated,  and  the 
temperature  distribution  over  the  shell  thickness  was  determined  for  an  argument 
step  Ax  equal  to  0.01.  Then  the  values  of  £  and  n  were  found,  for  which  the  deflec¬ 
tion  front  corresponded  to  the  lowest  value  of  t,  and  the  coefficient  of  thermal 
overload  was  determined  equal  to 


Kd  = 


Nfl 


NQ(j  stands  for  the  upper  thermal  critical  static  stress  corresponding  to  the  smallest 
wave  number  n  for  a  given  £. 


In  Figure  7.41,  three  groups  of  C}(t)  curves  for  different  heat  fluxes  are 
shown  for  R/h  =  180.  Analysis  of  the  data  of  Figure  7.41  shows  that  the  most  pro- 
bable  buckling  shape  of  the  shell,  for  example  for  q  =  2  kcal/cm  sec,  will  corres¬ 
pond  to  wave  number  n  =  12  Instead  of  n  =  10  for  static  loading.  Figure  7.42  re¬ 
flects  the  relationship  between  Kd  and  the  ratio  h/R  for  different  q(t).  We  see 
that  the  dynamic  effect  Is  manifested  most  clearly  In  the  case  of  thinner  shells. 

§80.  Plastic  Flow  in  Dynamic  Buckling  of  a  Shell 

Thus  far,  we  have  assumed  that  the  buckling  of  shells  takes  place  In  the  range 
of  elastic  deformation  of  the  material.  However,  In  many  cases,  the  buckling  of  a 
shell  Is  associated  with  the  appearance  of  plastic  strains.  We  will  assume  that 
plastic  deformation  Is  predominant  In  the  bucKlIng  process,  so  that  the  elastic 
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component  may  be  considered  negligibly  small  In  comparison  with  the  plastic  com¬ 
ponent.  Thus,  we  can  use  a  model  similar  to  that  of  a  plastic-rigid  material;  we 


t 


Figure  7.41.  "Def lection-time” 
diagrams  for  a  cylindrical  shell 
subjected  to  various  heat  flows. 
Key :  I )  kca I /cm2  sec . 


Figure  7.42.  Effect  of  rela¬ 
tive  shell  thickness  in  rapid 
heating  on  values  of  the  dy¬ 
namic  coefficient.  Key:  !) 
kca I /cm2  sec. 


will  assume  the  presence  of  hardening  in  the  course  of  elastic  flow.  In  such  a 
treatment,  it  is  suggested  that  the  usual  a(e)  diagram  of  type  I  (Figure  7.43)  be 
replaced  by  a  line  of  form  2.  On  the  plastic  segment,  the  dependence  Is  determined 


Figure  7.43.  Stress- 
strain  diagram  used 
as  the  basis  of  the 
study. 


by  the  tangent  modulus  E^.. 


Let  us  consider  a  circular  cylindrical  shill,  to  a  1 1  the  elements  of  which  are 
communicated  appreciable  radial  velocities.*  The  shell  length  is  considered  to  be 
so  large  that  It  is  possible  to  confine  the  study  to  the  motion  of  a  ring  of  unit 
width. 


Figure  7.44.  Char¬ 
acter  of  p I astic 
buckl ing  of  a  ring 
shel I . 


The  deformation  process  of  such  a  ring  shell  can  be  divided  Into  preliminary 
axlsymmetric  deformation  and  subsequent  buckling,  as  shown  In  Figure  7.44.  We  will 

*This  problem  was  studied  by  Abrahamson  and  Goodier  [7.263,  Goodler  and  Me  Ivor 
[7.373,  Lindberg  [7.463,  Stulver  [7.553,  and  others. 
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assume  accordingly  that  membrane  plastic  flow  predominates  at  the  start  of  the  motion, 
and  therefore  small  bending  strains  will  be  proportional  to  the  tangent  modulus.  The 
bending  moment 


At  «  /:%/*» 


where  x  denotes  the  change  of  curvature  (see  C0.6H,  p.  507): 


H 


(7.98) 


The  moment  of  Inertia  of  the  cross  section  Is  denoted  by  I  =  h^/l 2;  0  Is  the  angular 
coordinate.  Considering  a  ring  element  (Figure  7.45),  we  obtain 


a.M 

Ott  • 


where  Q  is  the  transverse  force  and  dy  Is  an  arc  element. 


Figure  7.45.  Forces 
app I  led  to  a  ring 
element. 


The  equation  describing  the  transverse  displacement  will  be 


4.  \t  _ _  v  /,  (7.99) 

o,,  +NmJr-P-gh-3ir' 
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where  34>/3y  denotes  the  variable  curvature 


<J«p  l  j 

“.if  ~  i<  "»‘K;  (7.100) 

p  Is  the  pressure  Intensity,  and  N  =  a^h  Is  the  circumferential  membrane  force. 
Substituting  (100)  into  (99)  and  excluding  Q  and  M  with  the  aid  of  the  preceding 
relations,  we  arrive  at  the  equation 


KM  d0«  T  aga  )  +  N  [  # 


+  +  *)]■ 


(7.101) 


Introducing  the  dimensionless  parameters 


u> 


H  * 


^  I  ^  .  1  c/r 

T  I7  /,'y^  " '  \'\7  V  \ ~  r*  Vvi  7j*  ’ 

,  NIP  tn  NR1  ,o  IR\i 

5  e"/‘  • 

(.-/?•  „4). 


(7.102) 


we  arrive  at  the  following  equation  at  p  =  0  (the  asterisk  of  w  Is  omitted) 


•£•+&+<*+  o-o. 


(7.103) 


This  equation  pertains  to  an  Ideal  ring;  the  effect  of  Initial  Imperfections 
will  not  be  considered  here. 


Let  us  assume  that  certain  Initial  radial  velocities  close  to  VQ  are  communi¬ 
cated  to  all  points  of  the  ring.  We  will  specify  their  magnitude  by  means  of  the 
series 


(7.104) 
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where 


(7.104a) 


The  solution  of  Eq.  (103)  for  initial  conditions  (104)  will  be  written  as 


where 


^j(t.  0); 

w,  (t) «  —  I  -f  com  +  tin  it, 

»t(t.  o)  —  Vq  5J  (a* COS  «0  +  ft,  sin  n0)  4. 

**2  Ph 
m 

+  Oo  y  {'*n  cos  n0  +  fti  sin  «0)  -~&1, 

-  . ,  .  r4 


(7.105) 


(7.106) 


(7.107) 


««r+i 


The  largest  number  smaller  than  s  Is  denoted  by  r: 


« 


for  n <r  p*  =  <»*  -  •)(*' “ 
for  n>f  +  l  Pj-t"’  —  '*)(«■*  —  jI)- 

Let  us  note  that  Eq.  (103)  does  not  take  Into  account  the  change  of  the  cir¬ 
cumferential  force  In  the  course  of  compression  of  the  ring  (see  [0.63,  p.  164). 

The  first  term  of  solution  (105)  defines  the  axlsymmetric  deformation  of  the 
ring  at  any  instant  of  time.  If  the  initial  velocities  at  any  point  of  the  ring 
were  the  same,  the  strains  of  the  ring  would  be  axlsymmetric  and  would  be  determined 
from  Eq,  (106).  According  to  Eq.  (106),  the  process  of  compression  of  the  ring  con¬ 
tinues  until  the  instant  of  time  given  by  the  smallest  root  of  the  equation 


t 


(7.108) 
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The  second  term  of  (108)  characterizes  the  magnitude  of  expected  deviations 
from  the  circular  shape  of  the  ring.  The  possibility  of  formation  of  appreciable 
waves  Is  related  to  the  fact  that  the  terms  of  the  first  line  of  Eq.  (107)  Include 
the  hyperbolic  functions  slnhpnt,  which  reach  large  values  In  the  range  of  duration 
of  deformation  of  the  ring. 

However,  the  harmonic  functions  sin  pnt  entering  Into  the  terms  of  the  second 
line  of  expression  (107)  had  no  appreciable  Influence  on  the  growth  of  the  waves. 

It  may  be  assumed,  therefore,  that 


n^r 

w2( x,  0)  «  v9  (a„  cos  nO  +  fin  s in /f0)  *~j£~ 1 


(7.109) 


If  the  Initial  velocity  VQ  and  the  law  of  Its  deviation  from  uniformity  ac¬ 
cording  to  (104)  are  known,  then  for  any  Instant  of  time  one  can  find  from  (106) 
the  magnitude  of  axisymmetrlc  strains  Wj,  and  from  Eqs.  (107)  or  (109),  the  magni¬ 
tude  w9  of  the  expected  deviations  of  the  cross  section  from  circular  shape. 

If  the  limiting  strain  of  the  ring  is  given 


R,-R 


W|# 


by  comparing  expressions  (106)  and  (108),  one  can  find  the  minimum  Initial  velocity 
necessary  to  achieve  this  strain 


o0-*V®!  +  2».  -*/(-|7-4x+3*  (7.110) 

If  however  the  character  of  the  distribution  of  Initial  velocities  according 
to  (104)  is  also  known,  then  by  substituting  the  values  of  Vq  and  t  obtained  from 
(108)  and  (110)  Into  Eq.  (107)  or  (109),  one  can  determine  the  expected  deviations 
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of  the  ring  from  the  circular  shape  after  Its  compression  at  the  minimum  Initial 
velocity  required  (to  obtain  a  given  strain). 


Let  us  consider  the  effect  of  a  change  In  the  Initial  velocity  on  the  magnitude 
of  the  limiting  axlsymmetrlc  strain.  Using  (106)  and  (109),  we  write  the  ratio 
Wj(t)/w2(t,  0)  In  the  form 


giM  £(«»«- 0+4- •">“ 

«MM)  ""  ' 

V  (a,  co$  nO  +  ft,  sin  nfl) 

_  .  P* 


(7. Ill) 


Since  the  product  st  Is  always  smaller  than  m/2,  then  0  <  cosst  <  I 
Consequently,  the  numerator  of  expression  (III)  and  hence  the  ratio 
crease  with  rising  V^. 


,  and  -^lnst>0. 

W|(+)m  , 

«2(t,  8)  in_ 


This  means  that  a  given  permissible  deviation  of  the  cross  section  from  circu¬ 
lar  shape,  w2  p0rm>  Is  associated  with  a  greater  maximum  degree  of  axlsymmetrlc  de¬ 
formation  Wj  the  higher  the  initial  velocity.  As  the  Initial  velocity  vQ  rises, 

W|(t)  and  w2(t,  0)  increase.  However,  the  growth  of  the  function  w^(r)  ‘  Is  faster 

than  that  of  the  deflection  amplitude  w2(t,  8). 


§81.  Analysis  of  the  Process  of  Plastic  Buckling.  Experimental  Results 


The  pattern  of  plastic  buckling  described  in  the  preceding  paragraph  pertains 
to  the  case  In  which  the  deformation  of  axlsymmetrlc  compression  of  a  shell  ring  Is 
appreciable  and  In  the  6-8?  range. 


Let  us  note  that  we  are  dealing  with  a  shell  to  all  of  whose  points  are  commun¬ 
icated  certain  Initial  radial  velocities  differing  little  from  the  given  value  of  vq. 
It  Is  necessary  to  determine  the  limiting  displacement  Wjjm  for  which  the  axlsymmetrlc 
form  of  the  motion  becomes  unsymmetrlc,  with  the  formation  of  many  dents.  The  deter¬ 
mination  of  the  limiting  strain  of  a  ring  shell  may  be  carried  out  In  the  following 
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Figure  7.46.  Diagrams 
for  I Imltlng  strain  as 
a  function  of  radial 
velocity.  Comparison 
of  theoretical  (solid 
lines)  and  experimental 
data.  Key:  I)  m/sec. 


sequence.* 


We  first  find  the  total  time  of  compression  of  the  ring  from  (108).  This 
value  can  be  adopted  as  a  first  approximation,  and  will  be  denoted  by  t|.  Tt*en, 
from  (109)  we  find  the  peak  value  of  W2  corresponding  to  the  Instant  of  time  tj 
and  the  given  Initial  velocity.  If  w2  Is  below  the  given  value  of  W2#  | jm#  the 
limiting  strain  Is  calculated  directly.  Otherwise,  we  take  a  second  approximation 
t2  <  +|  and  repeat  the  calculations.  To  determine  the  value  of  t  for  which 
w2  a  w2  four  to  five  approximations  are  usually  sufficient. 

Figure  7.46  shows  two  curves  for  the  limiting  strain  6|jm  as  functions  of  Vq, 
found  by  the  above  described  method  for  R/h  =  100  and  25.  The  following  values  of 
the  basic  parameters  were  taken  (for  DI6  Duralumin):  a *  1500  kg/cm  ,  E+=8xl0*  kg/cm' 


*Th(s  approach  to  the  solution  of  the  problem  was  proposed  by  A.I.  Gorokhovlch. 
The  experimental  data  given  below  are  also  due  to  him. 


-  304  - 


[ST 

y  I 

a) 

0) 

9) 

8) 

d) 

I  t§) 

(® 

t®) 

y| 

e) 

*) 

•  » 

u) 

«) 

k 

ts) 

(s> 

ts He) 

MJ 

O)  n } 

p) 

Figure  7.47.  High-speed  motion  picture  frames 
of  the  process  of  plasto-elastlc  buckling. 


The  law  of  deviation  of  the  velocities  of  the  Individual  points  from  the  fundamental 
velocity  was  taken  In  the  form 


^,.=°“(1  +  ^|>sinn6) 


(7.112) 


with  a  maximum  deviation  of  +2.5%. 

The  same  Figure  7.47  shows  the  experimental  points  for  models  of  the  same  ma¬ 
terial.  The  experiments  were  conducted  on  a  device  for  stamping  the  articles  with 
a  pulsed  magnetic  field.  In  such  devices,  the  pressure  acting  on  the  blank  is  1000- 
4000  kg/cm^.  The  time  of  action  of  an  external  pressure  pulse  Is  measured  In  tens 
of  microseconds.  The  experiments  were  carried  out  on  rings  having  the  following  di¬ 
mensions:  R  =  37  mm,  h  =  I .5  mm  and  R  =  50  mm,  h  =  I  mm. 


In  Figure  7.46,  the  points  pertain  to  the  ratio  R/h  =  25,  and  the  triangles,  to 
the  ratio  R/h  =  100.  The  solid  lines  correspond  to  the  theoretical  solution.  We  see 
that  the  agreement  of  the  theoretical  and  experimental  data  Is  satisfactory. 


Of  interest  are  the  results  of  high-speed  motion-picture  photography.  Figure 


7.47  a)-e>  shows  frames  corresponding  to  the  first  stage  of  deformation.  I.e., 
axlsymmetrlc  compression  of  the  ring.  Frames  f)-g)  reflect  the  second  stage  of 
wave  formation  and  the  process  of  Increase  In  their  amplitude.  Finally.  In  frames 
k)-p),  only  the  third  stage,  I.e.,  failure  of  the  rings,  can  be  observed. 


Chapter  VIII 


Behavior  of  Shells  Under  Impact 

§82.  Characteristics  of  the  Problem  of  the  Behavior  of  Shells 
under  Impact  Loading 

We  will  turn  our  attention  to  a  second  class  of  problems  pertaining 
to  dynamic  buckling  of  thin-walled  structures.  As  was  stated  in  Chapter 
VI,  we  will  consider  here  the  wave  character  of  the  propagation  of  deform¬ 
ations  . 

Such  problems  are  formulated  most  clearly  when  a  structure  of  elon¬ 
gated  outline  is  subjected  to  longitudinal  impact.  It  is  true  that  in 
the  operation  of  structures  containing  shells,  this  type  of  loading  occurs 
rather  infrequently  in  pure  form.  However,  its  study  is  of  practical 
importance  for  the  following  reasons.  Under  sharp  overloads,  massive 
structural  elements  fastened  to  the  shell  exert  close-to-impact  loads  on 
the  latter.  In  addition,  in  model  experiments,  dynamic  longitudinal 
loading  is  most  simply  achieved  precisely  in  the  form  of  impact.  For 
this  reason,  a  study  of  the  characteristics  of  shell  behavior  during  im¬ 
pact  is  necessary  in  order  to  permit  one  to  set  up  the  experiments  cor¬ 
rectly. 

Finally,  the  study  of  impact  is  very  interesting  from  a  theoretical 
standpoint,  since  the  dynamic  character  of  the  deformation  process,  which 
may  be  described  by  a  minimum  number  of  parameters,  is  most  clearly  mani¬ 
fested  in  this  case. 

Longitudinal  impact  with  a  high  deformation  rate  is  associated  with 
a  number  of  complex  physical  phenomena:  manifestation  of  the  rheological 
properties  of  the  material,  temperature  and  chemical  changes,  etc.  De¬ 
tailed  information  on  the  physical  aspect  of  impact  processes  is  given 
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Goldsmith's  monograph  [8.16].  In  addition,  in  the  immediate  vicinity  of 
the  end,  the  stressed  state  is  essentially  three-dimensional.  Therefore, 
it  is  necessary  to  specify  at  the  very  outset  precisely  what  aspects 
of  the  phenomenon  will  be  subsequently  studied. 

To  begin  with,  considering  that  the  velocities  of  longitudinal 
impact  to  which  shells  in  structures  may  be  subjected,  for  examp’ ^  in 
flying  vehicles,  are  relatively  low,  it  is  permissible  to  use  the  model 
of  an  elastic  or  elastoplastic  body  that  is  not  sensitive  to  the  deform¬ 
ation  rate.  Moreover,  local  effects  related  to  the  three-dimensionality 
of  the  stressed  state  will  be  neglected.  In  this  formulation,  the  im¬ 
pact  is  determined  by  imparting  a  certain  velocity  to  one  of  the  ends 
of  the  bar  or  shell  and  by  the  ratio  of  the  masses  of  the  shell  and  load. 

Thus,  the  cases  of  impact  which  will  be  examined  in  this  chapter 
differ  substantially  from  those  arising,  for  example,  in  the  study  of 
the  puncture  problem,  where  the  above-mentioned  physical  effects  and 
considerations  of  the  structure  of  the  material  are  decisive. 

As  examples  of  sharp  loading  pertaining  to  the  structures  of  flying 
vehicles,  we  can  cite  the  action  of  a  pressure  wave,  impact  on  landing, 
the  mutual  influence  of  fastened  members  in  short-term  overloads,  etc. 

In  regard  to  ship  structures,  the  action  of  pressure  waves,  collision 
with  a  hard  barrier,  etc.  are  also  possible.  Analogous  examples  can 
also  be  given  for  shells  cf  ground  transportation  structures. 

Some  general  principles  characteristic  of  impact  problems  in  the 
formulation  adopted  below  will  bo  presented  by  using  the  simplest  exam¬ 
ple  of  longitudinal  deformation'  of  an  elastic  bar  subjected  to  impact 
loadinq . 

§83.  Bar  under  Longitudinal  Impact 
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We  will  cite  the  elementary  relationships  pertaining  to  the  dynamics 
of  ideal  bars  under  longitudinal  impact.  Let  us  consider  a  bar  whose  one 
end  is  fixed,  and  whose  other  end  is  subjected  to  collision  with  an  ab¬ 
solutely  hard  body  of  mass  m  moving  at  velocity  U  until  it  hits  the  bar. 
Assuming  that  the  bar  and  load  touch  along  parallel  planes  and  neglecting 
local  deformations  at  the  site  of  contact,  we  will  study  the  change  of 
compressive  stresses  in  the  bar  during  impact  up  to  the  time  of  separa¬ 
tion  of  the  load  from  the  bar. 

The  differential  equation  for  the  displacements  of  the  bar  along  the 
x  axis  (Figure  8.1)  has  the  form 


where 


d2u  1  ri'U 
Tx*"*  c*  0ir> 


(8.1) 


The  solution  of  this  equation  must  satisfy  the  conditions 
u (*,  0)  =  0,  4f  <*•  0) -  U  f or  *  - 0.  TT -I 0  for*>°- 

(8-2) 

Here  x  is  the  ratio  of  the  mass  of  the  load  to  the  mass  of  the  bar.  The 
time  is  measured  from  the  instant  of  impact.  It  is  known  that  the  solu¬ 
tion  of  Eq.  (1)  may  be  taken  in  the  form 

u  (*,  0  =  fj ( ct  —  x)  +  +  *)»  (8.3) 

where  f^  and  f2  are  arbitrary  twice  differentiable  functions  of  their 
arguments.  This  solution  gets  a  clear  interpretation  if  one  assumes  that 
the  instrument  recording  the  displacements  and  strains  determined  by  func¬ 
tion  f^  moves  at  velocity  c  from  the  movable  to  the  clamped  edge.  In 
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this  case,  at  the  points  where  the  instrument  is  located,  x*ct,  fj*const; 
for  this  reason,  the  readings  of  the  instrument  will  not  change.  Conse¬ 
quently,  f1  determines  the  deformation  wave  propagating  in  the  bar  in 
the  direction  from  the  point  of  impact  to  the  fixed  end,  and  c  is  the 
propagation  velocity  of  the  wave  front,  which  from  the  standpoing  of 
acoustics  is  the  velocity  of  sound  in  the  bar.  The  meaning  of  the  func¬ 
tion  f2,  which  represents  a  wave  reflected  from  the  immovable  edge,  is 
established  in  the  same  manner.  The  local  velocity  of  the  bar  particles 
and  the  strain  are  determined  by  the  derivatives 


V  ks  *■  cj\  \ci  —  x)  +  <7*  W  +  x), 

.-■£ — /;<d —*>+/;<•<• -Mu 


where  the  primes  denote  differentiation  with  respect  to  the  argvwants 
within  the  parentheses. 

Let  us  consider  the  initial  deformation  period  0<l<l/c.  Setting 
f2  =  0  and  x  =  0,  we  obtain  an  equation  for  determining  the  displacements 
of  the  loaded  and 


/;<o+ £ 


=0,  r. 

where 


*ct. 


(8.5) 


Using  the  boundary  conditions,  we  obtain  the  following  expressions 
for  the  velocity  of  the  movable  and  of  the  bar  and  the  corresponding 
strain : 


«(o.  o=—v  '• 


(8.6) 
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It  follows  that  at  the  instant  of  impact,  the  bar  element  adjacent  to 
the  end  subjected  to  impact  receives  a  strain  equal  to  the  ratio  of  the 
local  velocity  of  the  upper  point  of  the  bar  to  the  velocity  of  sound 
in  the  latter. 

The  displacement  of  the  extreme  point  of  the  bar  is  determined  by 
the  relation 


(8.7) 


If  the  mass  of  the  load  substantially  exceeds  the  mass  of  the  bar  and 
one  can  assume  x  =  <»,  then  for  U  =  const,  from  (6)  there  is  obtained 


u  (0, 


In  order  to  switch  to  tne  period  of  time  l<ct<21,  it  is  necessary 
to  use  the  function  f 2  and  the  boundary  condition  at  the  immovable  edge . 
Thus,  direct  integration  of  Eq.  (1)  leads  to  functions  whose  form  changes 
after  a  time  interval  has  elapsed  that  is  equal  to  the  period  of  trans¬ 
mission  of  the  elastic  wave  along  the  length  of  the  bar.  The  method  of 
setting  up  these  functions  is  given  in  the  book  of  A. I.  Lur'ye  [8.10]  . 
Other  methods  of  solution  are  also  used,  the  most  common  of  which  is 
the  method  of  characteristics. 

A  typical  curve  for  strain  at  a  fixed  point  of  the  bar  under  longi¬ 
tudinal  impact  has  the  form  of  an  exponential  function  decreasing  with 
time,  on  which  jumps  are  superimposed  at  times  that  are  multiples  of 
1/c.  The  exponential  index  is  determined  by  the  mass  ratio  x.  The  con¬ 
tact  time  depends  on  the  quantities  U  and  x.  Separation  occurs  at  the 
instant  when  the  strain  at  the  end  becomes  zero?  this  corresponds  to 
the  crossing  of  the  equilibrium  position. 
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§84.  Buckling  of  a  Bar  with  Initial  Camber 


The  relationships  given  in  the  preceding  section  pertain  to  a  bar 
deforming  without  bending.  Let  us  now  consider  a  bar  in  which  bending 
strains  can  arise  in  addition  to  compressive  strains. 

Below,  we  will  deal  the  behavior  of  a  bar,  one  of  whose  ends  is 
subjected  to  the  impact  of  an  absolutely  hard  body. 

The  classical  theory  of  the  strength  of  bars  compressed  by  a  static 
longitudinal  force  is  based  on  the  elementary  theory  of  bending  using 
the  hypotheses  of  plane  sections  normal  to  the  neutral  axis. 

The  equation  of  transverse  vibrations  is  a  fourth  order  equation 
and  the  propagation  velocity  of  disturbances  determinable  by  its  solution 
increases  indefinitely  with  decreasing  wavelength.  This  nonconformity 
to  the  physical  interpretations  of  the  finite  propagation  velocity  of 
disturbances  is  explained  by  the  imperfection  of  the  model  adopted  in 
the  elementary  theory  of  bending  for  bars .  In  the  study  of  buckling 
under  impact,  such  a  contradiction  may  prove  substantial;  we  will  there¬ 
fore  use  a  refined  model  of  bending  allowing  for  the  transverse  shear 
and  rotatory  inertia  of  the  bar  element.  In  Chapter  I,  we  referred  to 
such  equations  as  Timoshenko  type  equations.  In  addition,  we  will  dis¬ 
card  the  hypothesis  of  nonextensibility  of  the  neutral  axis  and  will 
add  the  equation  of  longitudinal  vibrations  derived  in  the  preceding 
section . 

Assuming  that  the  deflections  may  be  commensurate  with  the  typical 
dimension  of  the  cross  section,  we  will  use  nonlinear  relations  to  set 
up  the  expressions  relating  the  strains  with  the  displacements.* 


*The  data  cited  here  are  due  to  I.G.  Kil'dibekov  and  the  author, 
see  DAN  SSSR  167,  No.  4,  1966. 
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Let  us  assume  that  the  total  deflection  v  of  the  bar  consists  of 
three  components  -  the  initial  deflection  vQ  and  the  deflections  v  and 
v  corresponding  to  bending  and  transverse  shear,  respectively*  Then 
the  elongation  strains  of  the  fibers,  shear  strain  and  change  in  curva¬ 
ture  x  will  be 


(8.8) 


Let  us  consider  the  "equilibrium"  of  a  bar  element  cut  out  by  two 
close  planes  perpendicular  to  an  undeformed  neutral  axis  (Figure  8.2). 
Projecting  the  forces  acting  on  the  element  in  the  longitudinal  direc¬ 
tion,  we  obtain  the  equation  (yQ  being  the  specific  gravity  of  the 
material) 


(8.9) 


which  essentially  agrees  with  the  equation  discussed  in  §83.  The  equa¬ 
tion  of  motion  of  the  element  in  the  normal  direction  is 


<y<  _  *)  (f,  \  __  >  p  «**»  __  n 

•ft  ox  '/  Ox  )  *  r  of  (8.10 

where  the  second  term  must  not  be  written  in  the  form  P  92v/3x2,  since 
the  compressive  stresses  are  variable  over  the  length  of  the  bar.  The 
points  in  the  figure  correspond  to  derivatives  with  respect  to  time. 


We  will  now  set  up  the  equation  of  rotation  of  the  element  in  the 
plane  xy  around  the  transverse  axis  passing  through  the  centroid: 


f-Q  + 
+?'-£(&)-°- 


(8.11) 
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Figure  8.1. 
Concerning  the 
problem  of  long¬ 
itudinal  impact 
for  a  recti¬ 
linear  bar. 


Figure  8.2.  Concerning 
the  derivation  of  equations 
for  longitudinal-transverse 
motion  of  the  bar. 


In  (9)— (11) ,  the  following  symbols  are  used:  longitudinal  force 

o 

P  =  -EFe ,  transverse  force  Q  =  k  FGy,  bending  moment  M  *  E/x.  Concern- 
ing  the  coefficient  k**,  see  Chapter  I.  Substituting  relations  (8) 
into  (9) -(11)  and  neglecting  third-order  terms,  we  arrive  at  the  follow¬ 
ing  system  of  nonlinear  equations  in  the  longitudinal  and  normal  dis¬ 
placement: 
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The  following  notation  was  introduced: 


i 


(8.12) 


the  velocity  of  propagation  of  shear  waves  in  the  bar,  and  i  *  /l/F ,  the 
radius  of  inertia  of  the  section. 


Introducing  the  dimensionless  parameters 


i 


yr, 


uc 

Tu 


Jp 
/  • 


E 

W* 


we  reduce  Eqs.  (12)  to  the  dimensionless  form 

W  rfV 

"d&r  “*  at*  1 

*V  II  J  aV  t  m  W«  d  I  —  (1V*  \  I 

+  4  IFF  dv 


(8.13) 


If  the  ends  of  the  bar  swing  freely,  the  boundary  and  initial  conditions 
are 
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(0.  t).  «•(!.  t)-0, 

w*(0.  t)»0,  t)«=0, 

“-(0,  t)~0,  4jr*!’ 

(8.14) 

«*(6, 0)  =  0.  (5.  0)  =  l"  npu  t  -  0,  ^0  npn  1 *  0. 

«'(5.  0)  ==  o*.  —  (I,  0)==0.  (8-15) 


Considering  that  during  the  period  in  which  we  are  interested  of 
transient  bending  of  the  bar,  the  deflections  are  comparatively  small, 
in  (13)  we  neglected  the  nonlinear  terms  in  the  first  equation,  as  well 
as  terms  of  third-order  smallness  relative  to  the  derivatives  of  dis¬ 
placements.  Thus,  the  problem  reduces  to  the  integration  of  nonlinear 
system  (13)  for  initial  and  boundary  conditions  (14) ,  (15) .  The  equa¬ 
tions  will  be  integrated  by  using  the  net-point  method  in  the  farm  of 
an  explicit  difference  scheme  approximateing  the  initial  equations  to 
within  the  order  of  the  square  of  the  step. 

It  is  well  known  that  the  algorithm  of  an  explicit  difference  scheme 
reduces  the  problem  to  calculating  the  values  of  the  desired  functions 
for  each  consecutive  time  layer  from  known  values  of  the  functions 
during  the  preceding  instants  of  time  with  the  aid  of  recurrence  rela¬ 
tions  .  In  carrying  out  the  calculations  on  a  digital  computer,  parti¬ 
cular  attention  was  given  to  the  ratio  of  the  5  and  t  steps.  It  was 
found  that  when  the  number  of  length  division  intervals  ranged  from 
16  to  60 ,  the  step  alon^  normalized  time  t  should  amount  to  0.2-0. 9 
of  the  step  along  the  axial  coordinate  £. 

We  will  give  the  results  of  computations  carried  out  on  the  BESM-2M 
computer.  Figure  8.3  shows  the  elastic  lines  of  a  bar  initially  curved 
in  one  half-wave  of  a  sinusoid.  The  illustrated  curves  pertain  to  dif¬ 
ferent  instants  of  time  t.  It  is  evident  that  during  the  initial  period, 
the  elastic  line  of  the  bar  has  the  well-defined  character  of  a  travel¬ 
ing  wave.  The  impact  is  followed  by  the  formation  of  two  half-waves 
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whose  amplitudes  increase.  During  the  subsequent  period,  "stabilization" 
of  the  nodal  points  takes  place,  and  the  deflections  of  the  bar  acquire 
the  form  of  a  standing  wave.  Let  us  examine  the  process  of  establishment 
of  the  latter. 


Figure  8.3.  Configura¬ 
tion  of  an  elastic  line 
corresponding  to  addi¬ 
tional  deflections  of 
the  bar  during  buckling. 


The  functions  l^(t)  (Figure  8.4)  for  different  half-waves  are  dif¬ 
ferent,  but  in  all  cases  one  can  define  a  "critical  length"  1.  ^  - 

i  cr 

*  max  l^(t)  which  is  maximum  during  the  entire  duration  of  buckling.  The 
computations  showed  that  these  half-wave  lengths  are  practically  unre¬ 
lated  to  the  magnitude  of  the  initial  camber,  i.e.,  remain  almost  un¬ 
changed  as  Vq  varies  over  wide  limits. 

It  is  important  to  note  that  the  start  the  decrease  in  the  length 
of  the  first  half-wave  pertains  to  the  instant  of  formation  of  a  new 
"zero"  half-wave  adjacent  to  the  end,  when  the  bar  seems  to  snap  to  the 
opposite  side. 


After  reaching  their  maximum,  the  half -wavelengths  begin  to  con¬ 
verge  toward  the  same  value.  This  ends  the  transient  stage  of  buckling 
of  the  bar.  Several  studies  published  after  the  above-mentioned  work 
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of  M.  A.  Lavrent'yev  and  A.  Yu.  Ishlinskiy*  pertain  only  to  the  stage 
of  steady  buckling.  However,  the  phenomenon  of  transverse  bending 
caused  by  the  longitudinal  impact  is  actually  considerably  complicated 
by  transient  processes. 

§85.  Various  Approaches  to  the  Problem.  Experimental  Data 

The  studies  [8.15,  8.9,  8.11,  8.12]  developed  a  criterion  of  sta¬ 
bility  of  bars  to  impact,  based  on  an  intuitive  interpretation  of  the 
existence  of  a  certain  portion  of  the  bar  for  which  the  compressive 
stresses  in  the  direct  wave  are  Euler  critical  stresses.  We  will  assume 
that  in  the  entire  portion  of  possible  buckling,  the  strain  e  =  V/c. 
Considering  that  the  left  edge  of  this  portion  is  hinged  and  that  the 
right  edge  is  rigidly  clamped,  the  critical  strain  given  by  the  famil¬ 
iar  Euler  formula  E£  «  7r2i2/(vL)2  (v  =  0.7),  where  L  is  the  half-wave- 
length  to  be  determined.  Hence,  one  can  readily  obtain  the  critical 
flexibility  of  the  bar 


A  =*  n  Vc/V 


(8.16) 


Figure  8.4.  Packet  of 
critical  half-wavelengths. 


*See  footnote  on  p.  271] . 
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and  the  critical  length  of  the  buckling  portion 

'6r“£'/f-  (8.17) 

Buckling  begins  at  the  instant  of  time  called  critical; 

or  6r “* ~y  *  (8.18) 

where  X  =  1/i  is  the  flexibility  of  the  entire  bar,  which  is  hinged. 
According  to  this  concept,  buckling  should  take  place  if  1>0.7  L 

“  Ci 

or  X  >  A. 


t 


Another  possible  approach  to  the  problem  follows  from  the  results 
of  M.  A.  Lavrent’yev  and  A.  Yu.  Ishlinskiy,  according  to  which  the 
number  of  buckling  half-waves  is  expressed  by  the  integer  closest  to 

y  y 

m  »  /e/2eE,  where  e£  *  n  /X  .  Hence,  the  critical  flexibility  within 
ths  confines  of  one  half-wave  turns  out  to  be 


A  — n VclVt 

the  half-wavelength  /T 

/•< sr-^yf* 

and  the  critical  time  parameter 


(8.19) 


(8.20) 


(8.21) 


Let  us  note  that  if  in  the  above-described  approximate  solution  one 
takes  v  =  0.7,  both  approaches  lead  to  the  same  numerical  results. 


Let  us  now  return  to  our  problem  and  compare  the  data  obtained  with 
the  above  relations.  If  we  find  the  mean  geometric  value  of  critical 
lengths  of  the  principal  half-waves  (first  and  second),  then  at  v  «  0.75 
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Figure  8.5.  Increase 
in  the  amplitude  of 
the  critical  half¬ 
wave  during  dynamic 
buckling . 


it  will  be  close  to  Lcr  according  to  (17)  and  (20)  .  However,  the  above 
data  show  that  in  the  transient  stage,  we  should  be  dealing,  not  with 
one  half-wave,  but  with  a  whole  series  of  half-waves. 


u/ir0 


Figure  8.6.  Elas¬ 
tic  line  of  a  bar 
under  impact:  a) 
initial  stage  of 
buckling,  b)  de¬ 
velopment  of  de¬ 
flections  accord¬ 
ing  to  the  si  ipe 
of  initial  camber. 
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Of  what  practical  use  are  the  results  pertaining  to  the  lengths  of 
«  critical  half-wavesV  Figure  8.5  (see  also  Figure  8.4)  shows  the  ampli¬ 

tude  of  the  first  half-wave  A1  as  a  function  of  time  t.  It  is  obvious 
that  as  long  as  its  length  l^(t)  increases,  the  amplitude  increases 
slowly  and  the  -  t  curve  is  convex  upward.  At  the  instant  when  the 
*  distance  between  the  nodal  points  reaches  the  critical  value,  a  rapid 

increase  in  the  amplitude  of  the  principal  half-wave  begins.  Obviously, 
this  instant  may  be  interpreted  as  the  critical  time,  dependent  on  the 
circumstances  of  the  impact. 

A  further  study  of  the  buckling  of  an  elastic  bar  under  longitudinal 
impact  was  made  by  B.A.  Gordiyenko  [8.6a].  He  used  equations  of  motion 
similar  to  (13)  .  The  equations  were  also  integrated  by  using  the  method 
of  finite  differences. 

Analysis  of  results  of  computations  made  for  different  impact 
rates  showed  that  the  buckling  process  of  the  bar  has  three  character¬ 
istic  stages.  Immediately  following  the  impact  the  bar  begins  to  bend 
in  one  half-wave,  whose  length  of  the  bar,  if  the  initial  camber  has 
more  ;han  one  half-wave  (in  Figure  8.6,  the  case  in  which  the  number  of 
half-waves  mQ~5  was  chosen) ,  new  half-waves  are  formed.  The  lengths  of 
these  half-waves  change,  but  the  displacement  of  the  nodal  points  takes 
place  in  the  immediate  vicinity  of  the  nodes  in  the  form  of  the  initial 
deflection.  This  makes  it  possible  to  consider  the  waves  as  being  close 
to  standing  waves .  The  second  stage  ends  in  a  uniform  increase  of  the 
deflections,  which  repeat  the  form  of  the  initial  imperfections.  Start¬ 
ing  at  some  instant  of  time  t  ,  a  transformation  of  the  modes  of  motion 
takes  place  which  ends  in  the  following.  If  the  number  of  half-waves 
of  the  initial  camber  it\q  is  smaller  than  m* *  1  / it  •  /vX^/Jc ,  the  bar  abrupt¬ 
ly  changes  to  a  form  containing  a  greater  number  of  half-waves  than  the 
initial  deflection.  In  cases  where  m0>m*,  the  opposite  phenomenon  takes 
place,  i.e.,  the  disappearance  of  "excess"  half-waves.  In  both  the  first 
and  second  case,  after  the  transformation,  the  elastic  line  acquires  the 
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same  number  of  half-waves,  determined  by  the  parameters  of  the  impact 
rate,  and  independent  of  the  form  and  amplitude  of  the  initial  camber 
(Figure  8.7 \ .  The  process  of  rearrangement  of  the  buckling  form  is 
clearly  evident  from  Figure  8.8,  which  shows  the  dependence  of  the 
half -wave lengths  on  time. 


Figure  8.7.  Trans¬ 
formation.  of  dynamic 
modes:  a)  formation 
of  new  half-waves, 
b)  disappearance  of 
"excess"  half-waves. 


It  is  characteristic  that  an  intense  development  of  deflections 
takes  place  in  the  third  stage,  and  therefore  the  start  of  rearrangement 
of  the  shape  of  the  elastic  line  can  be  taken  as  the  "critical  time". 
Figure  8.9  shows  the  dependence  of  critical  time  on  the  impact  velocity 
parameter .  The  points  correspond  to  the  results  of  numerical  integra¬ 
tion  of  Eqs.  (13),  and  the  straight  line  corresponds  to  the  expression 
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Figure  8.8.  Varia¬ 
tion  of  half-wave - 
lengths  during 
buckling. 


Figure  8.9.  "Criti¬ 
cal  time"  versus 
impact  velocity. 


Summarizing  the  above,  for  practical  calculations  we  can  recommend 
a  comparison  of  the  flexibility  of  the  bar  with  the  critical  flexibility 
given  by  formula  (19) :  buckling  will*  occur  if  the  flexibility  exceeds 
the  critical  value. 


We  will  cite  some  results  of  experiments  on  the  impact  loading  of 
bars  (8.6a],  The  experimental  loading  was  carried  out  on  a  device  using 
a  falling  load.  This  made  it  possible  to  obtain  impact  velocities  in 
the  range  of  (0.9-7. 2)  x  10~3  of  the  velocity  of  sound  in  the  material. 
The  relative  values  of  the  weight  of  the  specimens  (ratio  to  the  weight 
of  the  load)  used  in  the  experiments  amounted  to  0.01-0.48.  Bars  made 
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D16T  Duralumin,  spring  steel,  as  well  as  wooden  bars  were  tested. 

The  strains  were  measured  with  strain  gauges  and  a  loop  oscillo¬ 
graph.  High-speed  motion  pictures  were  used  to  record  the  configura¬ 
tion  of  the  bar  during  buckling. 

The  experiments  showed  that  as  the  impact  velocity  increases,  a 
large  number  of  half-waves  are  formed  along  the  bar,  with  the  predomi¬ 
nant  buckling  taking  place  in  the  portion  adjacent  to  the  loaded  end. 
Also  observed  was  the  phenomenon  of  rearrangement  of  dynamic  modes, 
consisting  in  a  change  in  the  number  of  half-waves  during  buckling. 

Thus,  the  experiments  are  in  qualitative  agreement  with  the  theo¬ 
retical  data  pertaining  to  the  rearrangement  of  the  wave  formation 
shape . 

§86.  Cylindrical  Shell  under  Longitudinal  Impact 

Let  us  turn  to  an  examination  of  the  stability  of  an  elastic  cy¬ 
lindrical  shell  undergoing  collision  with  an  absolutely  hard  body  moving 
in  the  axial  direction  [8.6a]. 

We  will  use  for  the  analysis  the  equations  of  motion  obtained  in 
Chapter  I.  These  equations  take  into  accoun  .  the  transverse  shears 
and  rotatory  inertia.  In  its  structure,  the  system  of  equations  des¬ 
cribes  the  propagation,  compression-tension  and  bending- shear  waves. 

We  will  first  consider  the  problem  in  a  simplified  formulation: 
the  wave  processes  in  the  middle  surface  as  well  as  the  shears  and 
rotatory  inertia  will  be  neglected. 

Considering  in  (1.29)  v  »  0  and  3u/3x  «  -V,  we  obtain  a  condi¬ 
tional  relation  describing  the  bending  vibrations  of  the  shell: 
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where  the  dimensionless  coordinates  and  time  are  referred,  respectively, 
to  the  length  of  the  shell  and  time  of  transmission  of  the  deformation 
wave  along  the  length,  V  is  the  ratio  of  the  impact  velocity  to  the 
velocity  of  sound  in  the  shell,  and  the  quantities  w,  h  and  R  are  also 
referred  to  the  length  of  the  shell. 


Approximation  of  the  deflection  function  by  the  series 
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and  application  of  the  Bubnov-Galerkin  procedure  leads  to  an  infinite 
system  of  independent  ordinary  equations 

U  +  [-ra  "'VO+lV-l'mWU  +  1*4*)+  “0.  (8.24) 

where  £  *  n/2irRm  is  a  parameter  determining  the  ratio  of  the  dimension 
of  the  dent  along  the  generatrix  to  the  dimension  in  the  circular  dir¬ 
ection. 


The  boundary  of  Ifie  zones  of  "stable"  and  "unstable"  solutions  of 
each  of  Eqs.  (24)  is  determined  from  the  condition 

+  0.  (8.25) 

whence  the  expression  for  the  "critical"  impact  velocity  V*; 
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where  z  *»  m?rr.  The  terms  "stability"  and  ".  Testability"  are  used  condi¬ 
tionally;  see  Chapter  VI. 


In  the  region  of  "unstable"  solutions,  the  rate  of  increase  of  the 
deflections  is  given  by  the  expression 


tf-ymV<l+  (4’)  -  ~  mV(I  + 6’)'  ~~gr“m 

— +  &¥-»)•  <8’28> 

2 

greater  ft  correspond  to  a  faster  rate  of  development  of  deflections,  i 
2 

study  of  ft  for  the  extremum  in  z  shows  that  the  most  rapid  development 
of  deflections  corresponds  to  the  value 
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(8.29) 


The  results  obtained  can  be  refined  by  considering  the  transverse  shear 
and  rotatory  inertia.  In  the  axisymmetric  case,  we  have  the  equations 
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(8.30) 


(concerning  the  choice  of  the  coefficient  k2  analogous  to  v  on  p.  397 
see  Chapter  I) .  Taking  an  approximation  of  the  form 


w  2J  f„  sin  mat, 
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and  making  a  similar  study,  we  obtain  the  "critical"  impact  velocity 
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(8.33) 


For  R  the  criterion  for  an  equivalent  bar  is  obtained. 


Figure  8.10  shows  the  dependence  of  the  "critical"  velocity  V*  on  the 

_2 

parameter  z  for  a  fixed  value  of  h/R  (in  our  case,  h/R  *  1.385  x  10  ) 

in  axisymmetric  buckling  (£  *  0).  Figure  8.11  gives  the  functions  V*(z) 
for  different  values  of  the  parameter  £.  It  is  characteristic  that  as 
the  number  of  half-waves  decreases  in  the  circular  direction,  the  region 
of  "unstable"  solution  expands.  It  is  evident  from  the  illustrated 
graphs  that  the  "instability"  limit  -  V*  as  a  function  of  z  -  has  a  mini¬ 
mum  equal  to  V**.  A  study  of  the  extremum  showed  that  the  minimum  values 
of  "critical"  velocities,  determined  from  formulas  (27)  or  (33) ,  are, 
respectively, 
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(8.35) 


It  is  characteristic  that  no  deflection  takes  place  when  V  <  V**. 
From  the  relation 
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ship  between  the 
"critical  velocity" 
and  the  wave  formation 
parameter . 


Figure  8.11.  Re¬ 
lationship  between 
the  "critical  velo¬ 
city"  and  the  wave 
formation  para¬ 
meter  for  differ¬ 
ent  relations  of 
the  circumferen¬ 
tial  and  longi¬ 
tudinal  dimensions 
of  dents. 


Figure  8.12.  Deflections 
of  a  shell  at  different 
instants  of  time. 

the  "critical"  velocity  minimum  decreases  with  decreasing  parameter  £? 
the  lowesc  value  of  V**  corresponds  to  axisymmetric  buckling  of  the  she^i 


Let  us  turn  to  an  analysis  of  axisymmetric  buckling  of  the  shell  on 
the  basis  of  the  more  complete  equations  of  Chapter  Z.  Their  integration 
was  carried  out  by  using  the  method  of  finite  differences  (see  [0.6]). 


Figure  8.12  shows  the  characteristic  deflections  of  a  cylindrical 
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shell  et  different  instants  of  time.  Analysis  of  the  results  showed  that 
the  buckling  process  of  the  shells  also  consists  of  three  characteristic 
stages  analogous  to  those  described  previously  for  bars. 


Figure  8.13.  Development  Figure  8.14.  De- 
of  the  amplitude  of  the  pendence  of  the 
first  half-wave.  dynamic  coeffi¬ 

cient  on  the 
impact  velocity. 

Let  us  consider  certain  characteristics  of  the  behavior  of  shells 
during  impact.  Figure  8.13  shows  the  development  of  the  amplitude  of 
the  first  half-wave  with  time  for  different  values  of  R.  It  is  evident 
that  as  the  shell  radius  increases,  the  rate  of  increase  of  the  deflec¬ 
tions  decreases.  Apparently,  a  substantial  contribution  to  the  develop¬ 
ment  of  deflections,  particularly  in  the  initial  stage,  is  made  by  the 
term  (y/R) Ou/3x)  corresponding  to  axial  compression.  As  R  increases, 
its  influence  diminishes;  the  rate  of  development  of  the  deflections  de¬ 
creases.  If  one  follows  the  change  in  the  magnitude  of  closer  approach 
Ad  of  the  shell  ends  which  corresponds  to  the  start  of  buckling  as  a 
function  of  the  impact  velocity,  one  finds  that  this  magnitude  increases 
with  increasing  velocity.  Figure  8.14  shows  the  dependence  of  the  dy¬ 
namic  coefficient  on  the  relative  impact  velocity  V. 
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§87.  Case  of  Nonaxisymmetric  Buckling 


In  the  preceding  section,  the  calculations  pertained  to  an  axisym- 
metric  problem  of  longitudinal  impact.  This  formulation  is  acceptable 
only  for  relatively  thick  shells  whose  buckling  shape  is  close  to  axisym- 
metric.  If  the  shell  is  sufficiently  thin,  however,  the  buckling  is  asso¬ 
ciated  with  the  formation  of  waves  in  the  circumferential  direction. 

Let  us  turn  to  the  nonaxisymmetric  problem  of  stability  of  an  elas¬ 
tic  circular  cylindrical  shell  under  longitudinal  impact.  We  will  assume 
that  the  phenomenon  of  stability  loss  can  be  divided  into  two  stages:  a 
first  stage  during  which  a  buildup  of  membrane  stresses  takes  place  in 
the  middle  surface,  and  a  second  stage  during  which  buckling  occurs.  On 
the  basis  of  this  hypothesis,  we  will  neglect  the  bending  of  the  shell 
in  the  determination  of  the  compressive  forces:  at  this  stage,  the  long¬ 
itudinal  component  of  the  inertial  forces  is  the  main  one.  On  the  con¬ 
trary,  as  the  deflections  rapidly  increase  in  the  second  stage,  the  normal 
component  of  inertial  forces  will  be  of  decisive  importance.* 

In  order  to  determine  the  dynamic  compression  tension,  it  is  neces¬ 
sary  to  use  the  equation  (1) 


tVu  i  <>*« 


where  c  -  /Eg/y (l  -  m2)  is  the  speed  of  sound  in  the  shell. 


(8.36) 


Equation  (36)  may  be  interpreted,  for  example,  by  using  the  method 
of  characteristics,  after  which  the  law  of  change  of  compressive  forces 
along  the  shell  length  will  be  determined.  The  derived  law  of  change 
of  the  forces  will  be  assumed  to  a  certain  region  near  the  section  under 


*A  similar  statement  of  the  problem  was  formulated  by  1.6.  Xil'dibe- 
kov  and  the  author  [8.5,  1964). 
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consideration,  and  for  each  instant  of  tine  will  determine  the  compres¬ 
sive  forces  for  the  selected  "narrow  zone"  along  the  length  [8.1]. 


These  values  of  membrane  stresses  will  be  introduced  into  the  equa¬ 
tions  of  bending  of  the  shell,  which  will  be  taken  in  the  form 
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(8.37) 


where  as  before  w  is  the  total  deflection,  wQ  is  the  initial  deflection 
of  the  shell,  and  $  is  the  stress  function  in  the  middle  force,  corres¬ 
ponding  to  the  zone  near  the  chosen  section. 

Let  us  consider  the  equations  describing  the  second  stage  of  stabil¬ 
ity  loss.  Assuming  that  during  the  buckling  of  the  shell,  the  dents  are 
rhomboidal  in  character,  we  will  take  the  expression  for  the  total  and 
initial  deflection  in  the  form* 

/ (sin  «.*  sin  ft/  +  \ 

-■/«(HjiiarsiiiRfSf  \  t silt 'txsitvm,  j  38) 

where  a  =  irm/L,  8  «  n/R.  Substituting  (38)  into  the  second  Eq.  (37),  as 
usual,  we  find  the  stress  function  in  the  middle  surface,  to  which  we 
add  the  term  (-py2/2E) ,  p  »  p(t)  being  determined  for  a  certain  region 
of  the  shell,  as  was  mentioned  above. 

The  subsequent  solution  reduces  to  an  application  of  the  Bubnov- 
Galerkin  procedure,  leading  to  an  ordinary  differential  equation  in  the 
amplitude  of  the  given  buckling  shape  (U  being  the  impact  velocity) : 


*This  solution  of  the  problem  is  due  to  V.L.  Agamirov  -id  the  author 
[8.1];  the  experiments  were  carried  out  by  V.L.  Agamirov. 
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In  order  to  solve  the  problem,  the  parameters  ij>,  5  and  n  must  be 
determined.  The  first  parameter  may  be  chosen  as  in  the  9tatic  problem; 
the  parameter  5  specifies  the  shape  of  the  dent. 


bet  us  examine  the  results  of  numerical  integration  of  Eq.  (39)  for 
a  shell  with  geometric  parameters  h/R  ■  1/180,  L/R  »  2.2  in  the  case  of 
impact  with  an  infinitely  large  mass  at  an  initial  camber  amplitude  of 
O.OOlh.  Figure  8.15  shows  diagrams  of  increase  of  the  deflection  with 
time.  The  curves  have  three  characteristic  segments.  In  the  initial 
stage,  the  deflections  show  almost  no  increase;  this  corresponds  to  the 
stage  of  buildup  of  membrane  stresses,  followed  by  intensive  buckling. 

As  is  evident  from  the  graphs,  the  fastest  growth  takes  place  for 
the  curve  corresponding  to  n  »  11.  Hence  it  must  be  concluded  that  the 
most  probable  buckling  of  the  shell  in  this  example  is  buckling  in  a 
form  with  a  wave  number  along  the  circumference  equal  to  11.  It  was 
assumed  that  the  impact  velocity  is  0.001  of  the  sound  velocity  in  the 
shell.  Judging  from  the  results  of  the  computations,  the  change  in 


-  392 


yu  jwjp  w*rm.  ■<*  wk  mm  vm  tmmmmm 


*£*1  vww ~>  n.'.i.  -*  -..*  ** ^'i  -x. • 


deflection  with  time  has  the  same  character  for  all  the  regions  along 
the  length  of  the  shell;  hence,  the  critical  value  of  the  parameter  t* 
characterizes  the  behavior  of  the  shell  as  a  whole. 


Figure  8.15.  Increase  in 
deflection  during  buckling 
of  the  shell. 

Thus,  we  arrive  at  results  similar  to  those  described  in  the  pre¬ 
ceding  chapter. 

The  computations  showed  that  an  Jnrrease  in  the  impact  velocity  leads 
to  an  increase  in  the  number  of  circumferential  half-waves  and  in  the 
critical  value  of  the  time  parameter  t*. 

It  is  of  interest  to  find  out  what  effect  the  mass  has  on  the  charac¬ 
ter  of  the  stability  loss.  For  an  infinitely  large  mass,  the  dents  turn 
out  to  be  highly  stretched  along  the  arc.  If  however  x  =  5,  the  dents 
are  nearly  square. 

§88.  Data  of  Experiments  on  Impact  Loading  of  Shells 

The  above-discussed  study  of  nonaxi symmetric  buckling  of  shells  under 
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impact  was  based  on  a  series  of  assumptions  whose  validity  can  be  veri¬ 
fied  experimentally.  We  will  consider  the  results  of  a  series  of  experi¬ 
ments  with  cylindrical  shells  subjected  to  the  longitudinal  impact  of  a 
falling  load.  The  deformations  in  the  shell  during  impact  were  recorded 
with  wire  strain  gauges  whose  signals  were  fed  to  a  double  cathode-ray 
oscillograph  and  photographed. 


Figure  8.16. 
Shape  of  rhom- 
boidal  dents 
formed  during 
longitudinal 
impact . 


In  the  experiment  performed,  the  dents  were  usually  located  at  the 
shell  end  subjected  to  impact,  and  at  the  immovable  end,  forming  one  or 
two  bands  in  each  of  these  zones.  Figure  8.16  shows  rhomboidal  dents 
located  near  the  loaded  end.  In  some  cases  (comparatively  thick  shells), 
the  impact  was  associated  with  the  appearance  of  a  continuous  circular 
fold,  probably  due  to  the  migration  of  deformations  into  the  elastoplastic 
region . 
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Figure  8.17.  Dependence 
of  critical  stress  on  the 
shell-to-load  mass  ratio. 

Figure  8*17  compares  the  experimental  data  on  critical  stress  with 
theoretical  results.  The  curve  in  the  figure  shows  the  dependence  of  the 
dynamic  critical  stress  parameter  corresponding  to  the  "critical"  value 
t*  on  the  ratio  of  the  mass  of  the  shell  to  the  mass  of  the  load.  The 
points  denote  the  experimental  stress  values  determined  from  experiments 
with  R/h  *  180.  The  impact  velocity  parameter  U/c  =  10  ,  where  U  is  the 

impact  velocity  and  c  is  the  propagation  velocity  of  longitudinal  elastic 
waves  in  the  shell.  As  is  evident  from  the  figure,  all  the  experimental 
points  are  fairly  close  to  the  theoretical  curve  and  above  it. 

The  dependence  of  the  critical  load  parameter  on  the  dent  shape,  char 
acterized  by  the  quantity  5,  is  shown  in  Figure  8.18  by  a  solid  curve. 

This  diagram  was  obtained  for  x  -  5  and  U/o  =  lO-3  (x  designates  the  ratio 
of  the  mass  of  the  load  to  the  mass  of  the  shell)  .  The  triangles  indicate 
the  experimental  data  for  the  dynamic  tests,  when  x  =  3.85-5  and  U/c  = 

-  (0.8-1)  x  10~3.  The  dashed  curve  was  obtained  from  the  solution  of  the 
corresponding  nonlinear  static  problem.  Closed  circles  indicate  the  data 
of  experiments  on  static  longitudinal  loading.  It  is  obvious  that  the 
dynamic  character  of  the  process  is  manifested  in  an  increase  of  the  load 
parameter,  by  a  factor  of  two  in  the  case  under  consideration. 

A  series  of  experiments  were  carried  out  with  a  gradual  increase  of 
the  impact  velocity  for  the  purpose  of  determining  the  minimum  critical 
velocity.  Figure  8.19  shows  the  test  results.  Triangles  denote  the 


^'F,w  ,i:rerHB«.prarj»«™,.!^]^j^  ?■**£*■.  -'.*»*s»wiriw» 


/# 

X 


toM*| 


\ 

\ 

*\ 


V- 

\ 

V 


¥  ¥ 


K- 


1*  \* 


v- 


Figure  3.18.  Dependence 
of  critical  stress  on 
uCaw  shape . 


Figure  8.19.  Im¬ 
pact  velocity  at 
which  buckling 
of  the  shell 
takes  place. 


experimental  data  obtained  on  shells  having  R/h  *  120,  and  circles,  for 
R/h  *  180.  The  curves  were  plotted  from  the  experimental  data.  The  values 
of  compressive  stresses  found  here  are  in  satisfactory  agreement  with  the 
results  of  the  solution  of  the  wave  equation. 


§89.  Elastoplastic  Buckling  of  Shells  under  Impact 


The  equations  given  in  §16  will  be  used  to  study  the  behavior  of  a 
circular  cylindrical  shell  during  longitudinal  impact  (Figure  8.20).  We 
will  consider  the  case  of  axisymmetric  deformation.*  Equations  of  motion 
(1 .75) ~(1.78)  will  be  written 


fl.V  r 

(>l  Tit*  * 
JtFh l  —  j.  #-»  ,rH’ 


*i7t*  * 


(8.40) 


*The  solution  of  the  problem  given  in  §§89,  90  is  due  to  V.fc,  Fel'dshteyn 
(8.14)  . 
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The  bar  over  the  dimensionless  quantities  will  hereinafter  be  omitted. 

Let  us  suppose  that  at  time  t  *  o,  the  shell,  hinged  at  the  ends, 
is  subjected  to  impact  with  an  absolutely  hard  body  of  mass  mlim  moving 
in  the  longitudinal  direction  at  velocity  U.  The  solution  of  Eqs.  (40) 
must  obey  the  following  boundary  and  initial  conditions: 

w(0,  t)  ~0t  k*(I,  T)-,o, 

W*  t)  “=  0, 

~  (0.  t)  ^7  (0,  t),  u  ( | ,  T)  e-  0; 

«(l.0)  =  0,  forf-0.  —  =  0  for{>0, 

0)  =  0,  ^(5,0)  =  0, 
td,0)-0,  0)  =  0, 


(8.41) 

(8.42) 


of  loading  of  the  shell. 

where  as  before  x  is  the  ratio  of  the  mass  of  the  load  to  the  mass  of  the 
shell. 
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To  integrate  Eqs.  (40),  we  will  use  the  net-point  method  in  the  form 
of  an  explicit  difference  scheme.  Replacing  the  differential  operators  by 
symmetric  differences,  we  obtain  the  approximating  algebraic  system 


Rjf,~2»f  -wS*1  •MvYftsl, 
*  2<*Z  ~  i^J"1  -j-  At*/**  («*), 

+  *»**!<♦& 


(8.43) 


(k  *  0.1,  ...,  K  -  1;  n  =  0.1,  . ..;  f£  are  the  left-hand  sides  of  system 
(40) ,  computed  at  the  nodes  of  the  difference  grid) . 


For  linearized  Eqs.  (40),  the  necessary  stability  conditions  of  the 
explicit  difference  scheme  can  be  obtained  by  using  the  Lax-Richtmyer 
criterion. *  Figure  8.21  shows  a  family  of  curves  which  determine  the 
maximum  permissible  steps  At  as  a  function  of  the  steps  used  along  the 
space  coordinate  [8.1].  As  follows  from  the  illustrated  graphs,  the 
stability  condition  strongly  depends  on  the  shell  thickness:  the  smaller 
the  ratio  R/h,  the  weaker  the  constraint  imposed  on  the  step  ratio. 


The  step  ratio  necessary  for  integrating  nonlinear  equaions  is  es¬ 
tablished  empirically,  and  the  criterion  obtained  can  be  used  as  a  first 
approximation.  It  was  found  that  the  presence  of  nonlinear  terms  makes 
it  necessary  to  reduce  At  determined  from  the  graphs  of  Figure  8.21  by 
a  factor  of  2-3.  As  At  varies  within  these  limits,  the  discrepancy  of 
the  results  turns  out  to  be  of  the  same  order  as  the  approximation  error. 
It  is  obvious  that  a  scheme  of  the  type  of  (43)  requires  a  fairly  small 
time  step,  and  this  causes  certain  difficulties  in  its  application. 


The  paper  [8.4]  proposed  a  method  for  considerably  increasing  At. 
To  this  end,  it  -c  necessary  to  make  the  substitution 


♦See  R.D.  Richtmyer,  Difference  Methods  of  Solving  ■»  idary  Value 
Problems ,  Izd.-vo  inostr.  Lit.,  1&60. 
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Figure  8.21.  Con¬ 
cerning  the  choice 
of  the  step  ratio 
of  the  difference 
grid. 


*;■ 


w+o. 


which,  following  substitution  into  the  equations,  makes  it  possible  to 
express  the  values  of  in  terms  of  the  values  of  the  functions  in 

the  preceding  time  steps.  However,  this  method  automatically  excludes 
the  rotatory  inertia  from  the  equations  of  motion,  and  this,  as  will  be 
shown  below,  may  frequently  lead  to  a  substantial  error. 


Figure  8.22.  Deflections  of  a 
shell  at  different  instants  of 
time. 
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Figure  8.23.  Characteristic 
shape  of  dynamic  buckling  beyond 
the  elastic  limit. 


Let  us  turn  to  the  results  of  computations.  Our  objective  will  be 
to  elucidate  the  character  of  bending  of  the  shell  at  different  impact 
velocities.  A  series  of  computations  carried  out  on  the  compute  revealed 
the  following  regularities  in  the  buckling  proems. 


x/i 


Figure  8.24.  Residual  deflections 
of  a  shell,  theory  and  experiment. 


In  the  initial  stage,  the  deflections  of  the  shell  have  the  well- 
defined  shape  of  a  traveling  wave  (Figure  8.22)  .  By  the  time  t  *  2.5-3, 
a  stable  bending  shape  begins  to  take  form  which  remains  unchanged  until 
the  onset  of  maximum  deformation  values  (in  the  case  of  a  finite  mass  of 
the  striking  body) .  Similar  to  this  shape  is  that  of  the  residual  deflec¬ 
tion  at  the  end  of  the  impact. 


* 


* 
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Figure  fc.25.  Local  Figure  8.26.  Dependence 
buckling  in  the  im-  of  buckling  shape  on  im- 
pact  zone.  pact-loading  parameters. 


Figure  8.27.  Strain  of  trans¬ 
verse  shear  in  shells  of  dif¬ 
ferent  thicknesses. 


The  shells  for  which  the  computations  were  made  are  divided  into 
three  groups  according  to  their  bending  character.  The  first  group 
includes  shells  having  folds  of  similar  size  near  the  ends  (Figure  8.23), 
and  the  third,  shells  in  which  the  bending  is  localized  in  a  narrow  zone 
adjacent  to  the  point  of  impact  (Figure  8.25).  In  Figure  8.26,  in  the 
plane  of  the  parameters  determining  the  impact  conditions,  squares  in¬ 
dicate  the  points  when  the  residual  deflections  pertain  to  the  first 
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Figure  8.28,  Effect  of  ro¬ 
tatory  inertia  on  the  de¬ 
velopment  of  deflections. 


Figure  8.29.  Ring 
folds  during  buck¬ 
ling  beyond  the 
elastic  limit. 


of  the  enumerated  groups,  triangles,  to  the  second  group,  and  circles 
to  the  third  group. 


It  is  of  interest  to  determine  how  important  are  the  effects  intro¬ 
duced  by  allowing  for  transverse  shear  and  rotatory  inertia.  Figure 
8.27  shows  the  development  of  transverse  shears  with  time  in  the  end 
section  of  shells  of  different  thicknesses.  We  see  that  the  shear 
strains  reach  an  appreciable  magnitude,  and  as  the  thickness  increases, 
their  role  becomes  more  appreciable. 

The  effect  of  rotatory  inertia  on  the  development  of  deflections 
of  the  shell  is  illustrated  by  the  graphs  of  Figure  8.28.  The  latter 
shows  the  development  of  maximum  deflections  with  time  at  various  im¬ 
pact  velocities.  Solid  lines  represent  curves  pertaining  to  solutions 
obtained  by  allowing  for  shear  and  rotatory  inertia,  and  dashed  lines 
represent  those  obtained  without  considering  rotatory  inertia.  It  is 
evident  that  at  low  velocities,  the  curves  are  similar,  but  as  the  im¬ 
pact  velocity  increases,  neglecting  the  rotatory  inertia  leads  to  ex¬ 
cessive  values  of  maximum  and  residual  deflections.  Analysis  of  other 
deformation  parameters  also  leads  to  the  corclusion  that  at  impact  velo¬ 
cities  amounting  to  more  than  0.5%  of  the  sound  velocity,  the  influence 
of  "secondary  effects"  is  substantial. 

The  experiments  performed  confirmed  the  conclusion  that  the  plane 
has  a  decisive  influence  on  the  buckling  character.  In  Figure  8.26, 
the  open  symbols  indicate  the  impact  parameters  achieved  in  the  test. 

The  residual  deflections  which  the  specimens  assumed  after  impact  had 
the  above-described  characteristic  shape.  In  Figure  8.24,  the  dashed 
curve  shows  the  configuration  of  deflections  obtained  experimentally. 

As  is  evident  from  the  above  graph,  the  theoretical  and  experimental 
data  are  in  good  agreement.  The  appearance  of  the  shell  after  the  test 
is  shown  in  Figure  8.29. 

§90 •  Conical  Shell  under  Longitudinal  Impact 

Let  us  consider  the  behavior  of  circular  conical  shells  under  axial 
impact . 
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We  will  examine  the  problem  in  the  same  formulation  as  in  5  89 
[8.14].  In  view  of  the  great  similarity  between  the  problems,  we  will 
introduce  the  geometry  of  the  cone  as  follows:  we  define  a  certain 
"basic"  cylinder  of  length  L  and  radius  and  consider  the  conical 
surfaces  whose  generatrices  pass  through  the  middle  section  of  the 
shell  at  an  angle  a  to  the  generatrix  of  the  cylinder  (Figure  8.30). 


Figure  8.30-  Geometry 
of  conical  shell. 

We  will  confine  the  discussion  to  the  axisymmetric  case.  The  aqua 
tions  of  motion  are  [8.14]: 


•  <*  /  m  i  i  *ina  v  n  -  . 

y-jfW  +  M,— — 


(8.44) 


here 


,  h* 


i  /  lit »  ,  r 

t”“tV  v'T^TF'  fw°T< 


fl-T-  *-f' 

AM-  ,  „  t'O-lO 
i)  •  v  2 
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the  bar  over  dimensionless  quantities  being  omitted  in  (44)  -nd  every¬ 
where  hereinafter.  Assuming  that  tba  adga  of  tha  shell  £  -  1  is  hinged 
on  a  rigid  immovable  support,  and  that  tha  other  and  of  radius  rL  is 
fastened  to  a  rigid  diaphragm  moving  freely  along  the  axis,  we  write  the 
boundary  conditions  as  follows t 

w(0,  v)-s(Otf)(gs.  w(l,f)-0, 

M.U,  t)-0, 

*>&<“•  *>'«•]" 

where  x  as  before  is  tha  ratio  of  tha  mass  of  tha  load  to  tha  mass  of  tha 
shall.  Tha  initial  conditions  tafce  tha  form 

»«.  o»-o,  £(t.O)-^cw«-  fort-0 

»«.0>-0,  -£-ft.O) fort— 0 

To  integrate  system  (44) ,  wa  will  use  tha  method  of  finite  differences 
in  the  same  form  as  before  in  tha  case  of  a  cylindrical  shell.  Omitting 
tha  details  of  tha  computational  algorithm,  which  is  completely  analogous 
to  (43),  wa  will  consider  tha  results  of  tha  computations. 

The  computations  showed  that  tha  stable  banding  shape  stabilises 
after  the  deformation  waves  pass  two  to  three  times  along  the  length  of 
tha  generatrix.  Tha  banding  is  characterised  by  the  formation  of  several 
half -waves,  tha  largest  of  which  is  the  first,  adjacent  to  the  loaded  end 


(8.46) 


(8.45) 


,  ...  *j»3Sb$ 


(Figure  8.31) .  At  very  high  topsot  velocities  amounting  to  more  tint  3t 
of  the  sound  velocity  in  the  shell ,  t  htlf-vivt  is  fenssd  now  tin  tooted 
sad,  since  the  remaining  portion  of  the  shell  in  virtually  undisturbed. 

The  formation  of  the  dominant  hnlf-msve  taken  Plaee  before  the  deformation 
wave  is  reflected  from  the  opposite  edgej  this  explains  the  independence 
of  the  deflection  amplitude  from  the  shell  length. 
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Figure  8.31.  Buckling  of  conical 
shall  during  impact. 


Figure  8.32*  Development  of 
fundamental  half-wave  at  dif¬ 
ferent  cone  angles. 

Let  us  axamina  in  more  detail  the  process  of  formation  of  the  domi¬ 
nant  half-wave  of  bending.  Figure  8*32  shown  the  values  of  de¬ 

flections  w*  u  a  function  of  ties  st  different  half-angles  dL  As  was 
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shown  above,  at  the  initial  3taga  of  buckling  of  a  cylindrical  shell, 
its  deflections  consist  of  one  rapidly  increasing  half-wave  with  its 
convexity  directed  outward.  In  a  conical  shell,  the  deflections  at 
the  end  are  not  zero  by  virtue  of  boundary  condition  (45) . 


V  ’/A 


Figure  8.33.  Development 
of  fundamental  half-wave 
as  a  function  of  impact 
velocity. 


As  follows  from  Figure  8.32,  in  slightly  conical  shells,  the  forma¬ 
tion  of  the  fundamental  half-wave  takes  place  without  a  change  in  the 
sign  of  the  deflection,  whereas  with  increasing  a,  the  first  half-wave 
is  formed  as  a  result  of  a  marked  change  in  the  sign  of  the  deflection 
w*.  At  substantial  impact  velocities,  even  at  large  a,  w*  does  not 
change  sign,  so  that  there  is  no  snapping  (Figure  8.33). 

§91.  Two-Layer  Shell.  General  Relationships 

Multilayer  shell-type  structures  find  extensive  applications  in  en¬ 
gineering.  A  very  common  structural  element  is  a  two-layer  shell  whose 
inner  layer  is  the  supporting  one  and  whose  outer  layer,  which  plays  an 
auxiliary  role,  is  made  of  a  material  having  much  lower  mechanical  char¬ 
acteristics.  However,  the  thickness  of  the  outer  layer  may  be  significant, 


-  407  - 


so  that  on  the  whole,  it  is  necessary  to  consider  its  influence  on  the 
strength  properties  of  the  pack. 

Certain  well-known  theories  of  shells  consisting  of  two  or  more  dif¬ 
ferent  layers  use  the  Kirchhof-Love  model,  applied  either  to  the  entire 
pack  as  a  whole  [1.5],  or  separately  to  the  supporting  layers  connected 
by  a  light  filler,  to  which  the  straight-line  hypothesis  is  applicable 
[8.7]  . 


Figure  8.34.  Concern¬ 
ing  the  selection  of 
generalized  coordinates 
of  a  volume  element. 


Let  us  consider  the  model  of  a  shell  of  elastoplastic  material 
allowing  for  transverse  shears  and  rotatory  inertia.*  If  one  assumes 
the  continuity  of  tangential  displacements  on  the  surface  of  contact 
and  the  constancy  of  shears  over  the  thickness  of  each  of  the  layers, 
one  finds  that  the  tangential  stresses  undergo  a  break  when  they  cross 
the  surface  of  contact.  In  real  structures,  this  discontinuity  is  ab¬ 
sorbed  by  a  very  thin  bonding  layer. 


The  surface  of  contact  SQ  between  the  layers  will  be  referred 
to  the  orthogonal  coordinates  x,  y,  coinciding  with  the  lines  of  curva¬ 
ture  kx,  ky.  As  the  generalized  coordinates  characterizing  the  location 

*This  solution  was  given  by  V.A.  Fel'dshteyn  (Izv.  AN  SSSR,  MTT,  1972). 
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\  of  the  element  in  space,  we  will  take  the  normal  displacement  w  common 

to  both  layers  and  the  tangential  displacements  u0#  vq,  in  the  surface 

j  *  S0  as  well  as  vk  in  the  surfaces  S^,  separated  from  the  interface 

by  distances  z^  (Figure  8.34).  The  index  k  =  1.2  denotes  the  number  of 

the  layer.  Let  us  suppose  that  external  normal  stresses  pi  ,  p  are 

XX  zz 

applied  to  the  surface  of  the  shell.  The  signs  (+)  refer  to  the  surfaces 
z  «  -hj,  z  *  h^,  respectively.  The  stresses  p^\  o#  8  *  x,  y,  z  act  on 
|  the  ends  x  »  a^  2'  y  “  bl  2‘ 

According  to  the  adopted  assumptions,  the  displacements  of  the 
layers  are  distributed  as  follows: 

w<*>  «=  Wt 

u{k)  ==tt0“T"(wo  —  «*),  (8.47) 

** 

zk 


where 


We  now  obtain  the  equations  of  notion  of  the  shell  on  the  basis  of  the 
F:jnilton-Ostrogradskiy  principle : 


(8.49) 


K  and  n  are  the  kinetic  and  potential  energy,  and  W  is  the  work  done 
by  the  external  forces.  Considering  (47),  we  write  the  expression  for 
the  kinetic  energy  (pk  being  the  density  of  the  layer  material) : 


/*> 


(8.50) 


Vk  being  the  volume  occupied  by  the  shell  layers.  Expression  (50)  takes 
account  of  the  energy  of  rotary  motion.  The  coordinates  z^  will  be 
chosen  so  that  after  integrating  with  respect  to  z  in  (50) ,  the  inte¬ 
grand  contains  only  square  of  generalized  velocities.  In  this  case, 
the  kinetic  energy  will  be  written 


♦■rtw+wii** 


(8.51) 


with  the  following  notation: 
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The  variation  in  potential  energy 


wi  -  JJ  /  J  j K'  K" + »5J  *v?; + 

*-l  (V4) 

+  <U?  +  i£«lS4  x,,*'4Y,,*,|dxrfj/(/z. 


Integrating  with  respect  to  z  and  introducing  the  notation 


/  «•.“*= Aff.  /  r«>.  j 

"  .  <*»>  (*») 

/  <X,*»j  d*  -  Af  <»>,  J  vw*  rf,  „  ,/w 

<*»)  <»,) 


we  obtain 


«u  -  V  J  J  [<‘'ae,  +  r“’fc„ + *<«*,  +  qV‘a*;V  4-  tfWi'  + 
*  •  <<?,> 


The  elementary  work  done  by  external  forces 

*  (  ?’  * 


w  J  J  [(p'il  -  ~  Q?i!)  k  +  (C  -  ^  q!S)  + 

+  7^  (<%’  K  +  <?,‘J  K)  +  C  *»],  dx  + 

b, 

4  |  [( -  A«„  4  -  Tj-fl**)  to,  4- 

4~^(<ffi »«,  4-  Q?;  *»,)  +  /"A1  dyj  + 

4-  J  J  i>i,  fl“  (-■  *») dx  dy  4- jjp;,  f>i‘  (A,)  </*  <ly  4- 

.V,  .V. 

+  {  J  Pyy  to  (-  /<,)  r/A  <///  r  f  J  p;;„  to  (/i,)  r/  v  <///  + 


+  I  P**to' <lx tty. 
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(8.52) 


(8.53) 


(8.54) 


(8.55) 


where  6u(hfc),  fivdi^)  are  the  variations  in  displacements,  calculated  on 
the  surfaces  of  the  shell.  The  following  notation  is  used: 


<**>  <**> 

Substituting  the  variations  6K,  611  and  6*W  into  the  Hamilton  inte¬ 
gral  and  carrying  out  the  usual  operations,  we  obtain  the  equations  of 
motion 


i INk  ,  £ 
Ox  '  Oy 


■4"!-3r  +  ~  + 


AN,  ilT 

~ii~+  ** 


Ox  Oy  '  it  '*  *  /, 

+'£(•  ~&) +«■.(* 

0Mm  . Vi 


a,  — JT +**!’+ *«?  + 

.+ ^(1-7r)+^('+ 7r)-«" + <)  \ 


ot* 


(8.56) 


*Qx 

dx 


+• Tf-  +  K.N. + k,N, + £  +  r^J.)  + 


Q,.’’  +  P,V'i“m',%Trr- 


(8.56a) 


a.  f 

dt 

df  " 

*  1 

dx 

4?  + 

a//«> 

ftW®  •  Wt» 


(8.56b) 


dx 
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Here  and  below,  the  following  notation  is  used  for  brevity: 


**-#!"  +  *?,  +  Q,  —  O',1’  +  (ff,  Q,„q»»  +  q» 

M.-± «<"  +  -L «?,  «,--L 

ft.-J’S+i’S,  Qh-^QS+^oIS,  o,  p-(jt.  *). 


Depending  on  the  fixing  conditions  of  the  shell,  the  following  vari¬ 
ants  of  the  boundary  conditions  for  the  edge  x  =  a^  can  be  formulated: 

*■-//  + /‘,,-Q,,  =  0 

£M"  +  Q«)-0 

“(m!?+qS)-o 
£(«<•* +  q!»)-.o 
T.W*  +  «?S)-0 
^  +  t^  +  q,+p.,^0 

The  conditions  at  the  edge  y  «  are  obtained  from  (57)  by  replacing 
subscripts  x  and  y. 

In  the  case  of  physical  and  geometric  symmetry  of  the  layers,  setting 
2u0  *  U1  +  u2'  2v0  *  V1  +  v2  and  re9rouP*n9  the  terms  in  the  expression  for 
action  according  to  Hamilton,  we  obtain  the  ewquations  for  a  one-layer 
shell.  The  decrease  in  the  number  of  equations  corresponds  to  an  addi¬ 
tional  hypothesis  on  the  absence  of  a  break  in  the  normal  on  the  surface 
of  contact;  this  reduces  the  number  of  degrees  of  freedom  of  the  element. 


or  Wfl  *»  0, 
«  ■*  0, 

*  «,«(>, 

*  tt3*»  0, 

H 


(8.57) 


All  that  remains  is  to  derive  the  expressions  relating  the  forces 
and  moments  with  the  displacements.  Theiintensity  of  deformations  in 
each  of  the  layers  will  be  written  by  using  expression  (1.197) ,  in  which 
|  p(Q'  P^and  p***  now  denote  the  following: 


We  will  use  the  assumptions  made  in  516  on  the  nature  of  unloading, 
the  only  difference  being  that  the  state  of  the  element  will  be  determined, 
not  from  the  sign  of  3ei/3t  at  the  corresponding  point  of  the  middle  sur¬ 
face,  but  from  the  sign  of  3e  |k}3t  at  the  points  of  z^  (on  the  surfaces 
S^) .  Calculating  the  stresses  from  the  relations  of  strain  theory  and 
integrating  over  the  thicknesses  of  the  layers,  we  obtain  the  expressions 
for  the  internal  forces  and  moments.  In  the  region  of  active  plastic 
strains  (see  p.  ), 


(8.58) 
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where 


IT-  ,f 

<W  1  . 


(/» =  1 ,  2,  3). 


In  the  region  of  unloading 


1'”- 1  a*.  ['»  *  T  K?  +  tRI- 

of  -  oi“* + i  amw.  <3?*  -  <?r + 1  AiwAfir. 

+  j/V.J[*y(cI  +  je»)  + 

+*(¥+m 

All*’ »  Mp  +  4  Ml  [  *  4  (ej  4*  1  )  + 

M*  ;*  **&*&fi- 


II'"  -//'*’•  + 


(8.59) 


Here  the  parameters  marked  by  zero  represent  differences  of  the  type 
f°  =  f-f*,  where  f*  are  the  values  of  the  corresponding  quantity  at  the 
start  of  unloading.  Substituting  (58)  or  (59)  into  the  system  of  Eqs. 
(56) ,  one  can  obtain  the  equations  of  motion  of  the  shell  in  displace¬ 
ments.  This  will  not  be  done,  however,  in  view  of  the  extreme  cumber¬ 
someness  of  the  expressions  obtained.  Moreover,  in  a  numerical  inte¬ 
gration  of  the  equations,  it  is  not  necessary  to  write  them  in  displace¬ 
ments;  it  is  more  convenient  to  construct  the  computational  algorithm 
by  successively  determining  the  strains,  stresses,  internal  forces, 
and  moments,  then  substituting  them  into  system  (56). 


The  equations  obtained  are  hyperbolic  ones.  Analysis  of  the  coef¬ 
ficients  of  the  system  shows  that  the  solutions  corresponding  to  it  in 
elastic  strains  constitute  compression-tension  waves  propagating  in  the 
surfaces  at  velocities 


(8.60) 


and  in  Sg,  at  velocity 


y  » + u  •  i  + « *  * 


(8.61) 


as  well  as  bendir.g-shear  waves  having  velocity 


-  -  -  f  V,  ,  V, 

V  hTT  +  TTrr. 


(8.62) 


the  following  notation  being  used: 


a  '-VC-i'iK  „  *](‘  ~M 

l>i*i  *  —  *  1 


If  the  strains  of  the  layers  exceed  the  yield  point,  formulas  (60) -(62) 
remain  valid  if  their  moduli  of  elasticity  are  replaced  by  secant  moduli 
averaged  over  the  layer  thicknesses: 


§92.  Solution  of  the  Problem  of  Behavior  of  a  Two-Layer  Shell 

An  analytical  solution  of  the  equations  obtained  above  is  very  dif¬ 
ficult.  For  this  reason,  as  before,  the  method  of  finite  differences  will 
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be  used  here. 


Let  us  consider  the  axisymmetric  deformation  of  a  cylindrical  shell 
during  longitudinal  impact.  The  equations  of  motion  in  this  case  will  be 
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where  the  dimensionless  parameters  T **  m*//.,  to  «•//.,  A*  «=  /i*//„ 

?*-=**//.,  ty-QpfaRk,7fy'*.A1*!./i>k,  were  introduced?  in  (63) 

and  below,  the  bar  over  the  letter  is  omitted  for  the  sake  of  brevity. 


Let  us  suppose  that  the  ends  of  the  shell  over  the  entire  surface 
are  "bonded"  to  rigid  diaphragms,  one  of  which  is  immovable,  while  the 
other  can  move  freely  in  the  direction  of  the  generatrices.  In  this 
case,  the  boundary  conditions  will  be  written  as 


u>( 0,  t)**0,  »(l,  t)*®0, 

MO,  T)-tt0(0,  t),  «,(l,  t)— 0, 

m,(0,  t)  —  M0*  t),  us(l,  t)«0, 


I 


A"*"<0,  T)  +  lar+rT (0,  T) “ TS • 

M It  t)  — 0, 


(8.64) 


where  x  is  the  ratio  of  the  mass  of  the  load  to  the  mass  of  the  shell. 
The  initial  conditions  are 

0)-o,  (*.  n)~o. 

"«(*•  <8.65) 

u, (*,  0) - 0.  £ (X.  Of—  -  tor  *«=0, 
uaU.  0) « «.  -?"•  (*,  ())  =  for  *  ~  o, 

We  will  divide  the  region  of  determination  of  the  problem  0<x<l,  t>0 
with  a  rectangular  grid  xR  «  nAx,  t^  »  kAt  (n  *  0.1,  . N  -  1; 
k  =  1,  2,  . ..);  then,  replacing  the  differential  operators  by  central 
difference  operators,  we  obtain  the  approximating  algebraic  system 


«-'+w 


(8.66) 


where  f  are  the  functions  being  determined,  and  F  are  the  left-hand 
sides  of  Eqs .  (63),  solved  for  the  second  derivatives  with  respect  to 
time . 


In  analyzing  the  stability  of  the  difference  scheme,*  the  criterion 
observed  in  [8.14]  was  used  as  a  first  approximation.  The  basis  for  this 
is  the  natural  limiting  transition  to  a  one-layer  shell  for  very  small 
thicknesses  of  the  outer  layer.  As  was  shown  by  a  series  of  examples, 
this  criterion  gives  satisfactory  results. 


Let  us  turn  to  the  results  of  the  computations.  They  were  carried 
out  for  a  shell  whose  inner  layer  was  made  of  a  material  having  a  loading 
curve  with  linear  hardening,  and  the  outer  layer,  of  an  infinitely  elas¬ 
tic  material  whose  modulus  of  elasticity  was  taken  to  be  equal  to  the 
modulus  of  hardening  of  the  base  layer.  Figure  8.35  shows  the  shape  of 
the  shell  deflections  under  longitudinal  impact.  Qualitatively,  the 
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curves  were  similar  to  those  obtained  earlier  (see  §89)  for  a  one- 
layer  shell.  It  was  found  that  the  addition  of  an  outer  elastic  layer 


0  w  8,4  V  18 

r/L 

Figure  a. 35.  Deflections  of  a 
two  layer  shell  under  longitud¬ 
inal  impact. 


has  comparatively  little  effect  on  the  shape  and  maximum  values  of  the 
deflection.  Figure  8.36  shows  curves  of  the  development  of  maximum 
deflection  with  time  for  different  ratios  of  layer  thicknesses.  As 
follows  from  the  graphs,  the  outer  layer,  whose  thickness  is  three 
times  that  of  the  base  layer,  reduces  the  maximum  deflection  values 
by  approximately  20%. 
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Figure  8.36.  Effect  of 
the  ratio  of  layer 
thicknesses  on  the  rate 
of  development  of  de¬ 
flections. 


The  propagation  of  the  deformation  wave  e^(x,  t)  in  a  plastic 
layer  is  shown  in  Figure  8.37.  In  the  case  at  hand,  the  plastic  strains 
are  strongly  developed r  and  their  front  is  quite  removed  from  the  front 
of  the  elastic  component.  On  being  reflected  from  the  opposite  edge,  the 
elastic  strains  become  superimposed  on  the  direct  wave,  and  form  a  wave  « 

of  plastic  strains.  A  redistribution  of  the  compressive  forces  in  the 
layers  is  characterized  during  the  formation  of  plastic  strains  (Figure 
8.38) . 
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Figure  8.37.  Intensity  of 
strains  of  the  inner  layer  at 
different  instants  of  time. 

As  long  as  the  shell  is  deformed  in  the  elastic  region,  the  forces 
are  distributed  in  proportion  to  the  compressive  rigidities  of  the  layers. 
After  plastic  strains  are  set  up  in  the  supporting  layer,  a  redistribu¬ 
tion  of  the  compressive  forces  beings:  a  decrease  in  the  rigidity  of 
the  inner  layer  leads  to  an  increase  of  the  loads  on  the  outer  layer. 

§93.  Buckling  of  Cylindrical  Shells  Under  Thermal  Impact 

In  conclusion,  we  will  examine  the  problem  of  the  behavior  of  a 
thin  circular  cylindrical  shell  of  finite  length  acted  on  by  an  axisym- 
raetric  thermal  pulse  in  a  zone  located  near  one  of  the  ends.* 

•This  problem  was  studied  by  A.T.  Ponomarev  and  the  author,  see 
DAN  SSSR  192,  No.  4  (1970),  757-759. 
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Figure  8.38,  Longitudinal  forces  in  the 
layers . 


During  the  propagation  of  heat  flow  along  the  structure,  part  of 
the  length  of  the  shell  will  be  subjected  to  dynamic  compression.  Under 
certain  conditions,  this  will  lead  to  the  formation  in  the  compressed 
zone  of  the  shell  of  deep  dents  very  dangerous  for  thin-walled  structures.* 
If  the  period  of  heat  inflow  is  much  shorter  than  the  time  of  propagation 
of  the  elastic  wave  along  the  length  of  the  structure,  the  effect  of  long¬ 
itudinal  thermal  impact  may  be  assumed  to  be  analogous  to  the  action  of 
an  impact  load. 

To  describe  the  behavior  of  a  shell  in  fundamental  equations,  it  is 
necessary  to  consider  the  inertial  forces  corresponding  not  only  to  the 
deflection  but  also  to  the  displacements  in  the  middle  surface.  Since  a 
problem  of  this  type  is  very  complex,  we  will  assume  that  the  change  in 
thermoelastic  strain  along  the  length  of  the  shell  is  independent  of  the 
deflection  and  is  determined  from  the  solution  of  the  corresponding  one¬ 
dimensional  problem  for  an  elastic  bar.**  As  for  the  buckling  phenomenon, 
we  will  assume  that  the  deflections  thus  formed  are  comparable  to  the 

*For  example,  Nuclear  Engineering  and  Design  7,  No.  2  (1968)  . 

**For  example,  I.N.  Sneddon,  Proc.  Roy.  Soc.  of  Edinburgh  A65 ,  No.  2 
(1969)  . 
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shell  thickness  and  are  determined  from  the  solution  of  a  geometrically 
nonlinear  problem. 

Before  going  on  to  the  thermodynamic  relationships  describing  the 
elastic  behavior  of  the  shell  in  time,  we  will  write  the  fundamental 
relations  pertaining  to  the  propagation  of  thermal  stresses  in  a  bar. 

We  will  assume  that  an  element  of  the  bar  is  heated  from  a  certain  ab¬ 
solute  temperature  B  to  the  temperature  B  +  8,  whereupon  the  stresses  o 
are  set  up  in  the  bar.  The  total  elastic  linear  strain  will  be 


(8.67) 


where  k  is  the  coefficient  of  linear  expansion.  The  parameters  E  a*,  k 
generally  depend  on  temperature.  However,  in  the  problem  discussed  below 
and  in  many  other  examples,  when  structural  members  are  subjected  to 
sharp  surface  heating,  these  coefficients  may  be  assumed  constant.  From 
relation  (67)  we  have 

(8.68) 


If  9  is  small  in  comparison  with  B,  the  relation  for  entropy  per  unit 
volume  of  elastic  bar  is 


(8.69) 


where  Cy  is  the  specific  heat  of  the  material. 

The  second  term  on  the  right-hand  side  of  (69)  reflects  the  influ¬ 
ence  of  deformation  on  the  course  of  the  thermodynamic,  process.  Then 
the  amount  of  heat  absorbed  by  a  unit  volume  may  be  considered  equal  to 
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(8.70) 


*=.S8=C.-JO  +  *C0». 

On  the  other  hand,  from  the  law  of  conservation  of  thermal  energy,  we 
should  have 


(8.71) 


d  6 

where  q  ~  -a|^  is  the  amount  of  heat  flowing  through  the  section  in  one 
second;  a  is  the  thermal  conductivity  coefficient. 


i 


Using  expressions  (70)  and  (71) ,  we  obtain  the  following  equation: 


ao  « d*°  -'V  d>H 

rfFJT* 


(8.72) 


The  following  notation  was  introduced  above: 


aq  at 


(8.73) 


Adding  to  (68)  and  (72)  the  equation  of  motion  of  the  element 


do  jf  d*u 

(8.74) 


and  eliminating  a  from  this  system,  we  arrive  at  the  so-called  coupled 
problem  of  thermoelasticity  for  a  bar: 


rW 

~dT 


—  K 


d*u 
dx  Oi 


0. 


dfn  y  MO-  dhi 

In?  “  H  ,n  <?*  «Ma" 


5=  0, 


(8.75) 

(8.76) 
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where  c  *  ✓fig/y ,  as  before,  is  the  velocity  of  propagation  of  compressive 
strain  intthe  material* 

We  now  write  the  fundamental  dynamic  relations  of  thermoelasticity 
of  the  theory  of  shallow  shells  [0.6]: 


12(1 

-  w)  -  L{w» 


knh  Y 


l  fV(m  —  «*,)  MX2U 
F - OxT- - *V 


(8*77) 

(8.78) 


Here  N0,  M0  designate,  respectively,  the  equivalent  thermal  force  and 
thermal  moment  of  a  section  of  the  shell,  determined  by  means  of  the 
expressions 


hn  w 

J  k’VFdz,  A),*=  j  k'O'Pzdz. 

-hi 2  -*l* 


As  before,  the  initial  and  total  deflections  will  be  chosen  in  the 
form  of  (38)  .  Substituting  expression  (38)  into  the  right-hand  side  of 
Eg.  (78)  and  integrating  it,  we  find  the  stress  function  4>.  The  term 
(-py  /2)  enters  into  the  expression  for  4>,  where  p  ■  p(t)  is  the  inten¬ 
sity  of  compressive  forces  in  the  chosen  section  of  the  shell,  determined 
from  the  formula 


(8.79) 

To  find  the  relationship  between  the  deflection  parameters  of  the 
shell  and  the  compressive  forces  changing  with  time,  we  will  apply  the 
Bubnov-Galerkin  method  to  Eq.  (77)  .  We  thus  arrive  at  a  nonlinear 
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second-order  ordinary  differential  equation  in  deflection  f. 

As  an  example ,  we  will  study  a  case  involving  sharp  local  heating 
of  one  of  the  ends  of  the  shell;  the  remaining  surface  will  be  assumed 
to  be  thermally  insulated.  The  solution  of  the  problem  reduces  to  the 
integration  of  the  following  system  of  dimensionless  solving  equations: 


Ox  o^dt  ' 


d'u * 


dv  or 


•o, 


Ox*  dx*  Ox* 

{  —  S  { [p*  — ^  t| fc*  —  ti)  --^r  |c  — 

*“  *  »4f!L-VW  + 

+  W  *  + M  [ 1  +  (r?FF  1 +  ♦ 

-J&W*-**}-* 


(8.80) 

(8.81) 


(8.82) 


The  following  new  dimensionless  parameters  have  been  introduced 
above  in  addition  to  the  notation  of  §87: 


*•-£,  *_•£.  O’ «=  IrO,  «•  =  £. 

I— T' 


where  i  *  R/  is  the  inertial  radius  of  the  section  of  the  shell,  and 
A  is  the  total  flexibility  of  the  shell,  treated  as  a  rod  of  circular 
cross  section.  The  value  of  is  adopted  conditionally  on  the  basis  of 
the  solution  of  the  static  problem  for  an  ideal  shell.  The  solution  of 
Eqs .  (80)  and  (81)  was  obtained  in  closed  form  by  successively  applying 
to  them  integral  Fourier  transforms  with  respect  to  x*  and  Laplace  trans 
formations  with  respect  to  t  for  the  following  boundary  and  initial  con¬ 
ditions: 
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where  h  is  the  amount  of  thermal  energy  supplied. 

Equation  (82)  was  integrated  by  the  Runge-Kutta  method  with  the  aid 
of  a  BESM-2M  digital  computer ,  assuming  that  the  additional  deflection 
and  the  velocities  of  the  points  of  the  shell  at  the  initial  instant  of 
time  are  equal  to  zero: 

t  —  Co  "*  i  =*  C  for  t  «*  0. 

In  solving  the  problem,  we  determined  the  dynamic  coefficient,  which 
represents  the  ratio  of  the  maximum  compressive  stress  to  the  upper  criti¬ 
cal  value  p*/p*,  and  the  number  of  waves  for  which  a  rapid  buckling  process 
sets  in. 

The  results  of  the  computations  are  presented  in  Figure  6.39  in  the 
form  of  curves  describing  the  rates  of  increase  of  the  deflection  t  in 
the  shell  for  the  section  x  =  L/2,  as  a  function  of  dimensionless  time  t, 
for  a  thermal  pulse  parameter  9*  *  0.3.  They  pertain  to  a  shell  with  a 
ratio  R/h  ■  300,  an  initial  camber  amplitude  *  0.001,  and  a  wave  form¬ 
ation  parameter  £  *  3.  The  instant  tQr  corresponding  to  the  front  of 
rapid  deflection  increase  was  taken  to  be  the  critical  time.  As  is  evi¬ 
dent  from  Figure  8.39,  the  most  probable  buckling  shape  of  the  shell 
corresponds  to  the  wave  number  n  «  27.  Similar  results  were  obtained 
for  shells  with  different  combinations  of  geometrical  relations  and 
loading  parameter.  Here  again,  the  computations  showed  that  the  dynamic 
effect  is  manifested  more  strongly  the  greater  the  ratio  R/h  (see  p.  )  . 


-  426 


\ 


Figure  8.39.  Buckling 
of  a  shell  during  ther 
mal  impact. 
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Chapter  IX 


Behavior  of  Plates  and  Shells  Acted  on  by  a  Moving  Load 

§94.  General  Principles.  The  Concept  of  Critical  Velocity  of  a  Load 

The  behavior  of  elastic  beams  acted  on  by  moving  loads  was  discussed  as  early  as 
the  beginning  of  the  twentieth  century  by  many  authors,  with  application  to  problems 
of  railroad  transportation.*  A  velocity  of  travel  of  the  load  along  the  beam  was  de¬ 
fined  at  which  the  deflections  of  the  beam  Increased  sharply.  This  critical  velocity 
for  a  railroad  track  was  around  500  m/sec,  which  considerably  exceeded  and  still  ex¬ 
ceeds  the  velocity  of  rolling  stock.  Later,  more  complex  problems  were  solved  per¬ 
taining  to  the  motion  of  a  load  over  bridges  and  other  constructions. 

Early  in  the  1950‘s,  a  problem  of  this  type  arose  In  connection  with  the  descrip¬ 
tion  of  the  behavior  of  thin-walled  shells,  for  example,  shells  that  were  parts  of 
aircraft  structures.  In  this  case,  the  pressure  wave  was  considered  to  be  the  moving 
load. 

In  the  majority  of  studies  In  this  area  published  thus  far,  sych  problems  have 
been  studied  In  the  linear  formulation.  In  the  solution  of  the  linear  problem  for 
cylindrical  shells,  several  values  of  the  critical  velocity  of  the  load  are  determined 
which  correspond  to  propagation  velocities  of  elastic  waves  of  different  types,  l.e., 
longitudinal  waves  associated  with  radial  vibrations,  longitudinal  waves  proper,  and 
shear  waves. 

The  effect  of  a  moving  load  on  the  behavior  of  a  cylindrical  shell  of  finite 
length  L  is  Illustrated  by  the  graph  shown  in  Figure  9.1  [9.18].  This  figure  gives 
values  of  the  dynamic  coefficient  K^,  which  Is  the  ratio  of  the  amplitude  of  the  dy¬ 
namic  deflection  caused  by  the  Incident  wave  to  the  maximum  deflection  arising  from 

*$ee  the  book  of  S.P.  Timoshenko  [0.36],  p.  341;  It  also  gives  an  extensive 
bibliography. 
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the  static  application  of  the  same  loid  to  the  entire  surface  of  the  shell.  Along 
the  abscissa  axis  Is  laid  off  the  dimensionless  velocity  parameter 


(9.1) 


where  Vf  Is  the  velocity  of  travel  of  the  load  front,  and  pQ  Is  the  density  of  the 
shell  material. 


Figure  9.1.  Concerning  the 
determination  of  the  dynamic 
coefficient  under  a  moving 
load. 


2 

The  various  curves  pertain  to  shells  having  different  parameters  3*  *  L  /Rh 
We  see  that  for  shells  with  different  parameters,  the  motion  of  the  load  causes  a 
sharp  Increase  In  deflections;  their  magnitude  reaches  a  maximum  at  a  velocity  that 
is  critical.  The  value  of  the  first  critical  velocity  V£r  1  Is  here  equal  to 


./  ,/ t:h  1 _ 

Po« 


(9.2) 


i 


When  the  shell  Is  additionally  acted  on  by  static  longitudinal  stresses  p  dis¬ 
tributed  over  the  ends,  the  first  critical  velocity  Is  determined  by  [9.25] 


(9.2a) 
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where  p  *  pR/Eh  (here  p  >  0  In  compression). 


The  critical  velocity  values  written  above  were  obtained  from  the  solution  of 
the  linearized  problem.  However,  for  thin  shells  with  relatively  large  deflections, 
the  nonlinear  effects  are  Important.  For  systems  having  a  soft  response,  a  sharp 
Increase  In  deflections  may  take  place  at  a  lower  approach  velocity  of  the  front  than 
the  value  determined  from  (9.2)  or  (9.2a).  On  the  contrary.  In  the  case  of  a  system 
having  a  rigid  response,  the  maximum  deflections  develop  at  a  moving  velocity  of  the 
load  slightly  exceeding  the  values  cited. 

The  second  critical  velocity  turns  out  to  be 

V*,.t  (9.3) 

The  third  critical  velocity  Vcf  3  *  k  /6/pg  and  corresponds  to  bending-shear 
waves,  see  Eq.  (1.82);  this  velocity  w.,1  not  be  considered  below. 

The  problem  of  a  load  roving  at  a  variable  velocity  Is  discussed  In  §100. 

One  of  the  forms  of  a  moving  load  are  shock  waves  whose  front  executes  vibrations 
along  the  generatrix  of  the  shell;  moreover,  the  shock  waves  may  move  along  the  flow 
at  a  certain  velocity  [9.22].  When  the  vibration  frequency  of  the  front  Is  the  same 
as  the  natural  vibration  frequencies  of  the  shell,  Intensive  vibrations  of  the  struc¬ 
ture  may  arise,  and  the  dynamic  coefficient  may  reach  a  substantial  value. 

§95.  Solution  of  Linearized  Problems 

Let  us  consider  In  more  detail  the  solution  of  the  linearized  problem  described 
in  general  outline  in  the  preceding  section.*  We  will  study  the  behavior  of  a  closed 
circular  cylindrical  shell  along  whose  axis  a  pressure  wave  moves  at  constant  velocity. 


*fh1s  problem  Is  discussed  In  the  book  of  P.M.  Oglbalov  and  M.A.  Koltunov  [0.15]. 
The  discussion  given  here  Is  patterned  after  the  article  [9.25]. 
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Timoshenko  type  equations  will  be  used  for  the  axl symmetric  case;  In  the  presence  of 
specified  longitudinal  forces  Nx  «  •  const,  they  can  be  represented  In  the  form 

A|  jM  4*  4"  l'\$M  ** 

Lt\U  4*  inw  4*  ■*  gk  "  Q  0» 

|W  4*  4*  *0,  \ 


(9.4) 


where  are  linear  operators: 

«.-*&-**i*-.*a«*. 


ti. 

#  _i _ *■  <»*  ,  mi-hMa*  a* 

L,a  ■1|  12#  TiF  +  |2£#  1JT 

-*j±zJL  4z* 


In  contrast  to  (1.80)-(1.84),  terms  of  the  order  of  (h/R)2  were  retained  above. 

A  circular  load  q  moving  at  a  constant  velocity  c  may  be  represented  In  the  form 

<l(x,  t)-*qMx~i't),  (9.6) 

where  <5(x  -  ct)  Is  Dirac’s  function,  and  q^  Is  the  Intensity  of  the  applied  load. 

We  will  examine  the  solution  In  axes  moving  together  with  the  load,  let  us 
suppose  that  the  cylinder  has  Infinite  length  and  that  the  steady  state  of  motion 
has  been  reached.  Then,  the  following  transformation  of  the  coordinates  may  be 
Introduced: 

a  —  x-ct. 

(9.7) 
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We  introduce  the  dimensionless  quantities 


#/  «  117  —  ^  u  „  cV  R{  \  -  M*>  .  _1 

W7”*  ^  A - Eh  '*  R' 

A-*’1-'-.  *~<h  N=-’N  Lt£. 

Then  Eqs.  (4)  take  the  form 

•?/'• + 1«  +  N  -  *>  i,  -n,]v+K  -  -  * «1). 


To  find  the  solution  of  system  (9),  we  will  use  Integral  Fourier  transforms  of 
the  type 


U{s)~  J  U{t\)e^ih\t 

it’ 

II  b\)  l; 


(9.10) 


(9.11) 


Multiplying  system  (9)  by  e"1sn,  performing  the  Integration,  and  solving  the 
equations  obtained  for  0",  W,  \px ,  we  obtain 


n  +  **  +  •*« 


j.-  •£  <  I  -  «M)  ( 1  +  "  ~  75-+  fi  *•'  “ tX’)  **  +  *  <1 +'v~'x’> 


(9.12) 


y  me»  ;r  %  »g»,v>- wv^^'^?-****'**  •>*>  r*?±^<XI4m£m*vr>iir  V  -a* 


§ 


C(s)«*f,«4-f  <v,5t  + 

*i  *■  (K  4*  N  —  eX2)-^  (I  —  «fc*)e, 

«,  =-ji(l  - tX’)(/r,j - „»-2|,/C)+/C(I  +  W— eX*)(V~«A»)1 
*o  *=*  KEtU  +  N  —  it?)  —  K|i*, 
f,=  |+/V-*V-  |'*-(l-rt»). 


j 

I 


(9.13) 


The  displacements  u,  w  and  the  angle  of  rotation  of  the  normal  will  be  found  by 
changing  from  expressions  (12)  to  Inverse  transforms  In  accordance  with  formulas  of 
the  type  of  (11).  To  carry  out  this  change.  It  Is  necessary  to  find  the  roots  of 
the  characteristic  equation 

C(*)  °.  (9.14) 


If  this  equation  has  multiple  roots  lying  on  the  real  axis,  there  Is  no  Integral 
of  the  Invetse  transform.  Therefore,  resonance  takes  place  In  the  sense  that  the  dis¬ 
placements  Increase  indefinitely. 

Values  of  the  dimensionless  velocity  parameter  at  which  unlimited  values  of  the 
displacements  are  reached  will  be  termed  critical. 

We  write  the  expression 


A 


The  conditions  of  existence  of  a  multiple  root  are  (for  e2  t  0): 


(9.15) 


Considering  (13),  one  can  note  that  Eq.  (16)  Is  of  eighth  degree  with  respect 
to  A.  If  we  confine  ourselves  to  the  reglen  of  actually  possible  parameter  values 
of  the  system,  we  find  that  the  forces  of  Inertia  for  u  and  have  very  little 
effect  on  the  values  of  the  two  lower  roots  of  Eq.  (16).  If  these  factors  are  neg¬ 
lected,  Eq.  (16)  takes  the  form 

+  ^  +  (9.18) 


where  e3,  e^,  eg  are  functions  of  dimensionless  parameters  (8): 

e:>  ns  KV, 

-  2K«  { ■£  [  I  +  JV  -  -£)  (£,  -  2n*  +  2N)  +  n']  —  AT  (*-2*  $  }, 

«,-{ ■&  !*.(» + ■ N  — &) “  »*’ “ : 2H +  KN  }’“ 

— $KW  +  W,(l  +  #)-,*|(l  +  Ar— £). 


The  roots  of  Eq.  (18)  are 

tf-Tl-W  «-■•*(»  +  +  "~ 

■kj 

—  iC-A-  </-o  — |.’l-2,«/o]. 


(9.19) 

(9.20) 


das L 


2 

The  terms  having  the  order  of  e  and  N  were  omitted  above  In  comparison  with  unity. 

Expressions  (19)  and  (20)  show  that  as  K  diminishes,  A*  and  x|  decrease.  The 
parameter  K  for  which  these  values  are  approximately  equal  to  zero  may  be  found  from 
the  equation 


(9.21) 
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Js*. 


-  -~v 


Hence 


Aj 


,v  +  s(-Jv)'<c. — ***)'•'• 


(9.22) 

(9.23) 


p 

Here  again,  terms  of  the  order  of  e  and  \l  have  been  omitted  In  comparison  with  unity. 

Of  practical  Interest  Is  the  case  where  K  >Kj;  expression  (20)  has  meaning  only 
when  K^.  Considering  these  restrictions  and  neglecting  the  terms  e  and  N  In  compari¬ 
son  with  unity,  we  rewrite  (19)  and  (20)  In  the  form: 


>.i  =  y  f  —  2(‘ri)  * —  I*)"*  +  N  “  75  *  ^ 

»s~H*  (4f«  -  + <v 


(9.24) 

(9.25) 


If  terms  of  the  order  of  e  are  also  neglected  In  Eq.  (14)  In  comparison  with  unity, 
it  can  be  shown  that  this  equation  should  have  identical  real  roots  when  the  conditions 
A2=  A2  and  K>(e2/12)^2(uq  -  ji2)^2  are  fulfilled.  Therefore,  the  parameter  of  the 
first  critical  velocity 


tir.  i  - 1  [2  (-kf  (Co  -  I*2)*  +  N-  (Co  -  |t2)]. 


(9.26) 


It  corresponds  to  the  lower  critical  velocity. 

If  =  0,  i.e.,  equality  (17)  Is  fulfilled,  Eq.  (14)  has  equal  roots  provided 
s  =  0.  Solving  the  equation  eQ  *  0,  we  obtain 

(9-27) 
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where  N  as  before  is  considered  to  be  small  in  comparison  with  unity.  The  multiple 

zero  root  lies  on  the  real  axis,  and  there  Is  no  Inverse  Fourier  transform.  Therefore, 

2 

the  quantity  2  corresponds  to  the  critical  velocity. 

Returning  to  the  previous  notation  and,  as  usual,  neglecting  quantities  of  the 
order  of  e2  In  comparison  with  unity,  we  obtain  the  following  values  of  critical  velo¬ 
cities: 

«*  « _ th—~  4-  JL 

*Vtl  |»0#  1^3(1  -|i»j  +  P*' 

c* 

Thus,  we  have  arrived  at  formulas  (2a)  and  (3)  for  critical  velocities,  given  In 
the  preceding  section;  let  us  recall  that  In  expression  (2a),  the  stresses  p  are  con¬ 
sidered  to  be  positive  In  compression,  and  It  Is  necessary  to  set  p  =  -N/h. 

Given  below  are  the  results  of  theoretical  and  experimental  studies  of  certain 
nonlinear  problems  of  the  behavior  of  shells  acted  on  by  moving  and  pulsating  loads. 

§96.  Closed  Cylindrical  Shell  Acted  on  by  a  Moving  Pressure  Wave.  Application 
of  the  Bubnov-Galerklm  Method 

Let  us  first  consider  the  problem  In  the  case  of  a  closed  cylindrical  shell  loaded 
by  a  uniform  external  pressure  and  subjected  to  the  action  of  an  Incident  pressure  wave.* 
The  motion  of  the  shell  will  be  described  by  ordinary  nonlinear  equations  of  the  type  of 
(1.40),  (1.41),  bearing  in  mind  that  the  action  of  the  load  may  give  rise  to  large  de¬ 
flections  and  snapping  of  the  structure. 

The  hydrodynamic  pressure  associated  with  the  arrival  of  a  longitudinal  wave  Is 

*This  problem  was  discussed  by  E.D.  Skurlatov  [9.13];  see  also  the  book  of  Ye.  N. 
Mnev  and  A.K.  Pertsev  [5.14]. 
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composed  of  the  pressure  In  the  Incident  wave  and  of  the  radiation  pressure.  In  the 
acoustic  approximation,  the  latter  pressure  In  turn  1$  composed  of  two  parts,  the 
pressure  obtained  by  assuming  that  each  point  of  the  shell  surface  Is  a  point  of  the 
plane,  and  the  load,  which  Is  the  correction  (In  one  form  or  another)  for  the  curvature 
of  the  cylinder.  We  will  assume  the  load  Intensity  In  the  general  case  to  be 


q  ~  ( ct  —  x)  -  pc 


(9.28) 


where  Is  the  pressure  at  the  wave  front,  n  Is  an  exponent  determining  the  law  of 
change  of  pressure  behind  the  front,  c  Is  the  propagation  velocity  of  the  wave  In  the 
medium  surrounding  the  shell,  p  Is  the  density  of  the  medium,  and  H  Is  the  Heaviside 
function.  The  coordinate  x  Is  measured  from  the  leading  edge  of  the  shell;  thus, 
the  pressure  at  every  given  Instant  Is  distributed  over  a  portion  of  the  shell  with 
length  (ct  -  x).  The  last  term  In  (28)  Is  the  correction  for  the  curvature  of  the 
shell,  as  discussed  above  [5.9]. 

For  the  case  of  hinged  fastening  of  the  ends,  we  approximate  the  deflection  func¬ 
tion  of  the  shell  In  the  form 


W (v,  //,  /)==/, (/) sin «*.vsln |»// -F/.'sln2«v,  (9.29) 

where  a  =  rmr/L,  3  =  n?r,  m  Is  the  number  of  half-waves  In  the  direction  of  the  genera¬ 
trix,  and  n  Is  the  number  of  waves  along  the  circumference. 

Using  the  Bubnov-Galerkln  method,  we  arrive  at  a  system  of  two  ordinary  differen¬ 
tial  equations,  which  after  the  introduction  of  the  dimensionless  parameters 
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take  the  form 


i/’t. 

Vi* 


%  t-  -  A + «..V» + *«MS + +  Q>  ,tK‘  ~  °- 

-£;• +*-£-  + '%?•  I  I  h»'l 1  ' '•  °- 


(9.30) 


where  a^,  a^,  a^f*  are  certain  coefficients.  The  numerical  Integration  of  the 
equations  of  motion  was  carried  out  on  a  digital  computer  fbr  different  values  of  the 
parameters  of  the  shel  l  aid  pressure  wave.  The  computations  carried  out  for  shells  at 
different  velocities  of  the  Incident  wave  front  lead  to  the  conclusion  that  each  pair 
of  values  of  m  and  n  corresponding  to  the  wave  formation  shape  of  the  shell  In  the 
longitudinal  and  circumferential  directions  has  Its  own  "critical  velocity;"  at  the 
same  time,  the  dynamic  deflection  has  the  highest  value  In  comparison  with  deflections 
developing  at  other  velocities. 

Figure  9.2  and  9.3  show  curves  charactering  the  change  In  the  dynamic  deflection 
component  ^  with  time  for  a  shell  with  parameters  L/R  -  2,  R/h  ■  200,  qf  *  10  at, 
n  =  2.  Figure  9.2  pertains  to  the  case  ra  *  3,  n  *  20,  and  Figure  9.3,  to  the  case 
m  =  1,  n  =  10.  In  the  first  example,  the  critical  velocity  Is  100  m/sec,  and  In  the 
second,  700  m/sec.  Having  plotted  such  relations  for  different  possible  combinations 
of  qf  and  n»  we  determine  that  incident  velocity  of  the  load  at  which  there  takes 
place  the  greatest  response  of  the  shell  to  the  wave  with  fixed  m  and  n,  and  also 
the  corresponding  wave  formation  shape  of  the  shell.  This  velocity  wllfl  apparently 
be  the  most  dangerous  for  the  shell  under  consideration. 

Figure  9.4  presents  the  results  for  the  case  where  a  uniform  pressure  Is  applied 
over  the  entire  surface  of  the  shell,  and  in  addition,  a  pressure  wave  begins  to  Im¬ 
pinge  on  the  shell.  Even  If  each  of  these  loads,  taken  separately,  is  not  dangerous, 
they  may  lead  to  snapping  of  the  shell  when  they  act  simultaneously. 

When  the  damping  coefficient  Is  substantial,  an  aperiodic  transient  process  may 
take  place;  here  the  amplitude  maximum  Is  reached  later  and  Is  smaller  than  In  a  system 
without  damping. 
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Figure  9.2.  Change  In  the  dynamic  de¬ 
flection  of  the  shell  with  time  when 
m  *  3,  n  *  20  for  different  Incident 
velocities  of  the  load. 


Figure  9.3.  Change  In  the  dynamic  de¬ 
flection  of  the  shell  for  m  *  1,  n  a  10 
and  different  Incident  velocities  of 
the  load. 


*  This  is  illustrated  In  Figure  9.5,  which  also  shows  deflectl on-time  curves  allow 

ing  for  damping  for  different  media  -  air  (curve  1)  and  water  (curve  2). 
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Figure  9.4.  Change  In  dynamic  deflection 
with  time  for  a  shell  under  combined  load¬ 
ing. 


Figure  9.5.  Deflection-time  curves  for 
a  shell  surrounded  by  air  (1)  and  water 
(2). 

§97.  Solution  of  the  Problem  with  the  Aid  of  the  Method  of  Finite  Differences 

In  applying  the  Bubnov-Galerkln  method,  we  had  to  approximate  the  deflection  of 
the  shell  with  a  series,  and  the  error  of  the  result  depended  on  how  successfully  the 
expression  for  the  deflection  was  chosen.  A  more  accurate  solution  of  the  problem 
can  be  obtained  by  representing  the  Initial  equations  In  finite  differences.  One 
can  thus  follow  the  change  In  the  character  of  the  curved  surface  of  the  shell  during 
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the  action  of  the  incident  load.* 


We  will  assume  that  the  shell  Is  subjected  to  the  action  of  compressive  static 
stresses  p  along  the  axis.  In  determining  the  pressure  Intensity,  In  addition  to  (28), 
we  will  Introduce  a  term  allowing  for  structural  damping,  and  thus  obtain 

O-lw^f  +  W'"  &  (9.31) 


where  pQ  as  before  Is  the  density  of  the  shell  material. 

We  use  the  dimensionless  parameters 

x  t*  W  T*  X  L  •  'A  VnH  * 


(9.32) 


where  initial  Eqs.  (1.40)  and  (1.41)  may  be  represented  as  follows  (the  primes  are 
omitted): 


o*w  a.  „  dw  a...  <Vuf  a, n  (Vw  i  n  i  _  a*®  . 
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/  tVw  ’ 

h  h  <V  " 

\  A*  «)//  ; 

d7K>  <?}g>  ,  . 

+  «)7  dy*  +  Ox*  : 


(9.33) 

(9.34) 


In  the  above  equations,  as  the  coefficients  a-j,  a2,  ...»  b^t  b2,  ...»  we  Introduce 
certain  dimensionless  quantities  dependent  on  the  shell  dimensions,  Poisson's  ratio, 
and  the  parameters  p  and  q^. 

♦This  problem  was  discussed  by  L.I.  Dolgikh,  E.D.  Skurlatov,  V.R.  Solonenko  and 
the  author  (Proceedings  of  the  Seventh  All-Union  Conference  on  the  Theory  of  Shells 
and  Plates,  Hauka,  Moscow,  157b ,  TSS^TSSTT  '  * 


Let  us  note  that  In  selecting  the  parameters  according  to  (32) ,  the  development 
of  the  shell  corresponds  to  a  square  area  with  a  side  length  equal  to  unity. 

The  boundary  conditions  will  be  considered  constant  in  time;  the  initial  condi¬ 
tions  may.  for  example,  have  the  form 


t0.i  ~***o  at  t  *  0. 

The  derivatives  with  respect  to  the  space  coordinates  and  time  will  be  replaced  by 
symmetric  difference  operators  with  an  error  having  the  order  of  the  square  of  the 
step.  Substituting  them  into  Eqs.  (33)  and  (34),  we  obtain  two  equations  In  finite 
differences  at  each  current  point  of  the  three-dimensional  grid  region  of  space  of 
variables  x,  y  and  t.  To  solve  large  systems  of  linear  algebraic  equations,  use  was 
made  of  the  methods  of  conjugate  gradients  and  random  search. 


Figure  9.6.  Distribution 
of  normalized  deflections 
over  the  shell  length  for 
different  Instants  of  time. 


We  will  cite  some  results  of  solving  the  derived  difference  equations  with  a  com¬ 
puter  for  different  values  of  the  axial  load  parameter  0  «  pR/Eh  and  different  Incident 
pressure  wave  velocities.  The  transient  deformation  process  was  studied  on  a  shell  with 
dimensions  R  *  50  mm,  L  *  200  mm,  h  c  0.8mm,  compressed  by  prior  application  of  static 
axial  force  (0  »  0.1)  and  subjected  to  the  action  of  an  exponential  pressure  wave  Inci¬ 
dent  at  different  velocities  In  the  longitudinal  directions.  The  critical  traveling 
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velocity  of  the  wave  for  the  shell  compressed  In  the  axial  direction  was  found  to  be 
much  lower  than  for  the  unstressed  shell  and  equal  to  350  m/sec;  the  critical  velocity 
of  a  shell  of  this  type  free  from  longitudinal  stresses  Is  500  m/sec.  The  dynamic 
deflections  arising  at  an  Incoming  pressure  wave  front  velocity  different  from  the 
critical  value  of  350  m/sec  are  smaller  and  develop  more  slowly  than  at  the  critical 
velocity.  At  a  velocity  equal  cr  close  to  the  critical  value,  the  deflection  Is 
maximum  at  the  trailing  edge  of  the  shell.  This  Is  Illustrated  In  Figure  9.6,  which 
shows  dimensionless  deflections  w/h  for  various  sections  of  the  shell  with  relative 
coordinates  x/L  at  different  Instants  of  time  t. 

Preliminary  axial  tension  causes  an  Increase  In  critical  velocity;  In  a  certain 
range  of  velocities  of  the  moving  load,  the  extended  shell  may  have  greater  dynamic 
deflections  than  a  shell  free  from  longitudinal  stresses  or  compressed  along  the  axis. 

These  characteristics  of  the  behavior  of  shells  acted  on  by  longitudinal  static 
forces  and  Incident  pressure  waves  are  In  qualitative  agreement  with  the  experimental 
data. 


§98.  Application  of  the  Method  of  Finite  Differences  to  Equations  In  Displacements 


We  will  study  the  above-discussed  problem  of  the  behavior  of  a  closed  shell  In 
more  general  form  by  considering  the  effect  of  Initial  camber;  equations  In  displacement 
will  be  employed.  As  before,  we  will  assume  that  at  the  Initial  Instant,  a  pressure 
wave  having  a  straight  front  and  an  exponential  pressure  change  behind  the  front  Is 
incident  In  the  direction  of  the  generatrix;  the  shell  may  also  be  loaded  by  static 
longitudinal  stresses  p  and  a  uniform  external  pressure  q.*  The  behavior  of  the  shell 
will  be  described  by  the  following  equations  analogous  to  (1 .24)-(l .26): 
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*See  the  footnote  on  p.  441). 
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We  will  represent  these  equations  In  finite  differences.  Let  us  consider  the  plane 
S,  0  with  variables  0<£<v,  0<0<2tt ,  corresponding  to  the  m  -  1  time  layer.  Having 
selected  the  step  At  along  the  coordinate  t,  we  will  arrange  the  following  time 
layers:  m,  m  +  1 ,  m  +  2,  and  so  on.  On  the  plane  C,  a,  we  will  apply  a  grid  with 
the  aid  of  straight  lines  1A£  and  1A6,  parallel  to  the  coordinate  axes,  and  this 
grid  will  subsequently  be  referred  to  as  the  grid  area  with  a  step  along  the  coordin¬ 
ates  AC  *  v/N  -  1  and  Ae  *  2tr/M  -  1,  where  N  Is  the  number  of  nodes  In  the  £  direction, 
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and  M  is  the  number  of  nodes  In  the  e  direction.  Then  for  each  Inner  node  of  the  grid 
area,  the  differentiation  operators  can  be  approximated  by  difference  operators  (see 
for  example  [0.6]).  Thus,  we  arrive  at  a  system  of  nonlinear  algebraic  equations  that 
Is  solved  jointly  with  the  relations  corresponding  to  the  condition  of  closure  of  the 
shell  and  to  the  boundary  conditions.  The  equations  have  a  recurrent  form,  which  from 
given  values  of  u,  v  and  w  on  m  -  1  and  m  layers  makes  It  possible  to  calculate  the 
displacements  on  the  m  +  1  layer. 

The  stability  of  the  computational  scheme  is  achieved  by  an  appropriate  selection 
of  the  time  step  At  and  steps  along  the  space  coordinates.  The  criterion  obtained  In 
one  of  the  publications  [8.14]  for  linearized  equations  was  used  as  the  first  approxi¬ 
mation.  A  numerical  exnerlment  established  that  In  Integrating  the  nonlinear  system 
It  Is  necessary  to  reduce  the  steps  by  a  factor  of  2-3. 

To  check  the  accuracy  of  the  solutions  obtained,  we  compared  the  computation  re¬ 
sults  obtained  by  dividing  the  surface  of  the  shell  Into  different  numbers  of  longitud¬ 
inal  and  circumferential  nodes.  For  example,  for  a  fixed  time  corresponding  to  the 
Instant  of  crossing  of  the  lower  end  of  the  shell  by  the  wave  front,  for  grids  having 
20x20  and  36x36  nodes,  the  deflections  differed  by  not  more  than  0.25%. 


Let  us  examine  certain  results  of  the  computations.  Figure  9.7  shows  curves  rep¬ 
resenting  the  change  in  the  wave  formation  shape  of  a  shell  along  the  generatrix  at 
different  Instants  of  time  after  the  start  of  arrival  of  a  wave  front  with  a  constant 
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pressure  behind  It.  In  the  case  of  exponentially  changing  pressure  behind  the  front 
(n  =  2),  for  the  same  kind  of  shell,  the  transient  process  of  deformations  Is  even 
more  complex  In  character.  The  wave  formation  shape  was  found  to  depend  substantially 
on  the  magnitude  of  the  Incident  wave  front  velocity,  on  the  law  of  pressure  varia¬ 
tion  behind  the  front,  and  also  on  the  character  of  the  initial  Imperfections  of  the 
shell.  As  before,  the  effect  of  Increase  In  dynamic  deflections  along  the  length  of 
the  shell  can  be  observed  In  the  formulation  discussed. 

§99.  Behavior  of  a  Slightly  Curved  Cylindrical  Panel  Acted  on  by  a  Moving  Load 

We  will  now  study  the  behavior  of  a  slightly  curved  cylindrical  panel  hinged  along 
the  edges  and  acted  on  by  a  pressure  wave  propagating  In  the  longitudinal  direction.* 
Again  we  will  assume  that  the  panel  Is  simultaneously  subjected  to  the  action  of  com¬ 
pressive  or  tensile  longitudinal  stresses. 

The  basic  equations  will  be  taken  In  the  form  of  (1.40),  (1.41);  the  pressure 
Intensity  will  be  taken  according  to  formula  (28),  and  the  deflection  function  of  the 
shell  will  be  approximated  by  the  expression 


w(xt  y%  0~"/(0sh»Yvsi»  t//.  (9  39) 

Here  y  =  ir/a,  *  7r/b,  and  a  and  b  are  the  length  and  width  of  the  panel.  We  will 
assume  that  In  the  Initial  state,  the  panel  has  an  Initial  deflection  described  by  a 
relation  analogous  to  (38).  Omitting  the  Intermediate  operations,  we  will  write  down 
the  equations  of  motion  of  the  panel,  obtained  after  applying  the  Bubnov-Galtrkln 
method  to  relations  (1.40),  (1.41): 


*The  behavior  of  shells  acted  on  by  a  lateral  acoustic  pressure  wave  was  studied 
by  E.I.  Grlgolyuk  and  A.G.  Gorshkov  (Scientific  Transactions  of  the _Mechan1cs  Institute 
of  Moscow  State  University,  No.  2,  1975^  They  gave  the  soYutYon  of  the  problem  for 
the  case  of  a  Wngltucflnai  wave,  obtained  by  E.D.  Skurlatov  [9.13], 
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(9.39) 


The  coefficients  depend  on  the  dimensions  of  the  panel,  Initial  Irregularities, 
and  characteristics  of  the  shell  material.  0  designates  the  ratio  p/pu,  where  pus1s 
the  upper  critical  static  load  In  compression,  and  <J>  stands  for  the  ratio  q^/qu,  where 
%  Is  the  upper  critical  static  normal  pressure  for  a  shell  of  the  same  dimensions, 
see  [1.11],  k  *  b2/Rh. 
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Figure  9.8.  Change  of  the  maximum  dynamic 
deflections  as  a  function  of  the  Incident 
load  velocity. 

The  computations  were  carried  out  for  square  panels  having  different  curvatures 
and  thicknesses.  Also  variable  were  the  traveling  velocity  of  the  wave  front,  pressure 
at  the  front,  law  of  pressure  decrease  behind  the  front,  axial  forces,  and  damping 
coefficient. 

Figure  9.8  shows  curves  of  the  change  In  dynamic  deflection  for  the  special  case 
of  an  ideal  shell  (c0=0)  at  traveling  velocities  of  a  short  pressure  wave  ranging 
from  50  to  1500  m/sec.  By  traveling  velocity  of  the  pressure  wave  Is  meant  the  trav¬ 
eling  velocity  of  the  front  relative  to  the  shell.  The  curvature  of  the  panel  and  the 
parameters  characterizing  the  load  are  marked  on  the  graph. 
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It  Is  evident  from  Figure  9.8  that  as  the  traveling  velocity  of  the  wave  rises 
to  a  certain  value,  the  dynamic  deflections  Increase.  Exceeding  this  velocity,  which 
we  will  again  refer  to  as  the  first  critical  velocity,  leads  to  a  decrease  of  the  de¬ 
flections. 

In  contrast  to  the  linearized  problem,  which  leads  to  Indefinitely  Increasing 
deflections.  In  solving  the  nonlinear  problem  one  determines  the  maximum  dynamic  de¬ 
flection,  which,  as  In  a  real  system,  has  a  limited  magnitude,  and  one  also  determines 
the  value  of  the  parameters  of  the  "shell  -  Impact  wave”  system  at  which  snapping  of 
the  panel  will  take  place. 

Analysis  of  the  computation  results  shows  that  the  motion  of  a  panel  acted  on  by 
an  Incident  pressure  wave  In  air  Is  vibratory  In  character,  whereas  In  a  heavy  liquid 
the  motion  Is  close  to  aperiodic;  this  Is  naturally  explained  by  the  significant  damp¬ 
ing  In  the  latter  medium. 

Judlng  from  the  character  of  the  transient  process  for  shells  In  olr  and  vacuum, 

It  may  be  concluded  that  the  radiation  pressure  In  air  can  be  neglected;  the  error  does 
not  exceed  a  few  percent. 

It  was  found  that,  other  things  being  equal,  the  dynamic  deflections  are  higher 
the  greater  the  curvature  parameter  of  the  panel.  Analysis  of  data  for  various  pres¬ 
sures  at  the  wave  front  shows  that  raising  the  pressure  leads  to  a  more  rapid  Increase 
of  the  deflections.  At  a  pressure  parameter  <J>  *  200,  the  deflection  of  the  panel  walls 
develops  faster  than  at  <fr  «  40,  and  the  transient  process  ends  In  damping  vibrations 
around  the  new  snapped  position  of  equilibrium. 

§100.  Characteristics  of  the  Behavior  of  a  Nonlinear  System  Under  a  Moving  Load 

Let  us  examine  certain  aspects  of  the  behavior  of  shells  defined  as  linear  or  non¬ 
linear  systems.  In  Figure  9.9  a,  b,  the  dashed  lines  represent  the  resonance  curve  for 
a  linear  system  whose  maximum  dynamic  deflections  are  reached  at  a  certain  traveling 
velocity  of  the  front,  referred  to  the  critical  velocity.  At  a  traveling  velocity  of 
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the  load  greater  or  smaller  than  the  critical  velocity,  the  deflection  decrease  smoothly. 
In  the  same  figures,  the  solid  lines  represent  resonance  curves  for  nonlinear  systems 
with  a  soft  (Figure  9.9  a)  and  hard  (9.9  b)  elastic  response  (see  Chapters  II-IV). 

The  skeletal  line  separating  the  two  branches  of  forced  vibration  amplitudes  Is  straight 
In  the  linear  case  and  bent  (to  the  left  or  right)  for  the  soft  or  hard  nonlinear  re¬ 
sponse.  It  may  be  concluded  that  for  structures  with  a  soft  response,  the  dynamic 
deflections  reach  a  maximum  at  a  load  displacement  velocity  lower  than  the  critical 
velocity  Vcr  determined  from  the  solution  of  the  linear  problem.  For  a  system  with  a 
hard  response,  the  largest  deflections  arise  at  a  velocity  higher  than  V  .  As  the 
pressure  at  the  front  Increases,  the  maximum  dynamic  deflections  develop  a"  Increas¬ 
ingly  lower  velocities  of  the  moving  load  In  the  case  of  a  soft  response  of  the  system 
and  increasingly  higher  velocities  In  the  case  of  a  hard  response.  Figure  9.9  a,  b 
gives  three  resonance  curves  corresponding  to  different  pressures  at  the  front 
(q^3  >  qf  >  q^)  with  constant  damping. 


a)  b) 

Figure  9.9.  Resonance  curves  of  systems  with 
soft  (a)  and  hard  (b)  response  as  a  function 
of  wave  velocity  c. 

When  static  longitudinal  axial  compressive  or  tensile  forces  distributed  over  the 
edges  of  the  shell  are  Introduced,  the  resonance  curves  shift,  respectively,  toward 
lower  or  higher  load  displacement  velocities.  It  is  evident  from  Figure  9.9  a,  b  that 
at  a  certain  traveling  velocity  of  the  front,  two  values  of  c  can  occur  simultaneously. 
Which  of  these  values  actually  prevails  depends  on  the  previous  history  of  the  motion. 
Let  us  consider,  for  example,  the  case  of  action  on  the  shell  of  a  wave  that  is  char¬ 
acterized  by  a  rapid  decrease  of  the  traveling  velocity  of  the  front  along  the  struc¬ 
ture.  If  we  assume  that  the  velocity  of  the  front  attenuates  according  to  a  linear 
law,  the  expression  for  the  load  (28)  in  the  equations  of  motion  must  be  replaced  by 
the  following: 


q  ^  q^c-met-.r-x,/!  {ci  __  sp  _  ^ 


where  s  is  the  acceleration  of  the  wave  front. 

Let  us  examine  the  change  In  the  vibration  amplitude  of  the  shell  as  a  function 
of  the  traveling  velocity  of  the  front.*  If  at  the  Initial  Instant  the  front  moves 
at  a  velocity  exceeding  V  at  point  T  In  Figure  9.9  b,  then,  as  the  velocity  de- 

L « 

creases,  the  vibrations  of  the  shell  take  place  with  smoothly  Increasing  amplitudes 
determined  by  the  lower  branch  of  the  FDE  resonance  curve.  At  point  E,  the  amplitude 
abruptly  Increases  to  a  value  corresponding  to  point  B.  Moreover,  If  there  Is  no 
snapping  of  the  shell,  a  further  decrease  In  the  velocity  of  the  front  leads  to  vi¬ 
brations  with  smoothly  decreasing  amplitudes  (motion  along  the  upper  branch  of  the 
resonance  curve  BA). 

With  increasing  velocity,  which  at  the  initial  Instant  is  smaller  than  Vcr,  there 
is  an  increase  in  the  vibration  amplitudes  (line  ABC),  and  at  the  instant  when  point 
C  is  passed,  the  amplitude  changes  abruptly  to  lower  values  (line  CD),  with  subsequent 
motion  along  segment  DF. 

Let  us  note  that  in  a  certain  range  of  variation  of  the  geometric  parameters  of 
cylindrical  panels,  soft  nonlinearity  predominates  at  comparatively  small  deflections, 
which  changes  into  hard  nonlinearity  at  .arge  deflections.  The  resonance  curves  for 
these  cases  have  a  more  complex  shape;  when  the  incident  velocity  of  the  load  changes 
smoothly,  the  existence  of  two  amplitude  discontinuity  points  turns  out  to  be  possible. 

The  problem  of  studying  resonance  regimes  during  the  action  of  a  moving  load  for 
shells  considered  from  geometrically  nonlinear  points  of  view  remains  Insufficiently 
studied. 


*An  analogous  effect  for  the  case  of  periodic  external  actions  is  discussed  above 
in  Chapter  III. 
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§101.  Behavior  of  a  Cylindrical  Panel  Acted  on  by  Moving  Pulsating  Pressure 
Shocks 

Let  us  consider  the  behavior  of  a  slightly  curved  cylindrical  panel  fixed  In  a 
rigid  cylindrical  screen  (Figure  9.10  a)  in  the  presence  of  oscillating  compression 
shocks.*  As  a  first  approximation,  the  load  on  the  outer  surface  of  the  panel, 
arising  from  the  formation  of  compression  shocks  In  subsonic  flow,  will  be  approxi¬ 
mated  by  a  step-shaped  pressure  wave  whose  front  will  move  in  the  direction  of  the 
generatrix  of  the  shell,  simultaneously  executing  constant-frequency  vibrations 
around  a  certain  section  [9.22].  The  motion  of  the  shell  Is  described  by  a  system 
of  nonlinear  equations  of  the  theory  of  shallow  shells  (1.40),  (1.41).  The  external 
load  is  then  taken  in  the  form 


q  -x). 


(9.40) 


where 


II  -  -  4*  /  sin  w/. 


Here  1  and  w  are  the  vibration  amplitude  and  frequency  of  the  front  in  the  section 
defined  by  the  coordinate  <t>  ■  ct,  and  B  Is  the  current  coordinate  of  the  front. 

Approximating  the  deflection  function  in  the  form 


Wi**  tjy  0 —  i!  *  M  HU'S  in  |ty, 

mini 


(9.41) 


where  a  =  m/a,  0  =  n7T/b,  and  applying  the  Bubnov-Galerkin  method  to  the  equations 


*Th1s  problem  was  Investigated  by  E.D.  Skurlatov  and  V.R.  Solonenko  (All-Union 
slum  on  Propagation  of  Elastic  and  Elastic-Plastic  Waves,  Alma-Ata,  1971); 
emy  prochnostT  TStrSngtF  problems!,  1972,  No.  6,  7-1 1. 
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of  motion,  we  obtain  a  system  of  nonlinear  differential  equations  In  ordinary  derlva 
tlves  that  can  be  integrated  by  means  of  a  digital  computer. 


Figure  9.10.  Cylindrical  panel  in 
the  presence  of  oscillating  com¬ 
pression  shocks  (a)  and  dynamic 
reaction  for  a  panel  with  curvature 
parameter  k  -  12  (b)  and  k  *  24  (c). 


As  a  first  approximation,  we  will  study  the  behavior  of  the  panel  under  the  assump¬ 
tion  that  the  pressure  wave  front  executes  vibrations  around  some  fixed  section  defined 
by  the  coordinate  4>  *  const;  in  expansion  (41),  we  will  consider  one  term  of  the  series. 
Then  the  equations  of  motion  will  be  written  as 


| 

i=M,£  +  A&  +  A#. +  /  (9'42) 


where  the  following  dimensionless  parameters  were  introduced: 


i 


A 


1 


I 


The  dots  denote  derivatives  with  respect  to  time. 

The  numerical  Integration  of  the  system  of  Eqs.  (42)  was  carried  out  by  means 

of  a  digital  computer,  using  the  Runge-Kutta  method  with  an  automatically  selected 

time  step.  Results  of  the  computations  show  that  the  vibrations  of  the  shell  have 

amplitudes  of  the  order  of  several  wall  thicknesses,  and  the  law  of  change  of  the 

2 

amplitudes  with  time  substantially  depends  on  the  curvature  of  the  panel  k  *  b  /Rh, 
the  coordinate  of  the  average  position  of  the  front,  the  vibration  amplitude  1  of 
the  front,  the  vibration  frequency  w  of  the  disturbing  force,  the  pressure  at  the 
front  q^,  and  the  damping  coefficient  e.  At  the  same  time,  the  dynamic  coefficient 
Kd  has  large  values;  for  example,  for  a  panel  of  appreciable  curvature,  the  value 
*  13  was  obtained  for  vibrations  of  the  front  at  the  midspan  of  the  panel  with 
a  relative  amplitude  1/a  =  0.4.  Let  us  recall  that  the  dynamic  coefficient  In 
this  case  is  the  ratio  of  the  maximum  deflection  due  to  the  action  on  the  panel  of 
a  load  with  an  oscillating  front  to  the  deflection  due  to  a  statically  applied  load. 
Thus,  the  deflections  determined  with  and  without  allowing  for  the  mobility  of 
the  load  may  differ  appreciably. 

The  solution  of  the  nonlinear  problem  also  makes  It  possible  to  study  the  vi¬ 
bratory  motions  associated  with  snapping  of  the  panel  and  constituting  a  danger  In 
regard  to  the  development  of  fatigue  cracks  (see  Chapter  X  below).  Figure  9.10  b, 
c  presents  the  results  of  computations  made  for  panJs  with  curvature  parameters 
k  =  12  and  k  «  24;  the  other  characteristics  are  shown  In  the  figure.  The  natural 
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Figure  9.11.  Depen¬ 
dence  of  dynamic  co¬ 
efficient  on  the  vi¬ 
bration  amplitude 
of  a  pressure  shock. 

vibration  frequency  of  the  panel  corresponding  to  a  given  wave  formation  shape  Is 
denoted  by  wQ.  We  see  that  under  the  type  of  loading  In  question,  for  a  shallow 
shell,  vibrations  around  the  fundamental  stable  position  and  vibrations  covering 
the  snapped  and  the  fundamental  position  of  equilibrium  are  possible.  In  this 
case,  the  dynamic  coefficient  may  take  the  value  «  9.  This  Is  evident  from 
Figure  9.11,  where  is  shown  as  a  function  of  the  parameter  1/a. 

§102.  Experimental  Study  of  the  Behavior  of  Shells  Acted  on  by  Moving  Pressure 
Waves 

Let  us  consider  certain  results  of  experiments  conducted  with  closed  cylindrical 
shells.*  The  specimens  were  fixed  with  the  aid  of  a  special  model  consisting  of  a 
supporting  bar  at  the  upstream  end  of  which  was  mounted  a  fairing  of  ogival  shape. 

A  pressure  gauge  was  mounted  on  the  cylindrical  part  of  the  fairing;  a  second  pres¬ 
sure  gauge  was  placed  at  the  middle  of  the  model.  Two  shells  of  the  same  radius 

*These  experiments  were  conducted  by  E.D.  Skurlatov,  see  [9.13],  [9.14],  and 
also  Problemy  prochnostl,  1972,  No.  9. 
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can  be  placed  simultaneously  on  the  model,  while  the  lengths  and  thicknesses  of  the 
shells  may  be  different.  The  shell  located  downstream  may  be  loaded  with  static 
axial  forces  of  tension  or  compression  produced  by  a  special  device. 

For  each  series  of  shells,  safe  values  of  the  pressure  at  the  front  q^  and  cf 
the  pulse  J,  by  which  Is  meant  the  magnitude  of  the  shaded  area  In  Figure  9,12  a, 
were  chosen  In  the  experiments.  The  shell  was  then  subjected  to  the  action  of  pres¬ 
sure  waves  with  steadily  Increasing  values  of  and  J  until  buckling  of  the  shells 
occurred.  Some  results  of  the  experiments  are  shown  In  Figure  9.12  a  (steel  shells) 
and  Figure  9.12  b,  c,  d  (Duralumin  shells).  Values  of  q^  and  J  for  which  no  buckling 
took  place  are  marked  by  open  circles,  and  In  the  presence  of  buckling,  by  open  tri¬ 
angles.  The  stability  limit  determined  theoretically  Is  represented  by  a  solid  line 
(see  §98).  The  same  graphs  show  the  crltlcaleexternal  static  pressure  q*  uniformly 


0 

a) 

Figure  9.13.  Typical  wave  formation  shines  of 
shells;  c)  maximum  residual  strains  are  reached 
at  the  downstream  ring  frame  support. 

distributed  over  the  lateral  surface.  For  shells  on  which  bulges  formed,  data  per¬ 
taining  to  the  wave  formation  shapes  (n  being  the  number  of  circumferential  dents) 
are  also  noted.  It  is  evident  that  for  a  pressure  at  the  front  slightly  exceeding 
the  critical  static  pressure  (left-hand  portion  of  limit)  and  large  pulses  (long 
wave),  the  she. Is  lose  stability  in  quasi-static  form.  As  the  pressure  at  the  front 
increases  and  the  action  time  of  the  load  (right-hand  portion  of  limit)  decreases, 
buckling  takes  place  in  an  increasingly  higher  form.  Moreover,  other  things  being 
equal,  thinner  and  shorter  shells  have  more  circumferential  bulges.  Figure  9.13 
shows  typical  wave  formation  shapes  of  cylindrical  shells  which  buckled  under  an 
incident  longitudinal  pressure  wave. 

For  sufficiently  thick  shells  loaded  by  a  wave  with  a  high  pressure  at  the  front 
and  a  short-duration  load  action,  an  axisymmetric  deformation  of  the  shell  takes  place. 
As  the  pressure  at  the  front  rises  further,  such  a  shell  receives  residual  axisymmetric 
strains  on  which  nonaxi symmetric  dents  are  superimposed. 

In  Figure  9.14,  the  solid  line  represents  the  stability  limit  for  a  cylindrical 
shell  unstressed  in  the  axial  direction,  and  the  dashed  line  with  a  black  triangle 
shows  the  stability  limit  of  the  same  shell  compressed  by  an  axial  force  amounting 
to  0.278  of  the  upper  static  critical  load.  It  is  evident  that  the  unstressed  shell 
buckles  under  a  pulse  J  1.5  times  greater  than  the  compressed  shell. 
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Figure  9.14.  Stability  limits 
for  a  shell  unstressed  in  the 
axial  direction  (solid  line) 
and  a  shell  compressed  by  an 
axial  force. 


The  buckling  of  shells  subjected  to  combined  loading  is  characterized  by  the 
formation  of  rhomboidal  dents  with  smooth  outlines.  Figure  9.15  b  shows  a  photograph 
of  a  shell  that  lost  stability  under  combined  loading,  and  for  comparison  the  left 
side  of  the  figure  shows  a  shell  of  the  same  type  which  buckled  under  the  action  of 
the  pressure  wave  only. 


Another  purpose  of  these  experiments  was  to  study  the  resonance  phenomena  and 
transient  processes  in  shells  simultaneously  acted  on  by  axial  static  forces  and  by 
the  dynamic  load  produced  by  a  moving  wave.  The  pressure  wave  front  was  incident 


at  right  angles  to  the  longitudinal  axis  of  tne  shell.  On  the  inner  side  of  the 
shell  near  the  ends,  strain  gauges  were  attached  (Figure  9.16  shows  the  gauge  numbers) 
that  made  it  possible  with  the  aid  of  a  cathode  oscillograph  to  record  the  dynamic 
strains  of  the  shell  walls.  The  incident  velocity  of  the  pressure  wave  front  and  the 
pressure  at  the  front  and  behind  it  were  also  measured. 


Figure  9.15.  Characteristic  buckling 
shape  of  a  shell  under:  a)  the  action 
of  a  pressure  wave  only,  b)  combined 
loading. 

Figure  9.16  shows  oscillograms  of  strain  e  of  the  shell  for  an  Incident  pressure 
wave  with  velocities  of  665  and  935  m/sec  and  axial  compressive  stresses  amounting  to 
0.5  and  0.94  of  the  experimental  value  of  the  static  critical  stress.  Comparison  of 
oscillograms  recorded  for  different  sections  of  the  shell  shows  that  the  dynamic  strain 
increases  along  the  shell  and  reaches  its  maximum  value  at  the  trailing  edge  (see  §98). 
Comparing  the  oscillograms  shown  In  Figure  9.16  a  and  9.16  b,  one  can  conclude  that  the 
strains  of  a  shell  compressed  with  axial  stress  amounting  to  0.5  pcr  are  much  higher 
than  the  dynamic  strains  of  a  shell  compressed  with  greater  axial  stresses,  equal  to 
0.94  pcr;  this  shows  an  appreciable  shift  of  the  critical  velocity  for  the  given  shell 
(see  §§96,  98). 

Considering  the  oscillograms  shown  in  Figure  9.16,  one  can  conclude  that  the  dy¬ 
namic  strains  of  the  shell  acted  on  by  a  shock  wave  traveling  at  935  m/sec  are  greater 
than  the  strains  at  665  m/sec. 

§103.  Behavior  of  Closed  Cylindrical  Shells  in  a  Short-Duration  Gas  Flow 

Previously,  we  considered  a  moving  preside  wave  of  a  given  profile,  and  it  was 
assumed  that  the  action  of  the  pressure  was  normal  to  the  surface  of  the  shell  and 
that  the  pressure  on  the  surface  of  the  shell  was  equal  to  the  pressure  In  the  inci¬ 
dent  wave.  However,  no  account  was  taken  of  the  fact  that  the  pressure  transmitted 
to  the  surface  of  the  deformed  shell  will  be  somehow  redistributed  as  a  function  of 
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Figure  9.16.  Oscillograms  of  dynamic  strains 
of  a  shell  for  different  compressive  axial 
stresses  and  Incident  velocities  of  the  pres¬ 
sure  wave  front. 


the  wave  formation  shape  of  the  shell.  As  will  be  shown  below,  consideration  of  such 
forces  produced  by  the  Incident  flow  gives  rise  to  dynamic  deflections  substantially 
exceeding  the  deflections  calculated  by  assuming  that  the  flow  Is  absent.*  The  wave 
formation  shape  also  changes  in  this  case  [9.13]. 


We  will  consider  the  problem  of  the  behavior  of  a  closed  circular  cylindrical 
shell  acted  on  by  a  wave  of  exponential  profile  and  a  gas  wake  flow  of  Increased 
density  incident  01  the  shell  along  the  generatrix. 


*This  solution  was  given  by  E.D.  Skurlatov  and  the  author  [9.4];  see  Theory 
of  Plates  and  Shells,  Nauka,  Moscow,  1971,  29-33. 
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Figure  9.17.  Distribution  with  time  of 
dynamic  deflections  along  a  shell  sub¬ 
jected  to  a  pressure  wave  (dot-dash 
lines)  and  to  pressure  waves  together 
with  a  wake  flow  (solid  lines). 


To  solve  this  problem,  nonlinear  equations  in  displacements  (1 .27)-(l .29)  were 
written. 


The  expression  for  the  load  Intensity  must  Include  the  pressure  due  to  the  trav¬ 
eling  wave  and  the  pressure  caused  by  the  Incident  gas  flow,  which  will  be  considered 
supersonic.  We  will  assume  that  the  pressure  and  velocity  of  the  gas  behind  the  front 
also  change  exponentially.  Then  (see  [0.6]) 
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Figure  9.18.  Shape 
of  residual  dents 
and  character  of 
failure  of  a  panel 
In  a  supersonic  gas 
flow. 

where  qf  Is  the  pressure  at  the  wave  front,  n  is  the  exponential  index  determining 
the  law  of  change  of  pressure  behind  the  front,  x  is  the  polytropic  index,  M  Is  the 
Mach  number  of  the  incident  flow,  and  d  Is  the  velocity  of  the  pressure  wave  front. 

The  equations  of  motion,  represented  in  finite  differences,  were  solved  on  a 
digital  computer;  the  rectangular  development  of  the  shell  surface  was  covered  with 
a  grid  having  from  30  to  60  nodes  In  the  longitudinal  and  circumferential  directions. 
Omitting  the  details  of  the  computational  scheme,  let  us  consider  some  results. 

For  different  Instants  of  time,  Figure  9.17  shows  curves  characterizing  the  dis¬ 
tribution  of  dynamic  deflections  along  a  shell  with  parameters  L  =  250  mm,  R  =  50  mm, 
h  =  0.2  mm,  acted  on  by  a  long  wave  (n  *  0)  together  with  a  flow  (solid  linel  and  by 
a  pressure  wave  only  (dot-dash  line).  For  comparison,  this  figure  also  shows  data 
obtained  for  a  short  wave  (n  =  5)  together  with  a  flow  (dashed  line).  It  was  assumed 
that  the  pressure  at  the  wave  front  was  10  at,  and  the  velocity  of  the  gas  particles 
behind  the  front  corresponded  to  M  *  20. 


It  Is  evident  from  the  graphs  that  the  Influence  of  the  flow  on  the  transient 
process  of  deformation  of  the  shell  Is  significant  and  Is  manifested  as  early  as  the 
first  few  moments  following  the  arrival  of  the  wave  front.  With  time,  the  vibration 
modes  of  the  shell  obtained  by  solving  the  problem  with  and  without  consideration  of 
the  flow  differ  increasingly;  the  shell  past  which  the  flow  is  moving  executes  Inten¬ 
sive  vibrations  with  amplitudes  considerably  exceeding  the  amplitudes  caused  by  the 
pressure  wave  alone.  The  dimensionless  time  t  ■  ct/L  is  laid  off  on  the  graphs. 
Analysis  of  the  distribution  of  the  stresses  set  up  In  the  middle  surface  of  the 
shell  leads  to  the  conclusion  that  zones  with  stresses  approaching  the  yield  point 
In  magnitude  are  formed  in  the  shell.  These  zones  are  staggered  and  move  In  the 
direction  of  the  flow  while  continually  changing  their  outlines.  The  presence  of 
such  moving  zones  apparently  explains  the  residual  bulges  covering  the  greater  part 
of  the  surface  of  shells  that  have  undergone  flutter-type  vibrations  for  a  certain 
period  of  time. 

Figure  9.18  shows  a  photograph  of  a  part  of  the  lateral  surface  of  a  cylindrical 
panel  tested  during  the  action  of  such  a  load.  The  dimensions  of  the  dents  Increase 
toward  the  trailing  edge;  failure  of  the  panel  also  begins  at  the  trailing  edge  along 
the  boundaries  of  the  dents.  A  similar  pattern  occurs  in  "Impulsive*'  Flutter. 

Comparing  the  data  (see  Figure  9.17)  for  a  short  and  a  long  wave  In  the  presence 
of  the  load  produced  by  a  flow,  one  can  conclude  that  the  amplitudes  of  the  shell 
walls  during  a  flow  of  shorter  duration  are  much  smaller. 

§104.  Experimental  Study  of  the  Behavior  of  Shells  During  Longitudinal  Pulsating 
Compression  Shocks 

To  study  the  behavior  of  flexible  shells  In  the  presence  of  pulsating  compression 
shocks,  a  series  of  experiments  with  cylindrical  shells  were  carried  out.*  The  shell 
parameters  were  L/R  =  4  and  7.4;  R/h  a  250. 

*See  the  reference  on  p .  451 } . 
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Figure  9.19.  Change  of 
pressure  with  time  at  a  point 
of  the  surface  of  the  model 
In  transonic  flow. 

To  measure  the  normal  pressure  due  to  pulsating  shocks,  a  piezoelectric  gauge 
placed  on  the  cylindrical  part  of  the  fairing  was  used.  Measurement  of  dynamic  de¬ 
formations  was  carried  out  by  means  of  a  strain  gauge  stuck  to  the  inner  surface  of 
the  shell.  Signals  from  both  gauges  were  fed  to  a  double  oscillograph.  The  longi¬ 
tudinal  axial  forces  remained  unchanged  during  the  experiment.  The  velocity  of  the 
Incident  flow  changed  from  subsonic  to  supersonic. 

The  character  of  pressure  variation  with  time  at  M  <  1  Is  illustrated  by  the 
oscillogram  shown  in  Figure  9.19.  Evidently,  the  tested  shell  was  subjected  to  com¬ 
pression  shocks  having  an  approximately  constant  vibration  frequency.  The  pressure 
spikes  on  the  oscillogram  correspond  to  the  instant  when  the  shock  front  is  located 
at  the  middle  of  the  sensitive  element  of  the  gauge.  As  the  front  moves  on  along 
the  flow,  the  pressure  decreases,  then  increases  again,  since  the  surface  of  the 
gauge  is  reached  by  the  next  pulsating  shock  which  has  the  same  vibration  frequency 
and  maximum  amplitude. 

Results  of  high-speed  photography  also  indicate  that  the  shell  is  continually 
reached  by  series  of  shocks  moving  over  the  surface  of  the  shell  in  the  direction 
of  the  flow,  while  simultaneously  executivng  vibrations  around  the  middle  position. 
The  most  vigorous  vibrations  occurred  when  the  pulsation  frequency  of  the  compression 
shocks  coincided  with  one  of  the  natural  frequencies  of  the  shell;  the  frequency 
change  was  achieved  by  selecting  a  suitable  magnitude  of  the  compressive  forces. 

Failure  of  the  walls  usually  began  in  the  region  of  the  surface  located  near 
the  trailing  edge  of  the  shell,  with  the  formation  of  cross-shaped  cracks;  three 
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to  five  seconds  elapsed  from  the  moment  of  formation  of  cracks  to  the  complete 
failure  of  the  shell. 

Studies  ov  the  effect  of  moving  pulsating  compression  shocks  should  be  continued. 

In  conclusion,  let  us  note  that  the  behavior  of  shells  acted  on  by  pressure  waves 
has  been  dealt  with  chiefly  In  the  linear  formulation  by  a  number  of  authors:  Carrier 
(Carrier,  G.F.,  Techn.  Rep.  No.  4,  Brown  Unlv.,  1951),  Mlndlin  and  Bleich  (Mlndlln,  R.D 
and  Bleich,  H.H.,  J.  Appl.  Mech.  20,  No.  2,  1953),  V.V.  Novozhilov  (Prikl.  matem.  1 
mekhan.  23,  No.  4,  1959),  A. A.  Il'yushln  and  P.M.  Ogibalov  (Elastoplastlc  deform  ion 
of  hollow  cylinders,  Izd-vo  Mosk.  gosud.  un-ta,  1960),  A.P.  Filippov  [0.27],  L  ;. 
Balabukh  [5.2],  N.A.  KlVchevskiy  [5.11  a],  E.I.  Grigolyuk,  L.M,  Kurshln,  V.L.  Prlsekin 
(DAN  SSSR  155,  No.  1  (1964)),  and  others. 
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Chapter  X 


Problems  of  Statistical  Dynamics 

§105.  Description  of  the  Problems  and  Methods  of  Investigation 

We  will  consider  nonlinear  problems  In  which  the  study  of  the  behavior  of  plates 
and  shells  involves  the  use  of  the  theory  of  random  functions. 

Below,  emphasis  will  be  placed  on  vibrations  and  stability  of  shells  In  an 
acoustic  field.  An  essentially  nonlinear  character  of  the  behavior  of  plates  and 
shells  during  loading  with  sound  pressure  has  been  observed  In  a  number  of  studies.* 
Most  important  Is  the  study  of  nonlinear  vibrations  of  structural  elements  tending 
to  lose  stability  In  the  large.  Acoustic  vibrations  In  this  case  are  characterized 
by  significant  deflections  and  may  be  accompanied  by  snapping  of  the  shells,  causing 
a  rapid  failure  of  the  structure  (see  §41). 

The  present  chapter  will  discuss  the  behavior  of  shells  In  similar  cases  of 
loading,  account  being  taken  of  the  random  nature  of  the  acoustic  load.  The  objec¬ 
tive  is  to  obtain  the  probability  characteristics  of  motion  of  a  system  with  a  ten¬ 
dency  to  snap.**  The  random  process  of  change  of  acoustic  pressure  will  be  repre¬ 
sented  in  the  form  of  white  noise.  It  was  found  that  the  acoustic  radiation  of 
motors  is  characterized  by  a  nearly  constant  spectral  density  over  a  wide  frequency 
range  (see  [10.27,  10.40,  10.65]).  This  characteristic  makes  it  possible  to  approx¬ 
imate  this  type  of  acoustic  pressure  with  white  noise  and  to  use  the  device  of  the 
theory  of  Markov  processes  in  solving  the  problem.  Application  of  nonlinear  shell 
theory  using  the  statistical  approach  makes  It  possible  to  analyze  various  types 
of  shell  vibrations. 

*See  the  articles  [3.11a],  [10.32,  10.42,  10.44]. 

**The  methods  of  solution  of  these  problems  in  the  determinate  formulation  for 
cases  in  which  the  acoustic  pressure  may  be  represented  as  changing  according  to  the 
harmonic  law  are  presented  in  Chapter  III. 
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The  most  Important  probability  characteristics  of  the  behavior  of  a  dynamic 
system  can  be  obtained  if  the  laws  of  distribution  of  the  “output  characteristics", 
i.e.,  generalized  coordinates,  are  known.  The  device  of  the  theory  of  Harkov  pro¬ 
cesses  and  Fokker-Planck- Kolmogorov  type  equations  (FPK  equations)  permits  the  de¬ 
termination  of  the  probability  density  for  generalized  coordinates  on  the  basis  of 
a  general  form  of  the  corresponding  equation  of  motion  of  the  system.  This  method 
can  also  be  applied  In  the  case  of  a  system  with  several  equilibrium  positions.* 

As  already  stated,  the  discussion  of  the  behavior  of  systems  In  an  acoustic 
field  with  the  aid  of  such  methods  is  important  for  calculations  of  the  strength  and 
endurance  of  aircraft  sMn  panels.  Let  us  consider  these  practical  applications  In 
more  detail. 

As  we  know,  the  skin  of  an  airplane  body  absorbs  acoustic  pressures  produced  by 
the  jet  of  the  engines,  which  is  the  source  of  loud  noise.  This  leads  In  many  cases 
to  the  fatigue  failure  of  such  structural  elements  of  the  plane  as  the  tralling-edge 
assembly,  flaps,  ailerons,  skin  and  ribs  of  the  horizontal  tail.  In  the  presence  of 
low-frequency  pulsations,  intense  vibrations  of  whole  assemblies,  for  example,  the 
tail  unit,  may  occur  [10.38,  10.60]. 

Vibrations  of  parts  of  aircraft  caused  by  acoustic  pressure  frequently  disturb 
the  operating  conditions  of  various  Instruments  and  systems.  For  example,  an  Inad¬ 
missible  precession  of  the  gyroscopes  and  breakdown  of  electronic  equipment,  hydraulic 
systems,  etc.  are  possible.  Damage  due  to  acoustic  ’oads  can  be  very  serious  (see 
[10.60,  10.55]);  this  applies,  for  example,  to  the  sk  ,  panels  of  the  pressurized 
body  of  an  airplane. 

In  recent  years,  problems  In  this  area  have  become  particularly  Important  In 
aviation  in  connection  with  a  more  rapid  increase  in  flying  spaed,  weight,  and  overall 


*The  first  investigations  in  this  area  with  application  to  shells  were  carried 
out  by  I. I.  Vorovich  [10.10],  V.M.  Goncharenko  [10.11]  and  M.F.  Dimentberg  [10.12]. 
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dimensions  of  the  structures.  This  Involves,  on  the  one  hand,  an  Increased  thrust 
of  the  engines,  and  hence,  an  Increased  power  of  the  jet.  On  the  other  hand,  there 
is  an  increase  In  the  acoustic  pressures  not  directly  connected  with  the  engine  and 
caused  by  pulsations  In  the  turbulent  boundary  layer,  pulsations  of  shock  waves,  etc. 

An  acoustic  load  level  In  excess  of  150  decibels  (dB)  Is  considered  dangerous 
for  the  strength  of  panels  In  existing  airframes.  However,  judging  from  the  data  of 
*  [10.60],  this  value  was  exceeded  back  In  the  1950's.  The  first  reports  of  failures 

of  skin  sections  under  the  Influence  of  acoustic  pressure  appeared  at  that  time.  In 
1970,  this  level  was  already  In  excess  of  170  dB.  Moreover,  pressures  up  to  180  dB 
have  been  recorded  in  the  acoustic  near  field.* 

Acoustic  pressures  of  high  frequency  reaching  several  thousand  cycles  may  cause 
the  destruction  of  structural  nv  mbers  In  a  short  time.  Even  when  the  stresses  due  to 
an  acoustic  load  are  comparatively  small  and  below  the  endurance  limit  for  a  given  ma¬ 
terial,  they  may  substantially  shorten  the  service  life  of  Individual  members  of  the 
structures,  particularly  if  repeated  forces  of  a  different  origin  are  acting  simultane 
ously. 

The  fact  that  acoustic  loads  have  a  very  broad  frequency  spectrum  seriously  com¬ 
plicates  the  "detuning"  of  the  structure  relative  to  the  resonant  vibration  mode  by 
shifting  the  natural  frequencies.  Simulation  of  a  real  system  acted  on  by  an  acoustic 
load  is  very  complex.  Costly  full-scale  tests  of  aircraft  structures  for  acoustic 
strength  are  frequently  conducted.  Such  experiments  require  prolonged  operation  of 
the  engines  at  maximum  power  and  the  use  of  unique  measuring  equipment  [10.39], 

Another  important  factor  causing  vibrations  of  aircraft  skin  elements  are  pulsa¬ 
tions  in  the  turbulent  boundary  layer;  the  corresponding  acoustic  loads  reach  their 
highest  intensity  during  flight  under  conditions  of  maximum  dynamic  head  Qmax*** 

t  *See  Noise  of  Rockets  in  the  Journal  Space  Aeronautics  44,  No.  5,  1965. 

**See  V.S.  Petrovskiy,  Hydrodynamic  Problems  of  Turbulent  Noise,  Sudostroyenlye, 
1966. 
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Still  another  possible  source  of  appreciable  acoustic  loads  Is  the  turbulent 
wake,  located  behind  a  moving  vehicle.  This  wake  has  approximately  the  same  struc¬ 
ture  as  the  wake  of  a  jet  engine.  However,  for  the  jet,  the  curve  of  additional 
velocities  has  a  peak  directed  against  the  direction  of  flight,  while  for  the  wake, 
the  peak  Is  In  the  direction  of  flight  [10.26,  10.33]. 

Fatigue  failures  for  subsonic  and  supersonic  aircraft  are  also  called  flow  sep¬ 
aration,  for  example.  In  the  region  of  the  wing-fuselage  joint.  This  phenomenon  may 
also  take  place  when  the  jet  from  the  engine  compressor  or  pneumatic  system  Is  directed 
perpendicular  to  the  flight  velocity.  The  pressure  fluctuations  caused  by  the  flow 
separation  turn  out  to  be  so  large  that  they  can  cause  sharp  vibrations  of  members 
located  at  a  considerable  distance  from  the  separation  site.  Pressure  fluctuations 
with  an  intensity  of  160  dB  at  a  relatively  subsonic  flight  velocity  have  been  ob¬ 
served.  The  character  of  the  fatigue  cracks  formed  In  these  cases  Is  similar  to 
that  observed  in  the  presence  of  acoustic  pressures  [10.26]. 

§106.  Plate  in  an  Acoustic  Field.  Law  of  Deflection  Distribution 

Let  us  consider  the  solution  of  problems  of  the  behavior  of  plates  acted  on  by 
acoustic  radiation.*  We  will  first  discuss  the  wacc  of  a  plate  hinged  along  the  con¬ 
tour.  We  will  assume  that  In  addition  to  an  acoustic  load,  the  plate  Is  subjected 
to  static  axial  compression  forces.  The  plate  is  assumed  to  have  Initial  deflections. 

The  initial  equations  of  the  theory  of  flexible  plates  will  be  taken  in  the  form 
of  (1.42a),  (1.43a);  here  q(t)  is  a  random  process  of  variation  of  acoustic  pressure. 

For  the  case  of  hinged  support  of  the  plate  edges,  we  approximate  the  total  and 
additional  deflections  by  expressions  (3.2),  (3.3).  Using  the  Bubnov-Galerkln  method, 
we  arrive  at  the  expressions  obtained  in  §  38  for  m  *  n  3  1 .  An  equation  of  motion  of 
the  type  of  (3.5),  will  be  written  In  the  form  (allowing  for  damping) 

*The  results  given  in  §§  106-114  are  due  to  I.G.  Kll'dlbekov  [10.15];  see  also 
[10.9]. 
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(10.1) 
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where  the  acoustic  pressure  parameter  In  the  case  of  uniform  distribution  over  the 
plate  surface 

vkUf'/W-  (10.2) 

2 

The  quantities  Wq,  pg,  a,  0,  n  entering  Into  Eq.  (1)  are  determined  from  the  corres¬ 
ponding  formulas  of  Chapter  III  for  m  =  n  *  1.  We  will  study  the  vibrations  of  the 
plate  on  the  assumption  that  q*(t)  Is  white  noise  with  a  zero  average  value  and  a 
spectral  density  equal  to  Sq. 

In  this  and  the  subsequent  sections,  we  will  use  an  approach  to  the  problem 
whereby  the  vibrations  of  a  system  acted  on  by  white  hoise  are  represented  In  the 
form  of  some  smoothed  Markov  type  process.  This  assumption  will  be  used  below  in 
determining  the  probability  density  of  the  extremums  on  the  basis  of  a  two-dimensional 
distribution  function  of  the  coordinate  and  velocity  with  the  aid  of  Rice’s  formula 
[10.54].  This  approach  to  the  solution  of  the  problem  was  taken  by  Lyon  [10.46]  in 
a  discussion  of  a  narrow-band  process  of  vibrations  of  a  system  with  a  single  position 
of  stable  equilibrium.  In  §  110,  this  method  Is  applied  to  a  system  with  snapping 
having  two  positions  of  stable  equilibrium.*  The  deformation  of  the  plate  is  rep¬ 
resented  in  the  form  of  a  two-dimensional  Markov  process  of  change  In  deflection  ? 
and  velocity  c  =  d;/dt. 

We  will  cite  certain  facts  from  the  theory  of  Markov  processes  that  will  be  useful 


♦Another  approach  to  the  determination  of  the  probability  density  of  the  coordinate 
i  for  a  system  with  snapping,  requiring  the  knowledge  of  a  three-dimensional  distribution 

function  of  the  coordinate,  velocity,  and  acceleration,  was  given  by  M.F.  Dimentberg 

[10.12]. 
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below.  A  Markov  process  Is  one  whose  probability  properties  in  the  next  time  interval 
are  determined  by  the  value  of  the  function  at  the  given  instant  and  are  Independent 
by  the  value  of  the  function  at  the  given  instant  and  are  independent  of  its  former 
values.  A  process  taking  place  in  a  physical  system  Is  referred  to  as  a  Markov  pro¬ 
cess  (process  without  aftereffect)  if,  the  state  of  the  system  at  time  tQ  being  known, 
the  probability  distribution  of  the  states  of  the  system  for  t  >  tQ  is  Independent 
of  any  information  on  the  course  of  the  change  of  its  states  up  to  time  tQ.  Thus,  a 
distinctive  feature  of  a  Markov  process  Is  the  fact  that  a  probabilistic  estimation 
of  the  state  of  the  system  at  the  end  of  each  time  interval  depends  only  on  the  char¬ 
acteristic  of  Its  state  at  the  beginning  of  this  Interval  and  Is  independent  of  the 
previous  history  of  the  process. 

A  continuous  process  without  aftereffect  is  characterized  by  the  transition  func¬ 
tion  F(x,t/h,t),  which  expresses  the  probability  $  that  at  time  t  the  value  of  some 
random  function  S(t)  will  be  below  the  level  x  If  at  time  t  preceding  time  t  the 
random  function  had  the  value  y 


The  probability  density  of  the  transition 

Let  the  random  function  change  from  the  value  y  to  the  value  x,  not  directly, 
but  by  assuming  a  certain  Intermediate  value  z  at  time  s  located  in  the  Interval 
between  t  and  t:  t  <  s  <  t.  The  probability  density  of  the  transition  from  y  to 
z,  then  to  x.  Is  expressed  as  a  product  of  the  densities  for  each  transition,  i.e., 
f(x,t/z,s)f(z,s/y,t).  The  result  of  the  integration  of  this  expression  over  all  z 
determines  the  probability  density  of  the  transition  from  the  value  y  to  the  value 
x: 


f  /<*.<!*,  *)/<*,  I |y,T)rfi. 

— m 


(10.3) 


470 


iitiifiii'ii 


Hmmt 


From  this  relation,  known  as  the  Chapman- Kolmogorov  equation,  the  FPK  equation  is 
derived.*  For  a  one-dimensional  process,  it  has  the  form 


*L 

dt 


dx 


(/!/)  + 


l__o: 
2  dx* 


m, 


where 


m 

A{ls’ l)=*  J <*-*)/(*.<  +  « 

—  BO  # 


W*.  0 
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A/-*Q 


-z)2f(x,t  +  M\z.  1)  dx. 


(10.4) 


(10.5) 


Thus,  the  average  displacement  of  a  point  during  the  Interval  At  will  be  A(z,t)At, 
and  the  average  dispersion  of  the  displacement  will  be  B(z,t)At.  Let  us  denote  the 
average  value  by  M  and  represent  (5)  in  the  form 


A(z,  0=  lim  fl /)  =  tim  -i'ilHH .  (10.5a) 

A  f-»0  A/  A/-+0  V 


If  one  studies  the  change  In  the  states  of  some  system  characterized  by  several 
random  functions,  an  n-dimensional  process  be  characterized  by  the  parameters  x-j ,  X2» 
111,  xn-  The  probability  density  f  for  such  a  process  will  be  the  transition  function 
f(x,t|y,T).  The  FPK  equation  for  this  function  takes  the  form 


f«i  1  i-.i  /-»i  1  • 


(10.6) 


Here  the  coefficients  A^,  will  be  functions  of  A^(x,  t),  B^(x,  t);  they  are  de 
termined  by  relations  of  the  type  of  (5) 


*See  for  example  the  book  [0.6J,  pp.  898-901. 
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Expressions  of  the  type  of  (5a)  will  be  written 


At(2,  /)  MB  |jm 
A/-f0 

/)  =  ||m 
Af*0 


(10.7a) 


In  the  case  of  a  stationary  Markov  process,  3f/at  =  0.  Equation  (4)  will  be  written 
as  follows: 


— +  (*i  f  (*)1  “  0. 


(10.4a) 


For  an  n-dimensional  process,  Instead  of  (6)  we  obtain 


-  £  si-Mi  w/ «i  ■ +  t S  S  = o- 

l«!  1  /-I  /- 1  1  ' 


(10.6a) 


We  will  set  up  an  FPK  equation  for  the  plate  under  consideration.  We  will  find 
the  values  of  Aj,  for  this  equation.  The  process  q*(t)  In  Eq.  (1),  as  was  noted 
above,  is  considered  as  white  noise  with  a  zero  average  value  and  a  spectral  density 
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M,.  -  0,  M\q’[t,)q’  (/,)!  -  2*S„«  «,  - 1,). 


(10.8) 


Further,  we  find 


A  -  lim  ^7^=* 

At-+o  At  .  s 

ill-  Mm  ^21, 

Af-#0  At 


c. 


where  Is  determined  from  the  equation  of  motion  of  the  shell  (1).  Then 


Considering  the  first  of  conditions  (8) 


or 


A, - 2et  — —  4)  K  -  K2  +  M?)  +  W  4 , 


-  ,tm  AfKVv.VI  _0 
«n  =  Inn  - — - 

At -Ml 


At 


B]2  —  821  : 


Mm- 


At  +0 


>  lim 

At-M) 


At 

M  f(Axa)? 
At 


Btj=  Mm  —  Mj[— 2et+(uj[l  —  •SrW-K'-MW  + 
22  A<->0  At  \[  V  Poj 

t+AI  | 

+  +  j  q’(u)du  J 
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On  the  basis  of  the  properties  of  the  load,  from  (8)  we  obtain 


/i.,2  2rtSft. 

We  now  write  the  stationary  FPK  equation  for  the  combined  probability  density  f (c »  ?) 
of  the  coordinate  c  and  velocity  c: 

+  +  00.17) 

Substituting  into  this  equation  the  values  of  the  coefficients  found  above,  we  obtain 
~  a;  ~  af  ([~  2e^  ~  wo  ~  -f-  n;3}  -j- 

+  W4j7j  +  «5„^-o. 

This  equation  will  be  represented  as  follows: 

A|[w(.-4)«-«+*l-w4]/+JfLA|+ 

+(-'S+*,*)(t'  -1 

We  will  require  that  the  combined  probability  density  f(c,  c)  satisfy  the  two  equations 
obtained  by  equating  to  zero  the  corresponding  parts  of  (19): 

f'+iH-* 

Hence  we  obtain  for  a  stationary  process 


(10.20) 

(10.21) 
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where  the  probability  density  of  the  coordinate  will  be 


exp 


and  the  law  of  velocity  distribution  will  be 

MC)=-^o  **  • 


The  following  notation  was  used  in  (23)  and  (24): 


(10.23) 


(10.24) 


(10.25) 


The  quantity  $g  Is  equal  to  twice  the  value  of  the  mean  square  of  the  dimensionless 
bending  deflection  of  an  Ideal  linear  system  In  the  absence  of  compressive  forces. 
The  constants  C  and  C‘  are  determined  from  the  normalization  condition.  The  value 
of  C  is 


C 


(10.26) 


The  value  of  C  will  be 


C 


t* 


(10.27) 


We  find  the  mean  square  of  the  deflection 

no 

Al  U-'i  =•  JWCMt- 

—  00 
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(10.28) 


§107.  Distribution  of  Deflection  Extremums  for  a  Plate 


We  will  now  consider  another  characteristic  of  dynamic  strength  of  a  plate,  re¬ 
lated  to  the  law  of  distribution  of  deflection  extremums.  The  method  employed  here 
is  based  on  the  assumption  that  the  vibratory  process  Is  a  narrowband  process.  In 
this  case,  the  expression  for  the  probability  density  of  the  maxima  and  minima  of 
the  coordinate  may  be  obtained  by  using  the  concept  of  the  average  relative  frequency 
of  crossings  of  a  given  level  by  the  process.  The  average  number  per  unit  time  of 
maxima  located  above  a  certain  level  c  is  equal  to  the  average  number  of  times  per 
unit  time  v*  that  the  process  exceeds  this  level  (crossovers  of  this  level  from  the 
bottom  upward)  and  is  found  from  Rice’s  formula  (see  [0.6],  p.  903) 


vf  out. 

o 


(10.29) 


where  f(c,  0  is  a  two-dimensional  distribution  function  found  from  the  FPK  equation. 
On  the  other  hand,  the  average  number  v*  of  all  possible  maxima  Is  equal  to  the  number 
of  times  v*  that  the  process  exceeds  the  Initial  level  ^ 


vm  J  /(£i»  fc)£dt 
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The  ratio  of  v*  to  v*  characterizes  the  relative  frequency  with  which  the  process  ex¬ 
ceeds  the  given  level 


(10.31) 


It  is  obvious  that  the  value  of  n  determines  the  probability  ^(?max>c)  that  the  maximum 
of  the  coordinate  will  exceed  the  level  c: 

/  (Cliilft  >  t)8*'!. 

We  now  calculate  the  Integral  distribution  function  of  the  maxima 
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The  expression  for  the  probability  density  of  the  maxima  takes  the  form 


Lil. 

't  “i 

We  similarly  obtain  a  formula  for  the  probability  density  of  the  minima 


*£ 


(10.34) 


I  d*t 


(10.35) 


The  probability  density  of  the  extremums  In  the  case  of  a  system  with  a  single  equil¬ 
ibrium  position  will  have  the  form 


v  i  dv{  i  rfv+ 

I  (Cm*  i.  min)  05  T  — J-  — ~  ■=*  T  — t — . 


(10.36) 


Calculating  f(cmax) »  for  a  narrowband  process  we  must  consider  only  the  region  c>c-j, 
and  in  determining  ffc^),  the  region  c<^;  in  the  remaining  regions,  the  corres¬ 
ponding  densities  will  be  equal  to  zero.  Replacing  In  (36)  the  numbers  v  by  their 
values  from  Rice's  formula  (29)  and  considering  relation  (22),  we  obtain 


/  (Cmux.  min)  3=5  “jqr^y - jjjp*  • 

Substituting  (23)  into  the  above,  we  arrive  at  the  final  formula 


(10.37) 


(£«..,  ml.)  =  ± - fitj  ■  /oc  - 
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.008.  Acoustic  Vibrations  of  a  Cylindrical  Shell.  Model  of  a  System  with  Many 
Degrees  of  Freedom 

We  will  study  the  behavior  of  a  closed  circular  cylindrical  shell  hinged  at  the 
ends,  acted  on  by  an  external  pressure  q,  including  actions  of  the  type  of  random 
processes  and  static  axial  compression  forces  p  uniformly  distributed  over  the  end 
sections.* 

Equations  of  the  type  of  (1.40),  (1.41)  allowing  for  damping  and  external  pressure 
will  be 


«*»  -  «»•  •>  +  i  £r  -  -  2pe  £  +  JfcfJL . 


■k  VM>  =  —  I U  (*•.  ®>  -  t  (a-0.  U'„)l  -  -i  — (-^r  °»> . 


(10.39) 

(10.40) 


The  quantity  q  includes  the  static  pressure  qg  and  random  processes  q-j(t),  qgft),  having 
the  character  of  white  noise: 

<?(*,  //.  0  ==  +  <7i  <0|  sin rx sin. it/  +  q,  (/)  sinV.t.  /in  ,,  x 


As  in  §  29,  the  problem  will  be  discussed  for  a  design  model  in  the  form  of  a 
system  with  two  degrees  of  freedom.  For  the  additional  and  initial  deflections,  we 
will  use  expressions  (2.159),  (2.160). 


A  system  of  equations  of  the  type  of  (2.163),  (2.164)  reduces  to  the  form 

(10.  ,*) 

(10.43) 


^'-  +  2e14V-  +  vl^';^=-v;(0. 


*See  the  article  [10.15,  1971]. 
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Here  v-j  =  1,  v2  =  2/3,  q*(t)  =  q^(t)V^/Eh^,  V  =  /Eg/y.  The  expression  for  U  will  be 


(10.44) 


_  o  p 

where  qQ  =  qQ\r/C^Eh  .  The  same  notation  and  dimensionless  parameters  as  in  §  29  are 
used.  The  values  of  ,  8,  x,  0,  x,  <J>,  \p  are  determined  via  the  corresponding  values 
of  these  quantities  from  (2.171 )- (2. 178)  taking  the  coefficient  i^h^  into  account; 

ag  -  m^h^. 


The  function  q|(t),  q|(t)  in  (42),  (43)  will  be  represented  in  the  form  of  white 
noise  type  random  processes  with  spectral  densities  ,  S2.  The  average  values, 
correlation  functions  and  conditions  of  mutual  correlation  are 


WKU'WM*  t)|-‘2«S,A(t), 

Ai\q\{t)q;((  +  x)\~2nS.M*). 


(10.45) 
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On  the  basis  of  the  adopted  assumptions  regarding  the  loading  conditions,  the 
deformation  of  the  shell  is  treated  as  a  four-dimensional  Markov  process  of  variation 
in  the  parameters  of  deflection  c«j »  C2  anc*  verities  C-j »  t2« 

If  the  structure  reduces  to  a  design  model  in  the  form  of  a  system  with  n  degrees 
of  freedom,  a  2n-dimen$ional  Markov  process  with  parameters  x^,  x2,  . xn  is  studied. 
A  system  of  equations  of  the  type  of  (42),  (43)  will  in  this  case  have  the  form 


+  Op  (1  i'is.  +  „  M  (Cl.  Ci . Cn) 

atT-r^m  (lt  tvM  - »  qm{t), 


m « 


l  2, 


n. 


(10,46) 
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For  generalized  forces 


M  .  ==0, 

uWJ<)<rji  +  x)|  -2«5mMi)f 

4f|</*(0<7*(f -fT)|  =  0,  .  m&k. 

We  will  use  the  stationary  FPK  equation  according  to  (6a)  with  1  =  j  =  2n. 
meters  of  tlie  process 


The  characteristics  of  a  Markov  process  according  to  (7a),  using  (46),  (48) 
(47)  into  account,  will  be 

^ m  *m  +  n»  +  n  » 

=  rn  ^  fr,  0,  tn^k, 

ft mn  ~  0»  /iff,  ♦  rt.  m  *=  2n<Sm, 


Substituting  into  (6a)  the  values  of  the  quantities  from  (49),  we  obtain 

m—  I  m+»»  I  "* 


We  represent  this  equation  In  the  form 

V  (  /  4.  **«  ()L\  4. 
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Integration  yields 
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The  velocities  are  eliminated  by  integrating  again;  then 


/(*|.  x2 . *n)  ■“s“  ^)- 


(10.54) 


With  reference  to  system  (42),  (43),  we  will  have  i  =  j  =  4  in  (6a);  the  para¬ 
meters  of  the  process  are  defined  as 


*^"l  —  1  £l<  X\  V 1 .  •'■’i  -  f 2 • 


(10.55) 


Expressions  (47)  become  (45),  and  the  values  of  in  (6a)  will  be 


"si 


•nniu 


Du  -  DVi «  fl2,  -  /i2.  -  /*.«  «  «  0,  1 

fi.ll«2jiS„  fl„  =  2 nS2-  J 


(10.56) 

(10.57) 


In  accordance  with  relation  (53),  we  have  S|  =  S£,  and 


nS. 


The  law  of  distribution  of  the  deflection  parameters  is 


(10.58) 


/(C..  k)**7“i‘xP 
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Expression  (44)  is  substituted  for  U  in  (59),  and  C'  is  found  from  the  normalization 
condition. 
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The  mean  square  of  the  defection  parameters  are: 


OB  Ou 

A,l«?l=  j  /  £?/(£,.  w <  <K„ 


(10.60) 

(10.61) 


3  109.  Cylindrical  Panel.  Probability  Parameters  of  Deflection 

We  will  now  consider  the  case  of  a  slightly  curved  circular  cylindrical  panel 
fixed  at  the  edges  and  undergoing  vibrations  under  the  influence  of  acoustic  pres¬ 
sure.  As  in  the  preceding  sections,  we  will  consider  the  action  of  static  axial 
compression  forces,  and  the  acoustic  action  will  be  represented  in  the  form  of  white 
noise.  In  the  case  at  hand,  nonlinear  acoustic  vibrations  will  be  characterized  by 
abrupt  displacements  of  the  shell  from  one  position  of  stable  equilibrium  to  another 
(snapping  of  the  shell)  and  also  by  vibrations  around  the  new  stable  equilibrium 
form.* 


The  main  symbols  will  be  taken  from  Figure  2.41.  Using  relations  (1.40),  (1.41) 
and  approximating  the  total  and  additional  deflection  by  expressions  (3.2),  (3.3),  we 
arrive  at  the  equation  of  motion  (1) 


j3_ 

dt* 


4*  2r 


+  ( 1  -  7  )  W  -  FJ'  +  -  Co“?,— •  -  </*  (0: 

\  r  n  /  pH 


(10.62) 


where  q*(t)  as  before  is  white  noise  characterized  by  a  zero  average  value  and  a  spec 
tral  density  SQ.  The  value  of  q*(t)  is  determined  from  (2). 


*Formula  (66)  obtained  below  describes  the  behavior  of  a  system  with  snapping. 
A  dependence  of  this  type  for  an  ideal  system  was  derived  in  a  different  way  by 
M.F.  Dirnentberg  (see  footnote  on  p. 471  );  this  Involved  a  limiting  transition  from 
an  exponentially  correlated  distrubing  process  to  white  noise. 
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Integrating  the  FPK  equation,  we  arrive  at  expressions  of  the  structure  of  (22)- 
(24)  by  substituting  pj  for  pg  in  them;  the  values  of  wjj,  ot,  B,  n,  p*  in  formulas 
(23)- (25)  for  the  case  at  hand  are  determined  from  (2.210),  (2.211),  (3.27),  (3.28). 

Figures  10.1-10.4  present  data  characterizing  the  influence  of  compressive  axial 
forces  p  and  of  the  initial  camber  parameter  in  the  middle  surface  on  the  law  cf 
distribution  of  dynamic  deflection  according  to  (23).  As  an  example,  we  use  the  case 


Figure  10.1.  Probability  density  of 
dynamic  deflection  at  the  center  of 
a  cylindrical  panel  during  nonlinear 
acoustic  vibrations  in  the  case  of 
axial  compression  by  stresses  close 
to  the  lower  critical  value. 

of  a  panel  square  in  the  plane  (X  =  1)  with  a  curvature  parameter  k  =  24;  the  rela¬ 
tions  were  plotted  for  cases  in  which  the  values  of  the  parameter  of  compressive 
forces  p*  were  5,  6,  9,  15.  The  load  p*  =  5  was  chosen  near  the  lower  critical 
value  p*  =  4.6. 

Let  us  first  consider  the  case  of  an  ideal  panel  for  different  values  of  com¬ 
pressive  forces  (solid  curves  in  the  graphs  of  Figures  10.1-10.4).  We  see  that  when 
p*  =  5  =  0.278  p*  (Figure  10.1),  the  largest  fraction  of  the  probability  corresponds 
to  the  region  of  deflection  values  around  the  principal  stable  position  of  equilibrium 
when  the  load  changes  slightly  near  the  lower  critical  value  to  p*  =  6  =  0.333  pj 
(Figure  10.2),  the  character  of  the  distribution  curve  changes  substantially;  at  the 
same  time,  there  is  an  increase  in  the  probability  fraction  of  the  interval  of 


Fig-ire  10.2.  Law  of  deflection  distri¬ 
bution  for  ideal  and  nonideal  panels  at 
another  level  of  compressive  forces 
near  the  lower  critical  value. 


deflection  values  corresponding  to  the  second  stable  state  of  the  shell.  As  the 
compressive  load  increases  to  a  value  equal  to  one-half  the  upper  critical  value 
(Figure  10.3),  there  is  a  sharp  increase  in  the  probability  of  the  region  of  de¬ 
flection  values  that  corresponds  to  the  vicinity  of  the  second  equilibrium  posi¬ 
tion.  Finally,  when  p*  =  15  *  0.832  p*  (Figure  10.4),  the  probability  of  the  in¬ 
terval  of  deflection  values  in  the  vicinity  of  the  principal  equilibrium  state  of 
the  shell  is  negligibly  low. 


Figure  10.3.  Deflecticc  probability  densi¬ 
ties  for  ideal  and  nonideal  shells  under 
compressive  forces  amounting  to  one-half 
of  the  upper  critical  value. 


484 


Figure  10.4.  Law  of  deflection  dis¬ 
tribution  during  acoustic  vibrations 
of  the  panel  in  the  case  of  action 
of  compressive  forces  close  to  the 
upper  critical  value. 

Let  us  now  turn  to  the  influence  of  Initial  irregularities  in  the  shape  of  the 
middle  surface  at  various  levels  of  compressive  forces.  When  p*  =  6  and  Cq  -  0.25 
(Figure  10.2),  there  is  a  significant  Increase  in  the  probability  fraction  of  the 
interval  of  deflection  values  near  the  second  stable  position.  As  the  Initial  de¬ 
flection  increases  to  =  0.55,  the  distribution  function  has  a  single  extremum 
in  the  form  of  a  maximum  at  the  point  c  3  C3;  in  this  case,  the  shell  executes  vi¬ 
brations  around  the  snapped  equilibrium  position.  The  Influence  of  the  values 
Cq  3  0.1  and  =  0.25  when  p*  =  9  is  demonstrated  by  the  graph  of  Figure  10.3.  The 

effect  of  initial  irregularities  on  the  law  of  distribution  of  dynamic  deflection 
proves  considerable  at  a  low  level  of  compressive  forces;  as  the  parameter  p*  in¬ 
creases,  the  effect  of  the  initial  camber  weakens. 


The  dependence  of  the  mean  square  of  the  deflection  on  the  factors  discussed 
is  demonstrated  below  by  the  data  of  Table  10.1.  Of  decisive  importance  fur  this 
characteristic  is  the  influence  of  the  loading  conditions;  on  the  contrary,  initial 
irregularities  do  not  appreciably  affect  the  value  of  the  mean  square  of  the  deflection. 

§  110.  Probability  Density  of  Deflection  Extremums  for  a  System  with  Snapping 

Above,  we  discussed  a  method  of  studying  the  probability  density  of  deflection 
extremums  in  the  analysis  of  a  narrow-band  vibration  process  of  a  system  with  one 
equilibrium  position  (§  107),  We  will  apply  this  method  to  a  system  with  snapping, 
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when  three  types  of  vibrations  become  possible:  around  the  main  equilibrium  position 
,  around  the  second  stable  position  £3*  and  when  both  of  these  states  are  included 
(Figure  10.5).  It  is  assumed  that  the  vibrations  of  the  shell  Involve  motions  of  only 
the  three  indicated  types,  involving  crossings  of  the  three  characteristic  deflection 
levels.  The  concept  of  narrow-bandedness  is  related  to  the  character  of  the  vibratory 
motions  of  each  type.* 


Figure  10.5.  Determin¬ 
ation  of  the  average 
number  of  dynamic 
deflection  extremums 
per  unit  time  for  a 
system  with  snapping. 


We  will  denote  by  v*,  v*  ,  y+  the  average  *mber  of  times  per  unit  time  that  each 
of  the  three  levels  of  tiu  eq§il  ft  r)um  position  of  the  shell  Is  exceeded.  Then,  con¬ 
sidering  the  above  hypotheses  on  possible  motions  of  only  three  types,  the  average 
number  per  time  unit  v*  of  all  possible  maxima  of  the  narrow-band  vibratory  process 
considered  will  be 


:  ~  vf+. 


(10.63) 


Here  the  quantity  v*2  is  taken  with  a  minus  sign,  since  in  cycles  of  the  third  type 
(with  snappings),  one  maximum  involves  the  crossing  of  both  levels  of  the  stable 


*Yhis  approach  to  the  solution  of  the  problem  of  determining  the  probability 
density  of  extremums  in  a  system  with  snapping  is*  due  to  I.G.  Kil'dibekov. 


position  (Figure  10.5),  while  the  number  of  direct  snappings  (snappings  of  the  panel 
in  the  direction  of  the  center  of  curvature)  is  equal*  tn  /  .  The  term  "cycle" 
applied  to  the  motion  of  a  given  type  is  hereinafter  used  for  a  single  crossing  of 
some  characteristic  level  in  the  course  of  this  motion;  by  average  frequency  of  cycles 
of  a  given  type  is  meant  the  average  number  of  such  crossings  per  unit  time.  Re¬ 
turning  to  formula  (36)  and  replacing  v*  in  the  latter  with  the  value  from  (63),  we 
find  the  probability  density  of  extremums  for  a  system  with  snapping 


f/l>  x  J  rfvf 

I  (U«.  ml.)  “  *  v++v+_vf  -dl- ■ 


(10.64) 


The  values  of  f(5max)  will  be  different  from  zero  when  c-|<c<?2  and  ?>?3,  and  the  value 
f(cmfn),  in  the  region  t<51  and  C2<C<S3- 

Using  Rice's  formula  (29),  we  find 


Ht  ,\-r _ ! _ •<)<«. 

I Km...  ml.)  -  =*=  M{lH- ,  (C,)  (t.)  • 


(10.65) 


Considering  that  f(e)  is  determined  from  (23),  we  finally  obtain 


/  (Cm...  ml.)  —  ±  Mt,)  +  Mti)-f(5T  ~  +  “  ~z’~  \  X 


(10.66) 


We  will  determine  one  more  important  characteristic  of  the  shell,  the  average 
number  N  of  direct  and  reverse  snaps  per  unit  time.  The  quantity  N  is  defined  by 
Rice's  formula  (29)  as  the  number  of  crossings  of  the  level  ^ 


,V-2v+=.2j/(t1.  t)t4- 


(10.67) 


♦This  method  applies  to  a  system  with  three  equilibrium  posi..ons.  If  v* 
is  not  excluded,  cycles  of  the  first  type  will  be  considered  twice.  ^2 


Substituting  (22)  into  the  above  and  integrating,  we  get 


N 


<•>« 


(10.66) 


§111.  Treatment  of  a  Narrow-Band  Process  for  a  System  with  Snapping 


Let  us  consider  the  case  of  a  square  panel  with  curvature  parameter  k  *  24. 
Figures  10.6-10.9  show  the  results  of  confutations  of  the  probability  density  of 
extremums  of  tie  coordinate  according  to  (66)  for  values  of  the  compressive  force 
parameter  p*  equal  to  5,  6,  9,  and  15.  These  diagrams  give  a  clear  representation 


Figure  10.6.  Probability  densities 
of  maxima  and  minima  of  dynamic  de¬ 
flection  at  the  center  of  a  cylin¬ 
drical  panel  during  acoustic  vibra¬ 
tions  and  the  action  of  compressive 
forces  close  to  the  lower  critical 
value. 


of  the  distribution  of  the  vibratory  process  over  possible  cycles  and  illustrate  the 
effect  of  concessive  forces  and  initial  irregularities  in  the  shape  of  the  shell  on 
the  relative  repitition  frequency  of  each  type  of  cycles.  Let  us  note  that  cycles 
of  the  third  type  are  accompanied  by  dangerous  snaps  of  the  shell. 


*88 


The  total  area  under  the  distribution  curve  of  the  extremums  consists  of  three 
parts.  The  area  characterizes  the  probability  level  of  vibratory  motions  around 
the  main  equilibrium  position,  and  $>2,  around  the  snapped  state.  <t>3  denotes  the 
probability  of  extremums  corresponding  to  vibrations  encompassing  the  two  positions 
of  stable  equilibrium. 


1 et  us  first  consider  the  effect  of  compressive  forces  on  the  distribution  of 
vibrations  over  possible  cycles  in  the  case  of  ideal  panels.  The  values  of  ^ ,  $2, 

$3  are  listed  in  Table  10.1.  It  is  evident  that  in  the  case  at  hand,  the  probability 
<J>3  refers  to  all  possible  crossings  in  which  the  level  ^  is  exceeded. 


Figure  10.7.  Laws  of  distribution  of  maxima 
and  minima  of  dynamic  deflection  for  ideal 
and  nonideal  panels  at  different  levels  of 
compressive  forces  near  the  lower  critical 
value. 

As  is  evident  from  the  table  and  Figure  10.6,  when  p*  =  5  =  0.278  pj,  a 

significant  probability  =  0.867  is  displayed  by  the  extremums  of  vibrations 

around  the  main  equilibrium  position.  As  the  longitudinal  load  increases  to  the 

value  p*  =  0.333  pj,  considerable  changes  takes  place  in  the  behavior  of  the 

shell;  there  is  an  appreciable  decrease  in  and  the  probability  of  vibration 

cycles  of  the  second  and  third  types  increases  (Figure  10.7).  When  p*  =  0.5  p*, 

the  probability  $>2  Increases  to  0.6.  Cycles  of  the  third  type  have  a  significant 

relative  frequency  =  0.37  (Figure  10,8,  Table  10.1).  When  p*  =  15  =  0.63  p*, 
o  u 

there  is  an  almost  zero  probability  of  extremums  of  vibrations  around  the  initial 
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Figure  10.8.  Laws  of  distribution  of  de¬ 
flection  extremums  for  ideal  and  nonideal 
shells  under  compressive  forces  amounting 
to  one-half  of  the  upper  critical  value. 


equilibrium  position,  and  a  very  low  probability  of  vibration  cycles  encompassing  the 
two  stable  equilibrium  positions  (Figure  10.9);  the  vibrations  around  the  snapped 
position  taki  place  with  an  average  relative  frequency  =  0.962. 


Figure  10.9.  Probability  densities 
of  maxima  and  minima  of  dynamic  de¬ 
flections  of  a  cylindrical  panel 
during  acoustic  vibrations  in  the 
case  of  compression  with  forces 
close  to  the  upper  critical  load. 


Table  10.1  also  gives  the  average  number  of  snaps  per  unit  time  N*  =  103-N/wq. 
It  is  evident  that  an  increase  in  the  compressive  force  to  p*  =  9  =  0.5  p*  leads  to 
an  increase  in  the  frequency  o  snaps  to  the  value  N*  =  85;  when  p*  *  15  =  0.83  p*, 
the  average  number  of  snaps  per  unit  time  declines;  under  this  load,  a  significant 
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Table  10.1. 


proportion  of  the  vibratory  process  is  due  to  motions  around  the  snapped  position. 

Let  us  consider  the  influence  of  initial  irregularities  on  the  distribution  of 
vibrations  over  the  cycles  and  on  the  average  number  of  snaps  per  unit  time.  The 
parameter  has  a  significant  effect  at  low  values  of  the  compressive  stresses  in 
comparison  with  the  upper  critical  ones  (Figures  10.7,  10.8,  Table  10.1).  It  is 
evident  from  these  data  to  what  extent  the  fraction  of  cycles  of  the  second  and 
third  types  increases  with  rising  £g.  The  initial  irregularities  characterized  by 
the  value  Cg  =  0.25  when  p*  =  0.333  pj  make  this  loading  variant  similar  to  the 
case  of  an  ideal  shell  for  a  considerably  greater  value  of  d*,  equal  to  one-half 
the  upper  critical  value:  in  both  cases,  cycles  of  the  third  type  have  a  proba¬ 
bility  close  to  0.4.  The  average  number  of  snaps  per  unit  time  reaches  the 
highest  value  N*  «  91  when  =  0.1  (Table  10.1). 

§112.  Description  of  the  Stressed  State  of  a  Panel.  Probability  Density  of 
Stresses 

Let  us  determine  the  statistical  characteristics  of  the  stressed  state  of  a 
shell.  For  a  system  with  snapping,  with  application  to  the  case  of  a  circular 
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cylindrical  panel  discussed  in  the  preceding  sections,  we  will  determine  the  proba¬ 
bility  densities  of  the  stresses  and  their  extremums,  make  a  study  of  the  possible 
cycles  of  stress  variation,  and  establish  the  probability  of  occurrence  of  cycles 
of  each  type.*  The  characteristics  pertaining  to  the  probability  density  of  stresses, 
to  their  extreme  values  and  mean  square,  and  to  the  analysis  of  the  process  of  stress 
variation  over  possible  cycles  can  be  used  in  estimating  the  fatigue  life  of  struc¬ 
tures. 

In  the  case  under  consideration,  the  stresses  in  the  shell  are  composed  of  mem¬ 
brane  stresses  and  bending  stresses. 

The  stresses  in  the  middle  surface.o  ,  o  acting  along  the  generatrix  and  arc 

r/lA  jf  A/i 

are  found  from  ^urmulas  (1.30):  ax  =  •^2’,  ay  =  The  bending  stresses  ax  b, 
n  b  at  any  point  of  the  shell  surface  (z  =  h/2)  are  (w^  =  w  -  Wq) 


a*.  ■■  -  -  2  (f ’->*)  \  .7^'  + !l  ,}{/  I  • 

_ r.h  •  m’.v,  . 

a  *■ " =  “  o  ( r  -  ,r  r  \  <  > «  1  |l  . » i ' )  • 


We  will  choose  for  the  study  of  values  of  stresses  acting  at  the  point  of  maximum 
deflection,  the  center  of  the  panel,  where  they  reach  their  highest  value.  Using  ex¬ 
pressions  (3.2),  (3.3),  (3.25)  for  the  deflection  and  stress  function  In  the  middle 
surface,  we  obtain  the  membrane  stresses  at  the  center  of  the  panel  (x  =  a/2,  y  =  b/2) 
(see  Figure  2.41) 


where 


■ = v,(c  I-  -  q.  o;  -  -  v,(c  -i  t,t  ). 


(10.69) 


*See  the  report  of  I.G.  Kll’dibekov  at  the  Kaunas  All-Union  Conference  on 
Problems  of  Stability  in  Structural  Mechanics,  1967,  Abstracts  of  Papers,  Vll’nyus, 
1967. 
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v  _  Un*  k 
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•  i" Tav  ’  '*  ”  n,"  • 


(10.70) 

(10.71) 


The  dimensionless  stress  parameters  were  introduced  above  by  using  the  formulas 


0,1  ~~  *>/: /)*”  * 


The  bending  stresses  at  the  center  of  the  panel  are 


X.  II  \f,  11^’  ^ n,  II  1  //.  it^' 


where 


11  ~~  "m;  I  _  m  V  “f"  in 


IUP.MI  -  f«j  ^  iu ji --jo-’  IV. .  =-  (Hfi -ji;jr  +  Tr;v(rT7,T- 


(10.72) 


(10.73) 


The  total  stresses  a*,  a*  acting  on  the  surface  of  the  shell  (z  =  h/2)  at  the 
x  y 

center  will  be  found  by  adding  up  the  values  found  above  for  the  membrane  stresses 
and  bending  stresses; 


n  v,. (t  +  'p«.  -  /'■).  «v ,  =■  v,.  „  (; + 'i  „.  »JJ)- 


(10.74) 


The  quantites  determining  a*  .  will  be 

X  j  u 


,1-  . _ |i.i;  .  _ _ 

lo^(i  —  **■)  +  ■)( i +TV  * 

(T  ^ _ *1 _ 

*’  ”  ‘lUXi^Yx.  n  '  &Yv.n 


(10.75) 

(10.76) 


The  values  of  vv/  .  and  <j>  .  are 

y  i  t  y »  t 


_ n»  ,  nn*  ,  n’Sn _ k 

Yir.n—  10(1-,!*)  T  KU'O-H*)  ***  6(1+  X')*  ’ 


(10.77) 
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The 


lie  will  now  determine  the  probability  density  for  total  stresses  0* 

Xj  t 

dependence  o*  .  (;)  according  to  (74)  for  a  square  ideal  panel  at  a  level  of 

x »  t 

compressive  forces  p*  =  0.333  p*  is  shown  in  Figure  10.10.  On  the  basis  of  Eq. 
(74),  we  find 


(10.78) 


The  transformations  inverse  of  (74),  (78)  are  two-valued  and  are  determined  as 
follows  (the  index  for  total  stresses  is  omitted  below): 


t/i.j(o*)  =  C»,as 


-1  * 


+ w 


V  1.1  *  dji)*=s{l,2~a  T 


v.  }f  ’  + 


(10.79) 

(10.80) 


where  U-j  and  Ug  correspond,  respectively,  to  the  left-  and  right-hand  branches  of  the 
curve  of  Figure  10.10. 


Figure  10.10.  Dependence 
of  total  stresses  at  the 
center  of  a  square  ideal 
panel  on  deflection. 


On  the  basis  of  expression  (22)  for  f(c,  c),  we  determine  the  two-dimensional 
distribution  function  f(o  ,  a*),  using  the  well-known  formula 

A  A 
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(10.81) 


H«:.  a;»  =  V/(U„  ,/()  ■!«'<■  YA 

ri  °<) 


where 


<w,  <wt 

(«!.«*)  j]'i 

t?ar  t?.  t  * 


The  final  expression  for  the  combined  probability  density  of  total  stresses  o*  .  and 
.  x  *  t 

velocity  a*  .  takes  the  form 

x ,  t 


where 


f «.  nx)  -  -■  j  c«%v;  VnS;  ( I  -l •  +  ul% />•  j j  x 

x  |«p|*,K)|  +  exp  |K,  («;)])  exp  I - - - t 


5Xv'r  (if  +  HXP' 


- £)(-"? - f f".* + -3".1) + -y- 


(10.82) 


(10.83) 


The  quantity  x2(cj)c  is  similarly  determined,  being  replaced  by  U2  in  expression 
(83).  The  values  of  Uj  and  U2  are  determined  from  (79).  Eliminating  the  velocities, 
we  arrive  at  the  following  formula  for  the  probability  density: 


f(Ox,  «*)</(»*--- 


"•[<*' V  1  '-y;K  +  ■'*./-)  hnp,K)iioxP[x,K 


(10.84) 


The  laws  of  distribution  of  a*  .  and  stresses  in  the  middle  surface  o* ,  o*  are 

y  i  t  x  y 


similarly  obtained;  here  the  transformation  of  the  law  of  distribution  (22)  is  carried 
out  according  to  (81)  by  taking  expressions  (74)  and  (69)  into  account  for  the  cases 
under  consideration. 


For  bending  stresses  a*  we  obtain 


«..)=■ — — Ui-4U  ■ 

.  V "S*  l  M 

x“'(-4r7)' 


(10.85) 


where  vx  ^  is  found  from  (73).  Integrating  (85)  with  respect  to  the  velocity,  we 
find 


IW.  n) 


to 

Vx,  M 


(10.86) 


Results  of  computations  of  the  integral  distribution  function  of  total  stresses 
a*  for  an  ideal  square  panel  in  the  plane  with  curvature  parameter  k  =  24  at  a  level 

A 

of  compressive  forces  p*  *  6  =  0.333  pj  are  shown  in  Figure  10. li. 

We  find  the  mean  square  of  total  stresses 

At  k'|-  | 


From  results  of  computations  for  the  case  of  an  ideal  shell  for  k  *  24,  p*  =  0.333  p 
the  mean  square  is  equal  to  6.28. 
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Figure  10.11.  Integral  distribution 
function  of  total  stresses  during 
acoustic  vibrations  of  a  panel  with 
snapping. 

SI  13.  Law  of  Distribution  of  Stress  Extremums  for  a  System  with  Snapping. 
Analysis  of  Possible  Cycles 

We  will  now  consider  the  possible  cycles  of  variation  of  total  stresses  a* 

A 

In  Figure  10.10,  the  points  D,  K,  L  are  associated  with  the  deflections  ^  =  Cq» 

C 2  =  c3  =  corresponding  to  the  three  possible  equilibrium  positions  of  the 

system.  They  are  associated  with  the  stresses  aj  -j  =  o*  a*  2  k* 

°£,  3  *  ax,  L* 

As  is  evident  from  the  character  of  the  dependence  <?x(c)  (Figure  10.10),  the 
deflection  maxima  in  the  region  c>CD  give  rise  to  the  maxima  of  a*;  the  possible 
deflection  minima  lying  in  this  region  are  associated  with  minima  of  the  stresses. 

The  deflection  minima  in  the  interval  of  values  pertaining  to  segment  CO  are  asso¬ 
ciated  with  extremums  of  oj  in  the  form  of  minima.  In  the  region  of  the  values 

c ;  .  <r,  r,  extremums  of  a*  in  the  form  of  maxima  correspond  to  the  deflection  ex- 
ni  I  n  l  x 

tremums  in  the  form  of  minima. 

Thus,  in  a  system  with  snapping,  five  types  of  cycles  of  stress  variation  are 
realized.  They  are  shown  in  Figure  10.12.  Here  a*  r  denotes  the  level  corresponding 
to  point  C  in  Figure  10.10,  and  values  of  total  stresses  c*  , ,  a*  a*  ^  at  the 

Xjl  X  j  c  X  j  O 

center  of  the  panel,  corresponding  respectively  to  the  first,  second  and  third  equil¬ 
ibrium  positions  of  the  shell  are  plotted.  Cycles  of  stress  variation  around  the 
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level  v*  ,  are  denoted  by  I  and  II:  in  the  first  case,  we  have  simple  cycles,  and 
x ,  I 

ir.  the  second,  compound  ones.  Cycles  of  type  III  are  realized  around  the  level  a*  v 
reached  in  the  snapped  position  of  the  system.  Cycles  of  types  IV  and  V  correspond 
to  stress  variations  including  the  values  0J  i  and  a*  they  will  be  called 
simple  and  compound  cycles  with  snapping,  respectively. 


We  see  that  the  values  of  the  extremums  ov  are  confined  to  the  region 

X  9  HlaX 

°x  max>0x  3  and  corresP°n(1  to  branch  Uj  of  the  o*(c)  curve;  maxima  also  represent 

the  regions  o*^  ^<0*^  and  ^>0^  3  (portion  U2  In  Figure  10.10).  The 

minima  of  total  stresses  lie  within  the  intervals  o*  r<o*  .  <o*  n,  o*  9<a* 

x,  C-x,  irnn  x,  D  x,  2  x,mln 

<0*  3,  belonging  to  branch  U2.  The  cycle  of  deflection  variation  with  the  minimum 
C<CC  leads  in  the  stresses  to  a  cycle  with  two  minima  equal  to  a*  c  (compount 

cycles  of  types  II  and  V  in  Figure  10.12). 


We  have  studied  a  case  pertaining  to  total  stresses  a*  Analogous  cycles  per- 

X 

tain  to  the  stresses  a*  and  also  to  the  stresses  in  the  middle  surface. 


The  process  of  variation  of  bending  stresses  a*  o*  will  include  cycles 

x ,  u  y ,  u 

of  the  same  type  as  the  process  of  deflection  variation. 


We  will/find  an  expression  for  the  probability  density  of  the  extremums  for  the 
system  at  hand.  We  will  determine  the  probability  density  of  the  maxima  of  total 
stresses  a*  max-  For  extremums  corresponding  to  segments  MA  and  DL  (Figure  10.10), 
use  may  be  made  of  the  method  employed  in  §  10  for  the  determination  of  the  proba¬ 
bility  density  of  deflection  extremums.  The  average  number  of  maxima  7*  of 

°max 

stresses  per  unit  tine  exceeding  the  level  0*  in  the  range  of  values  under  consid¬ 
eration  is  obtained  from  Rice's  formula 


.  '»  (10.87) 


Substituting  into  tie  above  formula  expression  (82)  for  the  combined  distribution  of 
stresses  0*  and  velocity  aj  and  integrating,  we  arrive  at  a  relation  for  Va|(jax- 
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Figure  10,12.  Possible  cycles  of 
stress  variation  in  a  system  with 
snapping. 
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We  now  find  the  integral  law  of  distribution  of  stress  maxima 


F fa*,  um)  —  I  —  — ; =  I  —  h\\p  'x.  (ft*)!  -f- 

v  .  (  '  'V-V  r 

<1  *  X.  c 

111*1  \ 

+c*i’h«)|„.,  „•  H  —  cxpix;>(«;)j  r'x 

's"  1 11  J„*  ■  „• 

.  I. 

•\>  /'n  j  *  «  *  •  *  | 

‘Vi  <<V  'V*  <V*V  J 

From  this,  the  probability  density  of  total  stresses  is  determined. 


(10.92) 


The  stress  minima  correspond  to  the  deflection  minima  in  the  intervals  corres¬ 
ponding  to  segments  CD  and  Kt  (Figure  10.10).  The  minima  along  segment  CD  take  place 
in  simple  cycles  of  the  first  and  fourth  types  (Figure  10.12),  and  along  segment  KL, 
in  stress  variation  cycles  of  the  third  type  during  vibrations  of  the  shell  around 
the  snapped  position.  Thus,  the  average  number  of  minima  o*  per  unit  time  located 

A 

above  a  given  level  is  equal  to  the  average  number  of  deflection  minima  per  unit 
time  in  the  intervals  of  values  C^Snln^D  and  ^Snln*^  ^  *s  also  necessary  to 
consider  the  minima  by  means  of  the  quantity  aj  c,  minima  occurring  In  the  compound 
cycles  of  the  second  and  fifth  types  (Figure  10.12)  during  vibrations  of  the  shell 
around  the  fundamental  equilibrium  position  and  when  both  positions  of  stable  equil¬ 
ibrium  are  included. 


Using  Rice's  formula,  the  solution  (22)- (24) ,  and  the  expression  for  U2  from 
(79),  we  find  the  repetition  frequencies  of  the  minima  corresponding  to  the  above- 
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indicated  intervals.  The  final  expression  for  the  average  number  of  stress  minima 
per  unit  time  located  above  a  given  level  a*  will  be 

A 

v<"„=£  /t  K4(‘ 

+  +  (10-93) 

C  <  °X  <  *M.  |!  r,Cl. 


°x.2<ax<ax,3 


We  will  determine  the  expression  for  the  integral  law  of  distribution  of  stress 


minima 


F(px,  *ti>n)  “  =  (exp  fxj  (o*)|  .  .  -f- 

V  "rVc 

min 

4-  cxpU(a!))o.  -f-  cxp|x2(<Jx)|^.  ^  .  - 

-  «pk  Ml,.  |..p  [  -  J,  (i  —<-)x 

«.j.  .  , 

'  \.C<9m<\  i5 


°x,  2<ax<  "x.  3 


-f  2exp[x2(o;)j  .  . 


From  this  one  can  also  determine  the  probability  density  of  the  minima. 


(10.94) 


The  distribution  laws  of  extremums  of  total  stresses  o*  and  stresses  in  the 
middle  surface  o*  0»  ay  o  are  obtained  1P  similar  fashion.  The  corresponding 
expressions  for  bending  stresses  can  be  obtained  by  using  the  concept  of  average 
relative  frequency  of  crossings  of  a  given  level  by  the  process,  on  the  basis  of 
Rice's  formula  (87),  using  the  two-dimensional  distribution  law  according  to  (85) 


Figure  10.13  shows  a  graph  of  the  integral  distribution  function  of  extremums 
of  total  stresses  a*;  as  an  example,  we  took  the  case  of  a  cylindrical  panel  without 

A 

initial  deflection,  square  in  the  plane,  at  a  level  of  compressive  forces  p*  =  6  * 

-  0.333  p*.  The  curvature  parameter  of  the  shell  was  taken  as  k  =  24. 
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Figure  10.13.  Graph  of  integral  distribution 
function  of  total  stress  extremums  during 
acoustic  vibrations  of  a  square  ideal  cylin¬ 
drical  panel  with  snapping. 


The  integral  distribution  function  of  the  maxima  determining  the  possible  stress 
variation  cycles  are  found  from  formula  (92): 

1  —  (i'xp[x;,(a’)|  t  4  -f 

nx  ~  ,Tr  I 

+  “PKK)I1._I).  -cxp|x,(o;)|  j-,x 


+  1 

\  i  <  \  <  \  * 
e*  >•’!,>  ■ 


(10.95) 


The  corresponding  expression  for  the  distribution  function  of  the  minima  will  be 


®K.m)-l“ph(OI,.<.',.  ( +"PhK)lil-0.  i - 

V  C<nx<  °x.  V 

+  «pKK)|.  .  1. 

nxm'°x.C) 


(10.96) 


We  now  turn  to  an  analysis  of  the  distribution  of  the  stress  variation  process 
over  the  different  cycles.  The  corresponding  data  are  shown  in  Figure  10.14.  It 
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was  assumed  that  k  =  24,  X  =  1 ,  Cg  =  0,  p*/pj  =  0.33.  Point  C  on  this  graph  deter¬ 
mines  the  total  probaoility  of  compound  cycles  l-j  +  (l-j  is  the  relative  repiti- 
tion  frequency  of  compound  cycles  of  the  fifth  type  in  vibrations  with  snapping  of 
the  system  (Figure  10.12)).  Point  1  defines  the  total  probability  of  simple  and 
compound  cycles  corresponding  to  vibrations  associated  with  snaps  of  the  shell. 

The  probability  level  of  cycles  of  the  first  and  second  type  corresponds  to  point 

2. 


Figure  10.14,  Probability  distribution 
of  cycles  of  different  types  in  the  pro¬ 
cess  of  stress  variation  during  acouftic 
vibrations  with  snapping. 

The  distribution  of  the  process  of  stress  variation  over  possible  cycles  as  a 
function  of  the  level  of  compressive  forces  and  initial  irregularities  in  the  shape 
of  the  middle  surface  of  the  shell  is  demonstrated  by  the  data  of  Table  10.2.  Here 
$ 1 ,  denote  the  probabilities  of  simple  cycles.  As  is  evident  from  the  table, 
the  vibration  mode  most  unfavorable  for  the  strength  of  the  shell  occurs  in  the 
presence  of  compressive  forces  amounting  to  one-half  of  the  upper  critical  value. 
Cycles  of  the  third  type,  associated  with  vibrations  of  the  shell  around  the  snapped 
position,  occur  at  an  average  relative  repetition  frequency  equal  to  0.6;  cycles 
of  the  fifth  type  have  a  significant  probability. 

§  114.  Shallow  Shell 

Finally,  we  will  study  the  case  of  a  shallow  shell  of  arbitrary  outline  rectan¬ 
gular  in  the  plane,  assuming  that  in  addition  to  an  acoustic  load  q(t),  the  shell  is 
subjected  to  a  static  normal  external  pressure  qQ.  The  panel  is  assumed  to  be  hinged 
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Table  10.2. 


along  the  contour  in  the  presence  of  free  displacement  of  the  points  of  its  edges. 
The  direction  of  the  coordinate  lines  adopted  in  Figure  2.47  is  retained.  The  shell 
will  be  assumed  to  have  initial  deviations  in  the  shape  of  the  middle  surface  corres 
ponding  to  the  shape  of  the  additional  deflection.  The  dimensions  of  the  sides  of 

the  support  contour  are  a,  b.  The  principal  curvatures  kx,  k  are  assumed  to  be 
constant.  y 

In  the  initial  Eqs.  (1.38),  (1.39),  the  intensity  of  the  transverse  load  will 
be 


(10.97) 


where  q(t)  is  approximated  with  white  noise. 

Using  expressions  (2.234)  for  the  total  and  initial  deflections,  *rom  Eq.  (1.39) 
we  will  determine  the  stress  function  in  the  middle  surface  according  to  (2.235). 

The  equation  of  vibrations  of  a  shell  of  arbitrary  shape,  based  on  uniformly  distri¬ 
buted  static  pressure,  will  be  written 
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(10.98) 


'!o‘  +  2r  ~tt  +  -  _  *■"“ ” 

The  same  notation  as  in  §  34  is  used  above.  The  square  of  the  fundamental  frequency 
of  natural  vibrations  of  an  ideal  panel  for  small  deflections  wjj  is  determined  from 
formula  (2.237),  arid  the  values  of  a,  8,  n  are  found  from  (2.240)-(2.242)  The 
quantity  q^  stands  for 

**  — Sp-f 5- 

(10.99) 

and  the  value  of  q*(t)  corresponds  to  formula  (2).  As  before,  we  assume  that  q*(t) 
is  white  noise  with  a  zero  average  value  and  a  spectral  density  equal  to  Sg,  and  the 
vibrations  of  the  shell  are  represented  in  the  form  of  a  two-dimensional  Markov  process 

We  find  the  quantities  A.,  B . .  entering  into  the  Fokker-Planck-Kolmogorov  equation 

I  1 J 

(6a).  On  the  basis  of  equation  of  motion  (98),  and  taking  the  characteristics  of 
acoustic  pressure  into  account,  we  find 

A\  =  t,  A  ,  -■=  —  2e£  —  (Oo  (at  —  P£2  +  q*1)  +  </o{°o* 

—  8(2 =  Oji  ~  0,  **  Sji.Sjj. 

The  FPK  equation  assumes  the  form 

t “  2'f  ({.  j)  +  |2ej  +  K  -  K*  +  C‘)  - 

- <7o<oS! +  nS„  ££«•  7L.  ( 1 0 . 1 02 ) 

The  solution  is  obtained  in  the  form  of  (22),  where  the  deflection  distribution  law 
corresponds  to  the  expression 

mo— seM»[-sj(«’--fK,+ir)+3«4  no. io3) 


(10.100) 

(10.101) 
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and  the  velocity  distribution  law  f(c)  is  determined  from  (24)  with  the  corresponding 

p 

value  of  Wq.  The  symbol  Sg  denotes  quantity  (25);  constant  C  and  also  c'  from  (24) 
ave  determined  from  the  normalization  conditions. 

As  an  example,  let  us  consider  the  case  of  a  spherical  panel;  we  will  take  the 
parameter  k*  =  48,  and  X  =  1.  The  distribution  laws  of  the  shell  deflection  according 
to  (103)  as  a  function  of  the  uniform  pressure  parameter  ^  and  initial  irregularities 
in  the  shape  of  the  middle  surface  are  shown  in  Figures  10.15-10.19. 


Figure  10.15.  De-  Figure  10.16.  Deflection 

flection  probability  distribution  law  in  the 
density  at  the  center  case  of  a  shallow  shell  with 
of  a  slightly  curved  snapping  at  the  level  of  a 
panel  during  acoustic  static  external  load  amount- 
vibrations  under  con-  ing  to  0.78  of  the  upper 
ditions  of  absence  critical  value, 

of  static  external 
pressure. 

Let  us  ttrn  to  the  results  of  computations  in  the  case  of  an  ideal  shell  (solid 
lines  in  Figures  10.15-10.19)  for  various  conditions  of  loading  with  static  external 
pressure.  The  upper  critical  pressure  parameter  for  the  shell  under  consideration 
qQ  u  =  1.185,  and  the  lower  critical  value  q'0  -j  =  0.874  (see  Figure  2.48).  The 
values  of  qQ  were  chosen  to  be  0.92,  1.12,  1.3.  The  corresponding  ratios  Pq/Qq  u 
were  0.78,  0.84,  0.95,  1.1. 


In  the  absence  of  static  pressure  (qQ  s  0),  the  shell  executes  vibrations  around 
a  single  equilibrium  position  C-j  =  0  (Figure  10.15).  In  the  case  of  (fy  =  0.92  = 

0.78  qQ  ,  the  shell  has  a  second  stable  equilibrium  state  when  the  deflection 
=  6.6;  the  deflection  ^  =  5.2  corresponds  to  an  unstable  equilibrium  position 
(Figure  10.16).  As  the  parameter  qQ  increases  tj  the  value  q0  =  1  =  u’ 

the  probability  of  the  interval  of  c  values  in  the  region  of  considerable  deflec¬ 
tions  increases  markedly  (Figure  10.17).  When  the  parameter  <Jq  =  1.12,  which  is 
close  to  the  upper  critical  value,  the  largest  probability  fraction  corresponds  to 
the  region  of  deflection  values  in  the  vicinity  of  the  second  stable  equilibrium 
position  (Figure  10.18).  Figure  10.19  corresponds  to  the  case  q0  =  1.3,  when  the 
shell  has  a  single  (snapped)  equilibrium  position:  the  distribution  function 
covers  the  region  of  deflections  which  are  equal  to  several  shell  thicknesses. 


Figure  10.17.  Increase 
in  the  probability  of 
large  deflections  with 
increasing  static  ex¬ 
ternal  pressure.  Effect 
of  initial  camber. 


Figure  10.18.  Probability 
densities  of  deflection 
at  the  center  for  an  ideal 
and  a  nonideal  shell  dur¬ 
ing  acoustic  vibrations 
and  in  the  presence  of  a 
static  external  pressure 
close  to  the  upper  crit¬ 
ical  value. 


The  influence  of  initial  irregularities  (dashed  lines  in  Figures  10.17,  10.18) 
is  more  pronounced  when  the  values  of  the  static  pressure  parameter  are  lower. 

As  is  evident  from  Figure  10.17,  the  transition  from  the  case  of  an  ideal  shell  to 
the  variant  s  0.25  appreciably  increases  the  probability  of  deflection  values 
in  the  vicinity  of  the  snapped  equilibrium  position.  When  =  1.12  =  0.945  qQ  u, 
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the  shell  with  initial  camber  =  0.25  executes  vibrations  around  a  single  (snapped) 
equilibrium  position:  the  distribution  function  has  one  maximum  corresponding  to  the 
deflection  c  *  6.8  (Figure  10.18). 


Figure  10.19.  Law  of  dis¬ 
tribution  of  dynamic  deflec¬ 
tion  for  a  shallow  shell 
during  acoustic  vibrations 
around  snapped  equilibrium. 
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Data  for  the  mean  square  of  the  deflection  as  a  function  of  the  factors  con¬ 
sidered  are  listed  in  Table  10.3.  A  change  in  loading  conditions  leads  to  an  ap¬ 
preciably  change  of  this  characteristic.  In  the  absence  of  static  pressure,  the 
mean  square  of  the  deflection  amounts  to  0.4.  As  the  parameter  qQ  increases,  this 
value  increases  rapidly;  values  of  qQ  equal  to  0.92,  1,  1.12,  1.3  are  associated 
with  values  of  the  mean  square  of  the  dynamic  deflection  equal  to  10.9,  20.8,  39.9, 
55.6  for  an  ideal  shell.  As  is  evident  from  the  table,  the  dependence  of  the  mean 
square  of  the  deflection  on  the  initial  imperfections  in  the  shape  of  the  shell 
turns  out  to  be  unimportant. 

lie  will  use  formulas  (64),  (65)  to  determine  the  expressions  for  the  probability 
density  of  the  extremums.  Substituting  in  (65)  the  solution  for  f(c)  from  (103),  we 
obtain 


n:  )- 


Xcxp 


(10.104) 


The  laws  of  distribution  of  deflection  extremums  fcr  the  case  of  a  spherical 
shell  with  k*  =  48,  X  =  1  as  a  function  of  the  loading  conditions  and  initial  irregu¬ 
larities  in  the  shape  of  the  middle  surface  are  shown  in  Figures  10.20-10.24.  In 
Figures  10.20,  10.21,  10.24,  solid  lines  indicate  the  probability  densities  of  the 
maxima,  and  dashed  lines,  the  probability  densities  of  the  minima.  In  Figures  10.22, 
10.23,  the  solid  lines  correspond  to  the  probability  densities  of  the  extremums  for 
an  ideal  shell;  the  dashed  and  dot-dash  lines,  for  shells  with  different  parameters 
of  initial  irregularities. 

Let  us  first  consider  the  effect  of  the  distributed  pressure  parameter  qg.  In 
the  absence  of  static  pressure  (Figure  10.20),  the  extremums  cover  a  region  of  com¬ 
paratively  low  deflection  values  in  the  vicinity  of  the  equilibrium  position  ^  -  0. 
Figures  10.21-10.23  pertain  to  cases  in  which  the  shell  has  two  stable  equilibrium 
positions  and  executes  vibrations  of  three  types. 
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Figure  10.20.  Prob¬ 
ability  densities 
of  dynamic  deflection 
maxima  and  minima 
for  a  shallow  shell 
during  acoustic  vi¬ 
brations  under  con¬ 
ditions  of  absence 
of  static  external 
pressure. 


Figure  10.21.  Laws  of 
distribution  of  deflection 
maxima  and  minima  in  the 
case  of  a  shallow  shell 
with  snapping  at  a  level 
of  static  external  pres¬ 
sure  amounting  to  0.78 
of  the  upper  critical 
value. 


As  before,  we  denote  by  the  probability  of  vibration  cycles  of  the  first  type, 
and  by  $3*  those  of  the  second  and  third  types,  respectively.  The  values  of 

<£>r  $2*  $3  are  given  in  Tab^e  10,3,  When  **0  =  0,92  =  0,78  <0  u*  vil)rat',on  cycles  of 
the  first  type  have  a  probability  $-|  =  0.83;  the  relative  repetition  frequencies  of 
cycles  of  the  second  and  third  types  are  $>2  ~  0.021  and  $3  =  0-146,  respectively 
(Fiqure  10.21,  Table  10.3).  Increasing  the  static  pressure  to  qQ  =  1  3  0.84  qQ 
leads  to  a  sharp  increase  in  the  probability  of  cycles  of  the  second  type  to  the 
value  *2  =  0.22  (graph  of  Figure  10.22  for  c0  =  0),  and  when  Cq  =  0.25,  the  relative 
frequency  of  cycles  of  the  third  type  most  dangerous  for  the  shell  strenqh  Increases 
to  =  0.54  (Fiqure  10.22,  Table  10.3).  It  is  evident  that  in  this  loading  variant, 
the  shell  with  parameter  c0  “  0.5  is  subjected  to  the  most  difficult  vibration  con¬ 
ditions:  cycles  with  snaps  occur  with  a  probability  =  0.808. 

The  average  number  of  snaps  of  the  shell  per  unit  time  is  found  from  formula 
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Figure  10.22.  Probability  densities 
of  deflection  extremums  at  the  center 
for  ideal  and  nonideal  shells  loaded 
with  acoustic  pressure  and  simultane¬ 
ously  acted  on  by  a  static  pressure 
amounting  to  0.84  of  the  upper  criti¬ 
cal  value. 


Figure  10.23.  Laws  of  distribution 
of  deflection  maxima  and  minima  for 
an  ideal  and  nonideal  shell  during 
acoustic  vibrations  in  the  case  of 
action  of  static  external  pressure 
close  to  the  upper  critical  value. 


O 

(68).  Values  of  the  quantity  N*  -  10  N/wQ  for  a  spherical  shell  with  the  parameters 
given  above  are  listed  in  Table  10.3.  It  is  evident  that  for  an  Ideal  shell,  the 
highest  value  of  this  quantity,  equal  to  33.6,  takes  place  at  the  level  cjg  =  1  =  0.884  gg 


In  the  same  case,  we  note  a  significant  effect  of  the  initial  irregularities  in  the 
shape  of  the  shell:  when  the  parameter  is  equal  to  0.1,  0.25,  0.5,  vibratory  re¬ 
gimes  of  the  shell  take  place  with  an  average  number  of  snaps  N*  per  unit  time  equal 
to  41,  53,  69,  respectively.  As  the  value  of  qQ  increases,  the  effect  of  initial 
imperfections  decreases. 
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Figure  10.24.  Distribution 
law  of  extremums  for  a  shallow 
shell  during  acoustic  vibra¬ 
tions  around  the  snapped  po¬ 
sition. 


Analysis  of  the  probability  characteristics  of  the  stressed  state  may  be  carried 
out  by  using  the  method  presented  in  the  preceding  section. 

§  115.  Problems  for  Further  Investigations 

In  conclusion,  we  will  enumerate  the  problems  which  It  would  be  desirable  to  con¬ 
sider  in  the  next  few  years. 

First  of  all,  the  general  nonlinear  theory  of  dynamic  processes  in  shells  and 
plates  is  awaiting  further  development.  It  Is  necessary  to  explain  the  limits  of 
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application  of  different  variants  of  basic  equations  and,  in  particular,  Timoshenko- 
type  theoretical  variants.  Dynamic  equations  pertaining  to  viscoelastic,  elastoplas- 
tic,  and  viscoplastic  shells,  useful  in  practical  applications,  should  be  derived. 

Particular  attention  should  be  given  to  the  development  of  dynamic  models  for 
two-layer,  many-layer  and  reinforced  structures  with  consideration  of  possible  de¬ 
formations  of  different  types  for  alternate  layers.  Physical  and  mathematical  models 
for  new  composite  materials  of  given  structures  should  also  be  studied. 

It  is  necessary  to  develop  specific  problems  of  natural,  forced  and  parametric 
nonlinear  vibrations  of  cylindrical,  conical  and  spherical  shells  as  systems  with 
several  degrees  of  freedom,  considering  the  possibility  of  crossovers  from  one  type 
of  vibration  mode  to  others.  More  detailed  studies  should  be  made  of  forced  vibra¬ 
tions  under  random  loads,  caused  by  the  noise  of  aircraft  engines,  pulsations  in  the 
turbulent  boundary  layer,  atmospheric  turbulence,  gas  flow  separations,  base  pressure 
pulsations,  and  other  related  phenomena. 

It  is  desirable  to  continue  the  study  of  transient  processes  in  shells  connected 
with  thei "  buckling,  under  dynamic  and  impact  loads*,  this  applies  to  shells  of  diverse 
shape  and  structure.  The  case  of  asymmetric  deformation  is  important  for  spherical 
shells.  The  question  of  dynamic  stability  criteria  should  be  investigated  further. 

Considerable  attention  should  be  given  to  the  problems  of  aerohydroelasticity* 
including  the  problem  of  self-excited  oscillations  of  shells  in  a  supersonic  gas  flow, 
problems  of  the  behavior  of  shells  acted  on  by  mo\ing  and  pulsating  loads,  and  cases 
of  thermal  shock. 

In  sufficiently  studied  remains  the  question  of  the  effect  of  the  conditions  of 
fixing  along  the  shell  edges  on  nonlinear  vibrations  and  on  transient  processes  for 
shells  of  different  configurations. 

Thus  far,  there  are  no  reliable  data  on  the  evaluation  of  the  service  life  and 
supporting  capacity  of  actual  structures  acted  on  by  random  loads  at  significant  stress 
amp! i tudes . 
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The  problems  of  optimum  design  of  shells  subjected  to  different  types  of  dynamic 
lo^ds  remain  important.  It  is  desirable  to  study  different  variants  of  reinforcing 
elements,  account  being  taken  of  their  different  orientations. 

In  connection  with  the  development  of  numerical  methods  of  solution  of  dynamic 
problems,  a  major  importance  is  assumed  by  the  development  of  rational  computational 
algorithms  and  their  application  to  digital  computers. 

Finally,  new  methods  should  be  found  for  the  experimental  study  of  the  behavior 
of  shells  under  dynamic  and  impact  loads,  with  the  use  of  modern  measuring  instrument 
and  more  accurate  methods  of  determination  of  the  shell  configuration  at  different 

instants  of  time. 
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